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�  DFT1+2:	  Hohenberg-‐Kohn	  Theorem	  and	  Kohn	  and	  Sham	  equaRons.	  

�  DFT3+4:	  Solving	  K-‐S	  in	  pracRce;	  basis	  funcRons,	  augmented	  methods	  and	  psp	  theory.	  

�  DFT5:	  PracRcal	  problems	  in	  DFT	  (k	  space	  integraRon,	  convergence	  etc)	  

�  P1:	  EOS	  and	  band	  structure	  of	  silicon.	  

�  ADV1+2:	  Linear	  Response	  theory	  (mostly	  for	  phonons).	  

�  P2:	  Phonons	  of	  silicon	  

�  ADV3:	  Wannier	  FuncRons	  and	  TB	  approximaRon.	  

�  P3:	  Wannier	  FuncRons	  and	  BOM	  for	  silicon.	  



DFT	  1-‐2:	  Basic	  Concepts	  of	  Density	  FuncRonal	  Theory	  
Main Concepts of Density Functional Theory:

	 Hohenberg-Kohn Theorem: The ground-state energy of a system of interacting electrons is a 

function of its ground-state density only. The complications induced by the electron-electron 

interaction are “dumped” into an effective exchange and correlation energy, whose exact form is 

unknown (but good approximation exists).

	 Kohn-Sham Equations: It is possible to find the ground-state density of the interacting system 

solving self-consistently a system of single-particle equations for the auxiliary (effective) Kohn-
Sham quasi-particles.

The quantum-mechanical many-electron problem can be greatly simplified if we are only interested in 

its ground-state properties. 
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Please	  check	  the	  web	  page	  of	  the	  course	  for	  
updated	  references!!!	  



Solving	  Kohn-‐Sham	  EquaRons	  in	  PracRce	  (DFT	  3-‐4):	  

�  Charge	  self-‐consistency	  (mixing).	  

�  Atoms:	  solu:on	  of	  the	  radial	  equa:ons.	  

�  Solids:	  Bloch	  Theorem.	  	  

�  Basis	  func:ons	  and	  secular	  equa:ons:	  Kohn-‐Sham	  equa:ons	  for	  plane	  waves.	  

	  

	  

For	  these	  topics	  I	  will	  follow	  “A	  primer	  in	  Density	  Func7onal	  Theory”	  (Springer),	  chapters	  6.	  	  



Kohn-‐Sham	  EquaRons:	  

Iterate	  up	  to	  self-‐consistency,	  i.e.	  un7l	  the	  charge	  density	  (or	  the	  total	  energy)	  
at	  itera7on	  t	  and	  t+1	  coincide.	  

In	  principle	  simple,	  BUT	  several	  prac:cal	  problems	  arise:	  

1)  How	  do	  we	  ensure	  the	  stability	  of	  the	  self-‐consistent	  loop?	  

2)  	  How	  do	  we	  handle	  in	  prac:ce	  the	  different	  terms	  of	  the	  K-‐S	  poten:al?	  



Convergence	  of	  the	  scf	  loop:	  

The	  self-‐consistent	  loop	  is	  stopped	  when:	  

To	  start	  the	  self-‐consistent	  loop,	  we	  need	  a	  “good	  guess”	  for	  the	  charge	  density.	  
For	  solids,	  this	  good	  be	  a	  sum	  of	  atomic	  densi:es:	  

n0 (r) = nα (r−Rα )
α

∑

d3r nt+1(r)− nt (r)∫ < εnEt+1 −Et < εE OR	  

If	  the	  exit	  criterion	  is	  not	  met,	  the	  scf	  loop	  is	  restarted.	  In	  principle	  one	  could	  
use	  nt	  as	  the	  new	  star:ng	  density;	  however	  this	  procedure	  is	  oQen	  unstable…	  



Mixing	  of	  the	  charge	  density:	  

To	  stabilize	  the	  scf	  loop,	  we	  can	  use	  a	  mixing	  of	  the	  charge	  density	  at	  the	  (t+1)-‐th	  
and	  t-‐th	  itera:on	  (linear	  mixing)…	  

n '(i+1) =αn(i+1) + (1−α)n(i)

α	  is	  the	  mixing	  parameter	  (typically	  0.2-‐0.3).	  Increases	  the	  mixing	  parameter	  
increases	  the	  speed	  of	  convergence,	  but	  may	  lead	  to	  instabili:es.	  Other	  
mixing	  schemes	  (Broyden,	  Anderson)	  use	  a	  more	  refined	  schemes	  which	  take	  
into	  account	  “older	  steps”.	  Linear	  mixing	  is	  typically	  slower	  but	  more	  stable	  
than	  these	  approaches.	  





Kohn-‐Sham	  EquaRons	  for	  Atoms:	  
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Atoms	  are	  the	  only	  case	  in	  which	  K-‐S	  equa:ons	  can	  be	  solved	  directly	  (i.e.	  integra:ng	  the	  differen:al	  
equa:ons).	  Even	  though	  DFT	  (LDA,	  GGA)	  is	  not	  par:cularly	  good	  for	  atoms,	  this	  is	  an	  important	  
reference	  system	  since	  many	  approxima:ons	  for	  solids	  are	  based	  on	  the	  solu:on	  of	  the	  atomic	  
problem.	  One	  assumes	  that	  the	  charge	  density	  n(r)	  is	  spherically	  symmetric,	  and	  thus:	  

Ynl	  are	  the	  spherical	  harmonics;	  for	  the	  radial	  part,	  we	  obtain	  a	  second-‐order	  differen:al	  equa:on	  (1-‐d):	  

Which	  is	  the	  usual	  equa:on	  for	  the	  hydrogenoid	  atoms,	  with	  –Z/r	  -‐>	  vKS(r).	  	  



Also	  in	  this	  case,	  the	  solu:on	  is	  not	  easy	  to	  obtain	  numerically;	  one	  exploits	  the	  
fact	  that	  the	  asympto:c	  behaviours	  for	  large	  and	  small	  r	  are	  known:	  

Rnl (r)→r→0Ar
l

Rnl (r)→r→∞
exp − −2εnlr( )

PROOF:	  



And	  looks	  for	  a	  func:on	  which	  interpolates	  in-‐between:	  



Atoms:	  spherical	  harmonics	  

Ylm (ϑ ,ϕ ) =αe
imϕPl

m (cosϑ )



Atoms:	  radial	  wavefuncRons	  

Pnl (r) = r
2Rnl (r)



Kohn-‐Sham	  EquaRons	  for	  Solids:	  

Bloch’s	  Theorem:	  

For	  solids,	  the	  charge-‐density	  is	  generally	  non-‐symmetric,	  and	  one	  has	  to	  solve	  a	  differen:al	  equa:ons	  
in	  3d.	  This	  is	  some:mes	  done	  in	  so-‐called	  real	  space	  methods,	  using	  grids.	  Real-‐space	  methods	  are	  
generally	  powerful,	  but	  lifle	  used	  in	  prac:ce	  because	  it	  is	  difficult	  to	  control	  the	  convergence	  of	  the	  
calcula:on	  with	  the	  system	  size	  (and	  because	  they	  are	  typically	  expensive).	  	  

Most	  methods	  used	  in	  solid	  state	  physics	  exploit	  Bloch’s	  theorem	  and	  la_ce	  periodicity	  to	  work	  in	  
reciprocal	  space.	  

	  	  	  

ψ !n (r) =ψnk (r) = e
ik⋅rϕnk (r)

ϕnk (r) =ϕnk (r+R)

ϕnk (r) = eiG⋅R
G
∑ cnk (G)

The	  excita:ons	  in	  a	  solid	  (infinite	  periodic	  array	  of	  atoms)	  are	  Bloch	  waves	  of	  the	  form:	  	  

	  	  	  

k	  is	  a	  Bloch	  vector	  (eigenvalue	  of	  the	  transla:on	  operator);	  ϕ	  is	  a	  lajce-‐periodic	  func:on:	  

	  	  	  

Fourier	  Transforms	  of	  la_ce-‐periodic	  funcRons	  only	  contain	  
components	  corresponding	  to	  reciprocal	  la_ce	  vectors!	  

	  



Basis	  FuncRons:	  
The	  periodic	  part	  of	  the	  Bloch	  func:on	  is	  usually	  expanded	  on	  a	  basis	  func:on;	  
Eigenvalues	  and	  Eigenvectors	  (K-‐S	  energies	  and	  orbitals)	  are	  then	  obtained	  solving	  
a	  secular	  equa:on.	  	  

	  	  	  

ϕnk (r) = cnk (α)
α

∑ u
nk

α (r)

The	  three	  main	  sets	  of	  basis	  func:ons	  are:	  Plane	  waves	  (free-‐electron	  theory),	  
Localized	  orbitals	  (:ght-‐binding	  theory),	  Augmented	  waves	  (in-‐between).	  As	  we	  
will	  see	  in	  the	  following,	  the	  choice	  of	  the	  basis	  set	  is	  also	  connected	  to	  the	  
approxima:ons	  made	  to	  represent	  the	  electron-‐ion	  poten:al	  (Plane	  wave:	  
pseudopoten:al,	  augmented	  waves:	  Muffin	  Tin	  approxima:on).	  

	  	  	  


