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Optical spectral weight distribution in d-wave superconductors
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The distribution in frequency of optical spectral weight remaining under the real part of the optical conduc-
tivity in the superconducting state of dxwave superconductor depends on impurity concentration, on the
strength of the impurity potential, as well as on temperature and there is some residual absorptionTeven at
=0. In BCS theory the important weight is confined to the microwave region if the scattering is sufficiently
weak. In an Eliashberg formulation substantial additional weight is to be found in the incoherent, boson
assisted background which falls in the infrared and is not significantly depleted by the formation of the
condensate, although it is shifted as a result of the opening of a superconducting gap.
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[. INTRODUCTION gives the quasiparticle mass renormalization with the effec-
tive (m’) to bare(m) mass ratian'/m=1+\. While the gap
When a metal enters its superconducting state, opticaind renormalization function of Eliashberg theory acquire a
spectral weight is lost at finite frequencies under the real pafrequency dependence which requires numerical treatment, a
of the optical conductivityg(T, w).! Provided the change in useful, although not exact, approximation is to assume that
kinetic energy between normal and superconducting states the important frequencies in“F(w) are much higher than
small and can be neglected, the missing spectral weight reéhe superconducting energy scale and, thus, one can approxi-
appears as a contribution at zero frequency which originatesiate the renormalizations by a constanwvalue!* In this
in the superfluid, and the overall optical sum rule of Ferrell,approximation, the zero-temperature penetration depth is
Glover, and Tinkharh® (FGT) remains unchanged. The dis- )\[2(0)z(477ne2/mcz)[1/(1+)\)] in the clean limit. Thus, the
tribution in frequency of the remaining spectral weight underelectron-phonon renormalization simply changes the bare
o1(w) (0> 0) depends on gap symmetry, on the nature of themass in the London expression to the renormalized mmss
inelastic scattering involved, on the concentration and scaffhis result does not depend explicitly on the gap and holds
tering strength of the impurities, and on temperafurethis  independent of its symmetry. A naive interpretation of this
paper we consider explicitly the casedfvave gap symme- result is that only the coherent quasiparticle part of the
try within a generalized Eliashberg formali$nin this ap-  electron-spectral densitfwhich contains approximately
proach the optical conductivitges well as the quasiparticle 1/(1+\) of the total spectral weight of]lcondenses. While
spectral densifycontains an incoherent part associated withthis is approximately true, we will see that the incoherent
boson assisted absorption which is not centered about zeggart which contains the remaining (1+\) part of the spec-
frequency and which contributes to the optical spectratral weight is also involved, although in a more minor and
weight in the infrared range. In addition, there is the usuakubtle way.
quasiparticle contribution of BCS theory. Alternate ap- In ans-wave superconductor the entire incoherent part of
proaches to include inelastic scattering exist. In severaihe conductivity is shifted upward by twice the gap valie
works, the quasiparticle scattering rate due to coupling tavhen compared to its normal state. It is also slightly dis-
spin fluctuations is simply added to a BCS formalismtorted but, to a good approximation, it remains unchanged.
through an additional scattering chanfiél.Nevertheless, The fact that there is a2 shift between normal and super-
whenever we refer to BCS within this paper we mean theconducting states implies that an optical spectral weight shift
standard theory without these additional features. originates from this contribution even if its overall contribu-
In BCS theory the London penetration def3tH at zero  tion to the sum rule should remain the same. Fakmave
temperatureg[A (0)] in the clean limit is given byr{%(0)  superconductor the situation is more complex because the
:7\;2(0):47me2/m:9§ (n is the free electron densitg is  gap is anisotropic and, thus, the shift b¥(2) varies with
the charge on the electrom is its mass({), is the plasma the polar anglep on the two-dimensional Fermi surface of
frequency, and we have set the velocity of light equal o 1the CuQ planes.
and all the optical spectral weight condenses. However, as The goal of this paper is to understand, within an Eliash-
the impurity mean-free path is reduced, not all the spectraberg formalism, how the remaining area under the real part
weight is transferred to the condensat€and there remains of the optical conductivity is distributed in frequency, how
some residual impurity induced absorptidni® Details de-  this distribution is changed by finite temperature effects and
pend on gap symmetry. by the introduction of elastic impurity scattering, and what
In Eliashberg theory the pairing interaction is describedinformation can be obtained from such studies about the su-
by an electron-phonon spectral density, denoted byerconducting state and the nature of the mechanism which
a®F(w) 201117 Tyice the first inverse moment ok’F(w)  drives it.

0163-1829/2004/622)/22450112)/$22.50 69 224501-1 ©2004 The American Physical Society



J. P. CARBOTTE AND E. SCHACHINGER PHYSICAL REVIEW B9, 224501(2004)

In reference tad-wave superconductivity in the cuprates, 0.005 T
two boson exchange models which have received much at- o nodal
tention are the nearly antiferromagnetic Fermi liquid 0004} 1  --- antinodal
(NAFFL) model®-22 and the marginal Fermi liquidMFL) R ::
model?*-26 Both models are characterized by an appropriate %E’ 0003l
charge-carrier-exchange boson spectral deh&jtw) which = ::
replaces thew®F(w) of the phonon cas&?’-2°and which f.L 0.002 b "
reflects the nature of the inelastic scattering envisioned. In z '
the NAFFL model a further complication arises in that we D
would expecti®y(w) to be very anisotropic as a function of 0.001 ' !
momentum on the Fermi surface. For simplicity we ignore K
this complication here. Also, in principle, a different spectral 0.000 T
weight function can enter the gap and renormalization chan- : ' nodal
nel, respectively. 0.004 [ P - - - antinodal

In Sec. Il, we provide some theoretical background. The o~ oy
quasiparticle spectral density as a function of energy is con- % 0.003 | ) \
sidered as is the effect of impurities on it. In Sec. Il we give § R
the necessary formulas for the optical conductivity and dis- S 0.002 oY

. . 8 i

cuss some results. In Sec. IV the conditions under which a i« 1
partial sum rule involving only the quasiparticle part of the ,
spectral density can be expected are described. Section V 0.001 !
deals with issues associated with the residual absorption and
Sec. VI deals with a more detailed discussion of optical spec- 0-0000
tral weight readjustment due to superconductivity. Conclu-
sions are found in Sec. VII. o (meV)

FIG. 1. The charge-carrier spectral densifkr, ) as a func-
Il. QUASIPARTICLE SPECTRAL DENSITY tion of  for a d-wave superconductor based on the electron-spin
fluctuation spectral densityy(w) shown in the inset of Fig. 2. The
We begin with a discussion of the quasiparticle spectrakolid curve applies to the nodal while the dashed curve is for the
density which will allow us to understand the basic featuresantinodal direction. The top frame is for a pure sample with impu-
expected of the optical conductivity. In Nambu notation therity parameterd™=0.003 meV and:=0.2 while the bottom frame

2% 2-matrix Green’s functiorG(k, ) in the superconduct- 1S for I"=0.63 meV ancc=0.

ing state _is given in terms of the singlg quasiparticle disperqan pe different but for simplicity, here, the same form of
sion g, with momentumk, the renormalized Matsubara fre- 12y(w) is used in both channels but with a different magni-

quency (w), and the pairing energiy(w) which for a  tde: we usayl2y(w) with g# 1 for the A channel.

d-wave superconductor is proportional to (). In terms In Fig. 1 we present numerical results kg, w) based
of Pauli’s 7 matrices on numerical solutions of the Eliashberg equations. The ker-
A o~ nel 12x(w) used for the numerical work is shown in the inset
& _0(0)To+ e T3+ Ay(w) Ty in the top frame of Fig. 2 and was obtained from consider-
(k,w) = = . 1) . . ; o
(w) - 85 _ Aﬁ( ) ation of the infrared _optlcal (_:onductlwty _ of
YBa,Cu;Og o5 YBCOg 5).22 Besides coupling to an optical
The quasiparticle spectral densityk , ) is given by resonance at 41 melthe energy where a spin resonance is
also seen in the inelastic neutron scattetffpgvhich grows
Ak, o) = - LmGll(k,wJ, i0%) with decreasing temperature into the superconducting state,

there is also additional coupling to a broad spin fluctuation
spectrum background of the form introduced by Milés
= . (20 al'®in their NAFFL model. This is seen as the long tail in
T 2(w+i0") -2 - Ad(w +i0%) I2x(w) which extends to very high energies of order

. . . . i 400 meV. The existence of these tails is a universal property
The generalized Eliashberg equations applicable-teave of the cuprated2132331-33his energy scale is of the order

gap symmetry which include renormalization effects indhe h . i 24 i
channel have been written down before and will not be re—mc the magnetic parameterin thet-J model™ A flat back

. : ground spectrum is also characteristic of the MFL
peated heré.They are a set of coupled nonlinear integral model?4-2 In this work, the shape and size By(w) are

equations fof(w) andA,(w) which depend on an electron- fixed from our previous fit to optical daéaand left un-

boson spectralldensim?)((w). The boson exchange mecha- changed. It applies at low temperatures in the superconduct-
nism involved in superconductivity is what determines itsing state(T~ 10 K).

shape in frequency and its magnitude. In general, the projec- The top frame of Fig. 1 gives results for the charge-carrier
tion of the electron-boson interaction on theindw channel  spectral densityA(kg,w) vs w where ke implies that we

0(w+i0%) + g
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4n decays to nearly zero within a very narrow frequency range
_ determined by a combination of the small impurity scattering
£ o5 rate which we have included and the equally small inelastic
scattering which reflects the presencel®f(w) and finite
temperature. A second peak is also observed at higher ener-
gies but with reduced amplitude. This peak has its origin in
the incoherent boson assisted processes described by the
spectral density?y(w). Note that the two contributions are
well separated. In the constantmodel, the coherent part

W
T
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o (meV)

N
T

— Experiment

o,(@) (10°"'m")

- - -Py{w), T*=0.63 meV, c=0
=, ----BCS,I"=063meV,c=0
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o (meV) Ak = T I+ (L + DI

(4)

' =0.003 meV,c=0.2

is a Lorentzian of widthmI'*/[(1+)\)(1+c¢?)] and has total
weight of 1/1+\). The remaining weight in the complete
spectral density which is normalized to 1, is thus to be found
in the incoherent, boson assisted background. Returning to
the antinodal direction, we see that in this case the separation
between quasiparticle peak and incoherent boson assisted
00 002 004 006 008 0.0 background is lost as the two contributions overlap signifi-
cantly. In the bottom frame of Fig. 1 we show similar results

@ (meV) for the charge carrier spectral density but now a larger

amount of impurity scattering is included witH™

vs w for an optimally doped, untwinned YBGQs single crystal at i0'63 m?V_(REf' 36 and the unitary I'm't_ IS taken} I.eC. .
T=10 K. The solid line represents the experimental data reported 0 IN this instance, even for the nodal direction, impurities
by Homeset al. (Ref. 32, the dashed line the result of a fit to a full Nave the effect of filling in the region between quasiparticle

Eliashberg calculation using the electron-boson spectral densitftnd incoherent backgrouridolid curve. Also for the antin-
I’2x(w) shown in the inset and the impurity parametdr$ oda_I direction(dashed curve beC‘_'JIUS_e we are "}W&_Ve! the
=0.63 meV ancc=0. (Ref. 3§ The dotted line presents, for com- region below the gap energy which is nev80 meV is filled
parison, the result of a BCS calculation using the same impurityin significantly. It would be zero in BCS-wave. At w=0,
parameters. Bottom frame: the microwave regionoefT,») for ~ @(0)=ivy, and in antinodal direction

I'*=0.003 meV ancc=0.2 which fits well the data of Hosseist

F-S

N

o,(@T) (10°2"'m")

o ©

FIG. 2. Top frame: Real part of the optical conductivity(T, )

al. (Ref. 35 (shown as symbojsfor three temperature§,=10 K 1 vI(1+N\)
(solid ling), T=15 K (dashed ling andT=20 K (dotted ling. (Ref. Alkp,0=0) = 2 2 (5
9, T=1: ling, an m(1+N) A7+ [y/(L+N)]
38). Again, thel“x(w) shown in the inset of the top frame has been
used. which is finite. Herey is the quasiparticle scattering rate at

zero frequency in the superconducting state. It is calculated
consider only the Fermi energy in E@). The results are for in Sec. V. This limit is not universal in contrast to the uni-
a pure sample witi'*=0.003 meV anctc=0.2. Here,l'" is  versal limit found by Le® for the real part of the electrical
proportional to the impurity concentration and is related toconductivity at zero temperature which igne?/m)
the normal state impurity scattering ratej;) equal to  x{1/[#A(1+)\)]} in the constant model. Note that what
27*[1/(c?+1)], wherec=1/[27N(0)Vimp]. N(0) is the nor-  enters the universal limit is the renormalized megg +\)
mal state density of states at the Fermi energy ¥pgdthe  =m" rather than the bare mass. This important fact has gen-
strength of the impurity potential. These impurity parameterserally been overlooked in the discussion of this limit even
were determined to fit well the microwave data in YBE  though the difference can be numerically laigeder ~3).
obtained by Hosseirgt al* The solid curve is for the nodal e note one technical point about our Eliashberg numerical
direction and the dashed curve for the gntinodal directionsolutions. In all caseBx(w) is kept fixed as iF,=92 K. In
The spectral gap is the value Afw+i0*)=A(w+i0")/w(w  a d-wave superconductor the introduction of impurities, of
+i0%) evaluated at the frequency of the coherence peak in theourse, reduces the critical temperature. What is done is that

density of states the parameteg which multiplies|?y(w) in the gap channel is
) readjusted slightly to keep, fixed. This procedure leads to
N(w) w(w+i0") the larger value of the spectral gap seen in the bottom frame

= = =Mw), (3)  of Fig. 1 as compared with the top fram@ashed lines

NO \ 2w +i0%) - R%(w +i0%)

and is equal to 22.3 meV. This is also the position of the IIl. INFRARED CONDUCTIVITY

large peak seen in the dashed curve in the top frame of Fig.

1. However, there is no gap in the nodal direction, and in this A general expression for the infrared optical conductivity
case the spectral function is peaked abewtO. It rapidly  at temperaturd in a BCSd-wave superconductor3g3839
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02 " 0.008
a(Ty)=-—L—( |- J dow tanh(@)](w,v) 1 X
A v o 2 \ ——r1"=0.003 meV, ¢c=0.2
© w+v = 0.006-l| -=--I"=0.63meV,c=0
+f dw tanh BT J-w-v,v)| ), (6) é '
- > o004
where the functiod)(w, v) takes on the form g \
~ 1
1 & oo}
2)(w,v) = =——————[1-N(0)N(w + - O
) B+ Bl N ’
1 _ L
-P(w)P(w+ )]y ——— ) 0.000 :
Ey(@) — Ex(w,v) 5 ! supercond.
. ...
X[1+N (0)N(w+ ) + P (0)P(w+)]. (7) £ 0008 T -:2:::: g:g: shifted by 26 meV
In Eq. (6) B=1/kgT, with kg the Boltzmann factor. In Eq. 8 0.004 :
(N, 3 E
= W -
Ey() = V(0 +i0%) - 320 +10%), Eyw,»)=Ey(w+1) ':br 00021 |
(8a) 0.000 A
and
D(w+i0%) Aw +i0%) _ N
N(w) = m, P(w) = m, (8b) FIG. 3. Top frame: Real part of the optical conductivity(w)

VS w in units Ofﬂél(S’ﬂ). The solid curve is for a pure sample with

andE;(w), N*(w), andP"(w) are the complex conjugates of impurity parameter$*=0.003 meVc=0.2 and the dashed curve is
+_ _ -

E,(w), N(w), andP(w), respectively. These expressions hold™" I'=0.63 meV andc=0. The temperatureT=10 K. The

for an Eliashberg superconductor as well as for BCS ir]electron-boson spectral densifix(w) used is shown in the inset of

) ~ ., the top frame of Fig. 2. For the solid curve, the narrow coherent
which case the gap(w) does not depend on frequency; it quasiparticle peak centered at=0 is well separated from the

only depends on temperature, and on angle. Here, for brevitigher-energy incoherent, boson-assisted region. This separation is
we have suppressed these dependencies but they are impligss clear in the dashed curve. Bottom frame: Real part of the op-
itly implied by the bracketg: --) in Eq. (6) which denote an tical conductivity o(T,w) Vs o in units of O2/(8m) for a pure
angular average over momentum directions of electrons osample with impurity parameter*=0.003 meV andc=0.2 at
the Fermi surface at a given temperature. 10 K. The superconducting stagsolid line) is compared with the
Figure 2 presents two fits of theoretical results to experinormal state, i.e., setting the gagw)=0 in the Eliashberg equa-
mental data for the real part of the optical conductivity tions(dotted ling. The dashed curve is a repeat of the normal state
o1(T,w). The top frame presents a comparison with datacurve but has been shifted in frequency by 26 meV.
reported by Homeset al3? for an untwinned, optimally
doped YBCQ g5 single crystal(solid line) at T=10 K. The  =0.003 meV ancc=0.2. It is clear that this sample is very
dashed line corresponds to the best-fit theoretical results gepure and that it is not in the unitary limit. All curves for
erated using extended Eliashberg theory. The phenomenox(T, ) vs w in this frame show the upward curvature char-
logically determined electron-boson spectrudy(w) re-  acteristic of finitec values. Unitary scattering would give a
ported by Schachinget al?? (shown in the insgtwas used. downward curvature in disagreement with the data.
The impurity parameterB*=0.63 meV anct=0 resulted in The excellent agreement between theory and experiment
this best fit3® For comparison, the dotted line corresponds toshown in Fig. 2 encourages us to apply theory to discuss in
the results of a BCS calculation using the same impuritydetail, issues connected with the redistribution of optical
parameters. It is obvious that the BCS calculation cannospectral weight in going from the normaiot always avail-
reproduce the boson assisted higher-energy incoherent backble in experimentto the superconducting state and the ef-
ground which starts at about 80 meV. The full Eliashbergfect of temperature and impurities on it.
theory, on the other hand, is capable of modeling very well The real part of the optical conductivity,(T,w) as a
the experimentabr;(T,w) data over the whole infrared re- function of @ is shown in the top frame of Fig. 3. A factor
gion. The bottom frame of Fig. 2 shows(T, ) restricted to Qf,/ (87) has been omitted from all theoretical calculations
the microwave region up t8=0.1 meV. Three temperatures and sooy(T,w) is in meV™. In these units the usual FGT
are considered, namelyT=10 K (solid curvg, T=15K  sum rule which gives the total available optical spectral
(dashed curve and T=20 K (dotted curvg The impurity — weight [ dwo(w)= (including the superfluid contribution
parameters were varied to get a good fit to the data of at w=0). Two cases are shown in the frequency range 0
high-purity YBCQ; g9 Sample reported by Hosseist al®® < ©=250 meV. One is for the very pure sampisolid
and presented by symbols. The best fit was foundIfor curve) with I'"=0.003 meV andc=0.2. The other is for a
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less pure samplédotted curvg with I'"=0.63 meV in the 0.12

unitary limit, c=0. In the solid curve we clearly see a sepa- T

rate quasiparticle contribution peaked abautO which is 010

responsible for a coherent Drude-like contribution to the real )

part of the optical conductivity. In this process the energy of g 0.08

the photon is transferred to the electrons with the impurities 5 -

providing a momentum sink. The width of the quasiparticle il

peak and corresponding Drude peak is related to the impurity T oos [

scattering rate. Because we are using Eliashberg theory there &= 7 |;

is also a small contribution to this width coming from the 2 oo

thermal population of excited spin fluctuations. In addition,

there is a separate incoherent contribution at higher frequen- 0.00

cies. This second contribution involves the creation of spin

fluctuations during the absorption process. Its shape reflects 0.70

details of the frequency dependence of the spectral density —

I?x(w) involved. For the normal state at temperatiire T, g 0.68

the spectral density’x(w) in the NAFFL model does not 2 &

show the resonance peak seen in the inset of the top frame of g 068 |

Fig. 2 but consists mainly of the reasonably flat background. = .

This implies that in this region MFL behavior results with ,f 084

optical and quasiparticle lifetimes linear in frequency and in 1773 062 L

temperature. The energy scale associated with this behavior I

is the spin-fluctuation scakesg. This is verified in numerous ogo— vy
experiments in the cuprates as reviewed by Puctetoad 3 0.0 0.2 04 06 08 10
Just as for the charge-carrier spectral density discussed in the o (meV)

preceding section, the optical weight under the coherent part,

to which we add the superfluid contributiona@t 0, is about FIG. 4. The remaining integrated optical spectral weight in the

1/(1+\) of the total weight availabléQ?/8) with the re-  superconducting state. Top fram&(T, ) =[G dvey(T,») for val-
mainder,\/(1+X\), to be found in the incoherent part. In the ues ofw up to 1 meV. The temperatures are 10(0lid lines,
model considered here, which fits the available data fofS K (dashed lineg and 20 K(dotted ling. The gap is 22.3 meV,
YBCOg 9o and YBCQ o5 A=2.01 so that only one third of ['=0.003meV, —and ¢=0.2. Bottom frame: ST, )
the weight is in the coherent part. This order of magnitude™IMo—owoa(T, @)+ 2W(T, w)/ in units such that lim..S(T, )
agrees well with the extensive experimental results in other 2:
cuprates given in Refs. 12 and 13. Note that coherent and
incoherent region are nicely separated over a substantial frét has also shifted the incoherent part to higher energies. For
quency range in which the conductivity is small relative toan s-wave superconductor the appropriate shift would be
its value in the quasiparticle peak and in the boson assistevice the gap as seen in the work of Marsiglio and CarBotte
background. This will lead to a plateau in the integrated op{see their Fig. 1L For thed-wave case there is a distribution
tical spectral weight as a function of the upper limiin the  of gap values around the Fermi surface and consequently of
integral overo;(T, w) which will, in turn, lead to an approxi- upward shifts. This leads to some distortion of the incoherent
mate partial or truncated sum rule on the coherent contribupart as compared with its normal state value as can be seen in
tion to the conductivity itself. It is only this piece which is the dashed curve which is the dotted curve displaced up-
included in BCS theory and which can be described by sucMvards by 26 meV, a value slightly larger than the gap of
a theory in cases when it is well separated from the incoher2.3 meV and much less than twice the spectral gap. The
ent background. We note that the addition of impurities, as irflifference between dashed and solid curves is small but not
the dashed curve in the top frame of Fig. 3, greatly increasegegligible. This shows that in the optical spectral weight dis-
the frequency width of the quasiparticle pealoifiT,») and  tribution the boson assisted part of the spectrum is in a first
also fills in the region between coherent and incoherent par@Pproximation shifted in energy but not significantly de-
of the conductivity. While these two contributions are still Pleted or augmented. The addition of impurities also has an
recognizable as distinct, they now overlap significantly anceffect on the incoherent background as can be seen in the top
cannot as easily be separated. frame of Fig. 3 on comparison of the solid with the dashed
Finally, but very importantly, in the bottom frame of Fig. Curve.
3 we repeat the curve fary(T,w) vs w for the pure sample

pf the top frame of Fig. 3solid curvg and compare it with IV. APPROXIMATE PARTIAL SUM RULE FOR THE

its normal stat_e_counterpe(dotted cgrvez We see that due to COHERENT PART

superconductivity, much of the weight under the Drude peak

in the solid curve(superconductingas compared with the In the top frame of Fig. 4 we show our theoretical results

dotted curvgnormal) has been transferred to the condensatdor the remaining integrated optical spectral weight under the
and is not part of the figurps-function atw=0 in oy(w, T)]. real part of the conductivity (T, w) in the superconducting
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staat)e up to frequency w. By . definitipn W(T,w) - 1 8 - A2coq2') '
=J o+ dvoy(T, v) where the upper limit of the integral is vari- N Ton J dw 2+ A2co2 (24 ) TP

able. The data is for the very pure sample for which coherent A(T=0) Mo e c0s(24')]

and incoherent contributions are well separated. Results for 1 1

three temperatures are shown, namé&ly,10 K (solid line), = m(m) (11

T=15 K (dashed ling and T=20 K (dotted ling and the

variable upper limitw ranges from zero to 1 meV, i.e., only where we have restored the units aqd(T=0) is the usual
very low frequencies are sampled. Consequently, only thgajue of the London penetration depth. There are so called
coherent quasiparticle contribution to the conductivéglid  strong coupling corrections to Eqll) (see Ref. 1f but
curve in the top frame of Fig.)2s significantly involved  these are small and, in a first approximation, can be ne-
since the incoherent contribution is almost negligible in thisglected. A physical interpretation of E€L1) is that it is only
energy range. Note that already far~0.4 meV a well-  the coherent quasiparticle part of the spectral der(Bity. 1)
developed plateau is seen in each curve, although its magnjyhich significantly participates in the condensation.

tude depends on temperatuvT, ) represents the residual  Returning to the bottom frame of Fig. 4 we see that at
absorption in the microwave region that remains at low tem+,~0.4 meV a plateau has been reache®(f, ) vs w as
peratures in the superconducting state. It decreases with d@w|| and that, relative to what is the case (T, w) in the
creasing temperature as more optical weight is transferred i@, frame, little variation with temperature remains. Never-
the condensate. In our calculations this residual absorptioghe|ess, the small amount that is seen will have consequences
has its origin in the inelastic scattering associated with theryg e will describe later. For now, neglecting tiislepen-
mally activated bosons which exist at any firftend which  jence the plateau seen §T, w) vs » implies that an ap-

impurity absorption which is also small, whdif is small. o conductivity by itself, provided the cutoff an is kept
Strictly, at zero temperature only the impurity absorption re~ga1 This has important implications for the analysis of
mains and this goes to zero B$ goes to zero. We will see experiments. While only approximately @+\) of the op-
later that an extrapolation to zero temperature of the numer

: fical spectral weight is involved in this contribution, this
cal data fOI’V.V(T,a.)) glve52 for the CU.tOff(fo:l meV, a value piece behaves like a BCS superconductor. The partial sum
of 0.000 23[in units onp/(STr)] which is very small.

rule which applies when the cutofb. is kept below the

In the bottom frame of Fig. 4 we show results for a frequency at which the incoherent part starts to make an
closely related quantit(T, ) vs w in units of 0,/ (8m). In important contribution is

the superconducting state, missing spectral weight under the

real part of the conductivity when compared to its normal . 2 (@ 2
state is found in @-function atw=0 weighted by the amount ST, @) = |ILnow02(T,w) + ;J+ dv oy(T,v) = 14N

in the condensate. In our computer units the full sum rule ¢ 0

which applies wherr;(T, w) is integrated to infinity and the (12
condensate contribution added, is 2. The partial sum up to

in the constank approximation of Sec. Il. In our full Eliash-
berg calculations foilT=10 K we get~0.71 for Eg.(12)
instead of~2/3 with A=2.01. It is the existence of the par-
wdvcrl(T V) tial sum rule(12) for very pure samples that has allowed
- ’ Turneret al* to analyze their microwave data within a BCS

IS

2
S(T,w) = lim woy(T,w) + —f
w—0 mJ o
formalism without reference to the midinfrared incoherent

= ZJw dv oy(T, ), (9)  contribution. Nevertheless, one has to keep in mind that this
mJo partial sum rule involves only 11 +\) of the whole spectral
weight under theoy(T,w) curve with important conse-
and is shown for the same three temperatures as in the tdpuences on the results derived from such an analysis.
frame. Hereo,(T, w) is the imaginary part of the conductiv-  For the pure case considered here the cuigih Eq.(12)
ity. When multiplied byw its @— 0 limit is proportional to IS well defined. This is further illustrated in Fig. 5 were we
the inverse square of the London penetration depth which, i§how once moreM(T, w) (top framg and S(T,w) (bottom
turn, is proportional to the superfluid density. frame but now for an extended frequency range up to
For an Eliashberg superconductor the expression for th@50 meV for the cas&=10 K only. We also show, for com-
penetration depth at any temperatdrés (in our computer  parison, additional BCS results and results for a second set of
units) impurity parameters. The solid and dotted curves in both
frames areM(T,w) and (T, w) for an Eliashberg supercon-
, ductor with I'"=0.63 meV, c=0 and I'*=0.003 meV, ¢

1 Zi,(wn) =0.2, respectively. The dashed and dash-dotted curves are
——=8aT>, ~ p- . (100 for a BCS superconductor with*=0.63 meV,c=0 andI™*
AL(T) [©%(w) + Af, ()] : i
“n n k’\®@n =0.05 meV,c=0.2. We first note that for the purer Eliash-

berg case(dotted curve the plateau in bothMT,w) and
For T— 0 in the constank model with no impurities we get S(T,w) identified in Fig. 4 extends t@=50 meV. Clearly,
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0 50 100 150 200 250 )
o (meV) FIG. 6. Top frame: comparison of2/m)W(T) vs T (dotted

curve) with A™2(0)—\"%(T) (dashed curvefor a BCSd-wave super-
FIG. 5. Top frame: The optical spectral weigh/(T,®)  conductor with the gap amplitude set At24y2 meV and with
=[5 dvoy(T,v) as a function of the upper limib. Two curves  [*+=0.1 meV andc=0.3. The lines are parallel to each other. The
apply to BCS and two correspond to Eliashberg calculations. In onguperfluid density goes to zero @0 while the remaining area
case the unitary limic=0) is used with"*=0.63 meV(solid curve  under the real part of the conductivity goes to a finite vaee
for Eliashberg, dashed for BG.SThe dotted curve is similar but for - sidual absorption Middle frame: same comparison as in the top
['*=0.003 meV and=0.2 in Eliashberg theory and the dash-dotted frame for an Eliashberg superconductor modeled for XBgOg oq
one is forl'*=0.05 meV,c=0.2 in BCS. Bottom frame: the same as with ['*=0.003 meV anat=0.2. The curve fof2/7)W(T) extrapo-
the top frame but now the sunS(T,w)=lim, owox(T,®)  lates to a very small value &— 0 and the two curves are not quite
+(2/m) [5.dvoy(T,v) is shown. In both frames the temperatdte  parallel. Bottom frame: same as for the middle frame but With
=10 K and thed-wave gap amplitude is the same for Eliashberg=0.63 meV andt=0.2. Three different cutoffs ilV(T, ) are used.

and BCS calculations.

depth. This is illustrated in Fig. 6 which has three frames.
_ The top frame presents BCS results and is for comparison
any value of frequency betwean=0.4 meV and 50 mev with the two other frames which are based on Eliashberg

will do for w. in Eq. (12) and a partial sum rule is wel solutions. The central frame has impurity parametEts
defined but for the less pure cagolid curvg a plateau is =0.003 meV and=0.2. The bottom frame is for a less pure

not as well defined. In both cases, however, the increaseam le WithT*=0.63 meV ande=0.2 and illustrates ho
beyond the plateau value 6f0.7 towards saturation is rather samp'e wi e - nus s how
slow and even aip=250 meVS(T, w) is still well below 2. impurities change the results. In the top frame, the dashed

: . . gurve is the difference in superfluid density?(0)—\"%(T)
This feature reflects directly the large energy scale involve s a function of temperatufe up o 20 K for a BCS Super-
in the boson exchange mechanism we have used. This p&S a functi peratureup up

; — I +
havior is in sharp contrast to BCS. For the dash-dotted Curvg;onductor with gapA=24y2 meV, I"=0.1 meV, andc
ST, w) is already close to 2 ab=25 meV while for the less =0.3. These parameters were chosen only for the purpose of

ure casadashed curvethe rise to 2 is slower and distrib- illustration. Turneret all* considered the optical spectral
3ted over a larger energy scale of the ordet00 meV. In- weight concentrated in the microwave region of an ortho-II

asmuch as impurities strongly affect such scale estimateYBCOG-5 sample and the temperature dependenceVer)

they are not fundamental to the superconductivity itself. If, int'sqat is obtained from consideration of the microwave region

our Eliashberg calculations, we look only at the initial rise toonly. They found it to .extrapolate to a f!nlte value B0
its plateau valug~0.7), the scales involved are different (zero-temperature residual absorpjionhile at the same
again,~1 meV and~56 meV, respectively time W(T) parallels the temperature dependence found for

the penetration depth. In our solid curitep frame of Fig. 6
we have integrated(T, ) to getW(T,w) up to 1 meV and
V. RELATION BETWEEN RESIDUAL ABSORPTION find a curve forW(T) which is _paraIIeI to the dashed curve
AND PENETRATION DEPTH for the penetration depth but indeed does not extrapolate to
zero atT=0. Note that in a BCS model for pure samples the
We next turn to the relationship between the temperaturerdinary FGT sum rule applies even if only the microwave
dependence of the residual absorption and the penetratioggion is considered and so the solid and dashed curves are
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parallel. This is no longer the case in Eliashberg theory as 2y 4A(1 +)\)
shown in the center frame of Fig. 6. There the dashed and A n

X ) . - 7A(1+\) y
solid curves are not quite parallel with the dashed curve v=mal 5 . (15
showing a slightly steeper slope. Also, the solid curve ex- cz+( 2y ) 2<4A(1 +7‘)>
trapolates to a finite, though very small, valulat0. This is wA(L+N\) v

expected since the impurity content in this run is very small._ )
This case corresponds closely to the YBG@sample con- Th!s transcendental equation 'fqu the zero-frequency scat-
sidered in Fig. 4 of Turneet all4 The slight difference in tering rate at zero frequency, is to be solved numerically for
slope between solid and dashed curve can be understood §7Y value ofc. Results can be found in Refs. 36 and 3? for
terms of our result foS(T, w,) given in the bottom frame of he casex=0. What is fou+nd is thaty/c increases with’

Fig. 4. We have already noted thatat 1 meV, the cutoff and, for a given value of”, decreases rapidly witd. At ¢
used in evaluation OW(T, ) (solid curve, center frame of =0 We get the approximate, but very useful relation

Fig. 6), there remains a small temperature dependence to the
saturated value o8(T, w.). This means tha8(T, w.) in this

region is slightly smaller aff=20 K (dotted curve in the  Nte that this is the same expression as in Ref. 40 except that
bchlFtoml' fLame qf Flg.fﬂthanh itis a'FTl_ 10K (‘T’OI'd curvg. __it contains an additional factor dfL+\). In terms ofy we
This slight deviation from the partial sum rule embodied Ncan get an approximate expression for the zero-temperature

our Eq. (12) leads immediately to the difference in slope London penetration depth including impurities. Returning to
seen in the center frame of Fig. 6 betwadfiT, w;) and the Eq. (10) pwe need to reglacéw by wg(l+p)\)+y 0 gef® g
penetration depth. ' n n

In the bottom frame of Fig. 6 we show results fbf 1 1 (2= %
dd)f dw
0

y=0.63m7T*A(1 +)\). (16)

=0.63 meV andc=0.2. In this case the coherent and inco- > - =8m

herent contributions te;(T, w) (see Fig. 3, top frame, dotted

curve, although this curve, is fa=0) are not as well sepa- A? coS(2¢)

rated as in the pure case ad{T, w) vs w does not show as X 2 3 (A7)
clear a plateau which would allow the formulation of a par- Maﬁ L) +A2 co§(2¢)J

tial sum rule on the coherent part alone. Nevertheless, we do 1+x

note that forw.=1 meV, 2MT,w,)/ 7 (solid squaresis

nearly parallel to the dashed curve for the penetration depth. 1 2 |i

If, however,w, is increased to 5 meYsolid up trianglesor = ?\é(o) 1 _:TK ;A(l AN (18

10 meV (solid down triangles this no longer holds. This
result can be traced to the fact that no real temperature anghereK(x) is the elliptic integral of the first kind. The ap-

cutoff independent plateau is reached in these cases. Thygoximation made to get the last equality, EG8), is not

there is no partial sum rule which can be applieddT,w)  yery accurate but has the important advantage that it is ana-
and an analysis as performed by Tureeal* on very high lytic and simple. It gives

purity samples appears not to be possible. This case may

correspond better to the relatively dirtier film dataNote, in - - 29(1+\), [4A(L+N)
particular, that the residual absorption at zero temperature M. (0) =X (0)| 1 - A |”( ) . (19
depends now strongly on the cutoff frequency chosen for the Y

partial sum rule. In our exampl@ottom frame of Fig. Bthe  |n 3 BCS model\=0) this gives in the limitsT—0 andw
residual absorption increases almost linearly with increasing., o

cutoff frequency.

We turn next to the zero-temperature value of the residual * y. [4A
absorption and its impurity dependence. Equatip®) ap- W(T=0,0 — ) =W0) = f+dw01(0,w) = Zm(_)-
plies but now we wish to consider impurities so thgtis not 0 4
simply @,=w,(1+\) in the constant. model. Instead, we (20)
must use

Exact numerical results fol(0) based on Eq(17) with \

Qo) =0 are compared with those based on EZ) in the top
TR (13 frame of Fig. 7. We see that E(RO) is qualitatively, but not
¢+ Q%(w) quantitatively, correct. In the bottom frame we show the cor-
responding values of/(c) vs c for the convenience of the
reader. It is clear that the residual absorption due to the co-
herent part of the charge-carrier spectral density does depend
significantly on impurity content. In a real superconductor

w(w+i0)=w(l+N) +inl"

which needs to be solved self-consistently dgew+i0*). For
w=0, we can writéw(w+i0*)=iy with

y=al* Qiy) (14) we have additional absorption @at=0 coming from the in-
2+ 0%iy) coherent, boson assisted background which enters when
the upper limit of the defining integral fol(T, w) is made to
andQ(iy) is given by Eq.(3). Evaluating((iy) gives span energies in the infrared region of the spectrum.
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FIG. 7. Top frame: theT—O0 limit of the remaining optical 0.00
. % . . 0 50 100 150 200 250
spectral weightV(0)=[. dwo(T=0,w) as a function of the im-
® (MmeV)

purity potential strengtle for various values of *. The heavy con-
tinuous curves are the approximati@v(0) = (y/A)In(4A/y) while
the light curves with solid squaregd™=0.15 me\, solid circles
(I'=0.1 meV, solid trianglegT"*=0.05 meV, and solid diamonds

(I'*=0.01 meV are exact results. The bottom frame gives the zerg(dash-double-dottedcurve is for the normal state at=10 K(T
=95 K), the solid curve for the superconducting stateTatlO K.

frequency value of the effective scattering in the superconductingl_ ) ; .
state,y(c) as a function of. he dasheddash-dottefl curve is the difference curve between
superconducting and normal stafA$w)=0 in the Eliashberg equa-

tions] at T=10 K(T=95 K). The approach of the difference in area
to its saturated large value depends significantly on the tempera-
The FGT sum rule implies that the missing optical Spec_ture used.for the.suptracted normal state. The.thln dash-double-

. LT dotted horizontal line is the value of the penetration depth. Bottom
tral weight under the real part of the conductivity in the . .,

. . oo frame: it shows the real part of the conductivity for the normal state

superconducting state appears asfanction contribution at

h . . | h fluid d itv It d d at T=293 K (dashed curve T=95 K (dash-dotted curve T
the origin proportional to the supertluid density. It depen SS10kK (dotted curvg, and for the superconducting state Ta

OT temperature and on impurity C,Omem- Increas'l‘r@d/or. =10 K (solid curve. All curves are for YBCQ g5 with the impurity

I'" decreases the superfluid density. In the top frame of Fig. 83rameters set t5*=0.63 meV anc:=0.

we show our results for the remaining integrated optical

spectral weightW(T, ») as a function ofw up to 250 meV  quency dependence of(T,®) is considered. The relevant
for a sample with™=0.63 meV andc=0. We have done cyrves to be compared are the dottadrma) and solid(su-
similar calculations for a clean sample but there is no qualiperconductingones in the bottom frame of Fig. 8. Both are

state aff=10 K and is to be compared with the dotted curveaxis, Above the first crossing at, ~8 meV the difference in

which is for the normal state at the same temperature. We sgge integrated area decreases éll~32 meV at which it

a great deal of missing spectral weight between these tWgegins to increase. Finally, at the third crossing
curves withWy(T,w) rising much faster at smalb than <130 meV it begins to decrease again towards its value at
Ws(T, w) and it is rising to a much higher value. The differ- 250 meV. These features are the direct result of the shift in
enceWy(w, T=10 K)-Wg(w,T=10 K) (dashed curveis the  incoherent background towards higher energies due to the
amount of optical spectral weight betwe&i, ») that has  opening up of the superconducting gap. The area between the
been transferred to the superfluid condensate. As we see, thetted and solid lines that falls between and w5 is made
dashed curve rapidly grows within a few meV to a valueup slowly at higher frequencies. This feature would not be
close (but not quite to the asymptotic value it assumes at part of BCS theory in which case the energy scale for the
»w=250 meV. After this the remaining variation is small but optical weight which significantly participates in the conden-
there is a shallow minimum around 30 meV with a corre-sate is set as a few times the gapgRef. 41 and the satu-
sponding broad and slight peak around 100 meV which isated value is reached from below rather than from above. In
followed by a small gradual decrease still seen at 250 meVour theory the existence of the incoherent background effec-
These features can be understood in detail when the freively increases this scale to much higher energies, the scale

FIG. 8. Top frame: Optical spectral weightiM(w,T)
=[5 dvoy(v) for various cases as a function af. The dotted

VI. MISSING AREA
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set by the bosons involved, although the amount of spectral
weight involved is very smafi>*® We note that atw
=250 meV the missing area curvié(T=10 K,w)-WLT

=10 K,w) and Wy(T=95 K,w)-WgT=10 K,w) of the top
frame of Fig. 8 are still about 2.5% higher than the value
indicated for the penetration dep(thin dash-double-dotted
line) which is obtained directly from the imaginary part of
the optical conductivity.

In an actual experiment it is not possible to access the
normal state at low temperatures so tWe(w,T=10 K)
cannot be used to compute the difference wWilk(w, T
=10 K). Usually Wy(w,T=95 K) is used instead. This is

s,(T.0) (10°2"'m"™)

shown as the dashed-double-dotted curve in the top frame of |-+ W (T=100K,®)

Fig. 8 which is seen to merge with the dotted curve only at 0.3 - - - W (T=6K,a)

large values ofw. Because in our theoretical work, the in- —— W, (T=100K,0)}W(T=6K.0) .-~
elastic scattering &t=T, is large with a scattering rate of the I -
order 2T, or so, the corresponding optical spectral weight in < 02f e -

01(T,w) is shifted to higher energies. Consequently, 2 /.f/

Wy(w,T=T,) rises much more slowly out ab=0 than does E T ——— -
Wy(w,T=10 K) and the difference curv&Vy(w,T=95 K) s e /,——"’

-Wqw,T=10 K) (dash-dotted curyeeflects this. It merges

with the dashed curve only fan=200 meV. Thus, making At W, (T=295K,)

use of Wy(w,T=T,) rather thanWy(w,T=10 K) makes a = W (T=205K,0)- W (T=6K,0)
considerable difference in the estimate of thelependence 0 50 100 150 200 250
of the missing area. None of the structure seen in the dashed ® (meV)

curve remains in the dash-dotted curve and much informa-
tion on separate coherent and incoherent contributions is lost, FIG. 9. Top frame: Experimental data for the real part of the
although the curve still approaches its— « limiting value optical conductivity,o4(w) Vs w and various temperatures for an
from above. From this point of view, it is the dashed curveoptimally doped Bi2212 single crystal as it was reported byeTu
which is fundamental but it is not directly available in ex- al- (Ref. 33. The data has been augmented by theoretical @h
periments. If an even higher temperature had been used f& in the energy range @ w<12 meV. Bottom frame: Optical
the normal state, say around room temperature, the frespectral weightW(w,T)=Jg. dvoy(v,T) vs w as calculated from
quency at which the differencd/(w)—Ws(w) would agree the expeﬁmgntal data shown in the Fop frame of this figure. The
with the penetration depth is pushed to very high energiegashed line is folT=6 K(supercqnductlng statethe dotted line for
well beyond the 250-meV range shown in the top frame OfT=1OQ K, and the dash-dotted line fo=295 K. Presented are also
Fig. 8. The reason for this is clear when the bottom frame of '€ _differences Wi(w, T=295 K)=Ws(w,T=6 K) (dash-double-
this same figure is considered. What is shown is the real paﬂ?tted |Iﬂ|9 anth\_/N(w,'II:}OO K ~We(w,T=6 :1() (Sﬂ"d line). IThe |
of the conductivity for four cases: the normal stateTat '?2 I_so id Or'zoqtf‘G K'ne represents the theoretical value
=293 K (dashed curve at T=95 K (dash-dotted curyeand (m/2)lim, _qwo(e, T=6 K).
at T=10 K (dotted curve Increasing the normal state tem-
perature shifts a lot of spectral weight to higher energies an@erimental data have been augmented by theoretical oata
can even make the differenté,—Ws negative for small.  the frequency region @ w<12.4 meV derived from best fits
We stress again that individus#(T,») curves show no 10 experime_:nt. This graph is to be compar_ed with the bottom
saturation as a function ab in the range shown. This is frame of Fig. 8. The bottom frame of Fig. 9 presents the
characteristic of the higfi; oxides and resides in the fact corresponding optical spectral weight(w,T) calculated
that|2y(w), the electron-boson exchange spectral density, exfrom the experimentalr;(w,T) data. The results follow
tends to very high energies. This is fundamental to an undeglosely similar theoretical curves presented in the top frame
standing of the optical properties in these materials and i§f Fig. 8. In particular,Ws(w, T=6 K) does not develop a
very different from the electron-phonon case. In that instancavell-defined plateau around 50 meV as we found it for opti-
there is a maximum phonon energy, never larger than mally doped YBCQgs single crystalgsolid line in the top
about 100 meV and hence the curve WT, w) would reach  frame of Fig. 8, labeledVg(T=10 K,w)]. Finally, the differ-
saturation at a much smaller energy than in our work. Thiggnces Wy(w,T=100 K)-Wg(w,T=6 K) (solid line) and
observation provides strong evidence against solely a phondf¥y(w, T=295 K)-Wg(w,T=6 K) (dash-double-dotted line
mechanism for superconductivity in the oxides. are shown in this graph. We also included the theoretical
To aid this discussion we added Fig. 9 which, in its topvalue for (7/2)lim,,_,qwo,(w,T=6 K) as a thin, solid hori-
frame, shows the experimental data for the real part of theontal line found from a fit to experimental data. The first
optical conductivity,o(T,w), reported by Tuet al33in an  difference is still far away from this limit but approaches it
optimally doped BjSr,Ca CyOg,s (Bi2212) single crystal from above, as expected from our previous discussion, while
for three temperatures, namelj=6, 100, 295 K. The ex- the second approaches this limit from below. This analysis of
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experimental data supports our theoretical results in a ratheemperature in a pure system the superfluid density is related
impressive way. to the renormalized plasma frequency with replacing the
bare electron masém'/m=1+\) in contrast to the total
plasma frequency which involves the bare massThe in-
coherent, boson assisted tails dq(T,w) do not contribute

In a pure BCS superconductor at zero temperature with ngiuch to the condensate and, in fact, remain pretty well un-
impurities the entire optical spectral weight under the reapffected in shape and optical weight by the transition to the
part of the conductivity will vanish as it is all transferred to Superconducting state but they are shifted upwards due to the
the superfluid density which contributessefunction atw  OPeNing up of the superconducting gap. This shift implies
=0 to the real part of(w). When impurities are present the that when one considers the missing optical spectral weight
superfluid density af=0 is reduced from its clean limit under the condL_Jctivity_which en_ters the condensate, the en-
value and some spectral weight remains unggt) which €9y scale for this readjustment is not set by the gap scale but
implies some absorption even at zero temperature. The sitiather by the scale of the maximum exchanged boson energy.
ation is quite different for a superconductor which shows 2SO it is expected that the value of the penetration depth
pronounced incoherent background scattering which can bhich corresponds to the saturated value of the missing area
modeled reasonably well in Eliashberg theory, bes-itor IS @pproached from above when the conductivity is inte-
d-wave. In both cases it is mainly the coherent part of thedrated to high energies.
electron spectral density which contributes to the condensate.
The electron spectral function still has &function part
broadened by the interactions at any finite energy away from Research was supported by the Natural Sciences and En-
the Fermi energy but the amount of weight under this part ifgineering Research Council of Cana@dSERQ and by the
1/(1+\), where is the mass enhancement parameter folCanadian Institute for Advanced Resear@AR). J.P.C.
the electron-boson exchange interaction. The remaininghanks D.M. Broun for discussions. The authors are grateful
spectral weight/(1+\) is to be found in incoherent, boson to Dr. C.C. Homes and Dr. J.J. Tu for providing their original
assisted tails. Another way of putting this is that at zeroexperimental data for analysis.
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