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	  (Lecture	  slides,	  Script,	  Exercises,	  etc).	  



Important	  notice	  (exam):	  

Exams	  for	  the	  lecture	  in	  numerical	  methods	  in	  Physics	  will	  take	  place	  in	  my	  
office	  PH3.108,	  star_ng	  20th	  of	  January	  2013.	  

For	  the	  winter	  semester,	  I	  will	  offer	  dates	  in	  the	  weeks:	  

ì  20th-‐26th	  of	  January	  

ì  	  27th	  –	  31st	  of	  January	  

ì  3rd-‐9th	  of	  February.	  

I	  will	  post	  a	  list	  with	  available	  dates	  and	  slots	  outside	  my	  office	  door	  next	  week.	  
You	  can	  register	  wri_ng	  your	  name	  on	  the	  list,	  up	  to	  14th	  of	  January.	  	  

There	  will	  be	  addi@onal	  dates	  in	  May-‐June	  and	  October	  2014.	  



ì  Chapter	  1:	  Introduc@on.	  	  

ì  Chapter	  2:	  Numerical	  methods	  for	  the	  solu@on	  of	  linear	  inhomogeneous	  systems.	  	  

ì  Chapter	  3:	  Interpola_on	  of	  point	  sets.	  

ì  Chapter	  4:	  Least-‐Squares	  Approxima@on.	  	  

ì  Chapter	  5:	  Numerical	  solu@on	  of	  transcendental	  equa@ons.	  

ì  Chapter	  6:	  Numerical	  Integra_on.	  

ì  Chapter	  7:	  Eigenvalues	  and	  Eigenvectors	  of	  real	  matrices.	  

ì  Chapter	  8:	  Numerical	  Methods	  for	  the	  solu@on	  of	  ordinary	  differen@al	  equa@ons:	  ini@al	  
value	  problems.	  

ì  Chapter	  9:	  Numerical	  Methods	  for	  the	  solu_on	  of	  ordinary	  differen_al	  equa_ons:	  marginal	  
value	  problems.	  

TOPICS	  (this	  year):	  



Last	  week	  (3/12/2013)	  

ì  Ini_al	  Value	  problems:	  Defini_ons.	  

ì  Reduc_on	  of	  an	  nth-‐order	  differen_al	  equa_on	  to	  a	  system	  of	  N	  first-‐order	  
equa_ons.	  

ì  Solu_on	  of	  a	  first-‐order	  differen_al	  system	  of	  equa_ons:	  Runge-‐KuPa	  
methods.	  

ì  Simple,	  modified	  and	  improved	  Euler’s	  methods.	  

ì  Fourth-‐order	  Runge-‐KuPa	  formulas:	  classical	  Runge	  KuPa	  formula,	  
meaning	  and	  examples.	  

Ordinary	  Differen@al	  Equa@ons:	  Ini@al	  Value	  problems	  



Numerical	  Methods	  for	  the	  solu@on	  of	  ordinary	  differen@al	  
equa@ons:	  ini@al	  value	  problems.	  	  

y(n) = F(x; y, y ',.., y(n−1) )

Defini@on:	  A	  differen_al	  equa_on	  is	  a	  mathema_cal	  equa_on	  for	  an	  unknown	  func_on	  of	  one	  or	  
several	  variables	  that	  relates	  the	  values	  of	  the	  func_on	  itself	  and	  its	  deriva_ves	  of	  various	  orders.	  
We	  consider	  here	  only	  the	  case	  of	  explicit	  differen_al	  equa_ons,	  i.e.	  those	  which	  can	  be	  solved	  for	  
the	  highest	  possible	  deriva_ve	  n:	  	  	  

y '1 = y2 ≡ f1(x)
...
y 't−1 = yt = ft−1(x)
y 'n = F(x; y1, y2,.., yn ) = fn (x)

y ' = f (x, y)

An	  n-‐th	  order	  differen_al	  can	  always	  be	  recast	  into	  a	  first-‐order	  differen_al	  system	  of	  the	  form:	  

Sekng:	  



Runge-‐KuYa	  Methods:	  
Runge-‐KuYa	  methods	  are	  among	  the	  most	  popular	  methods	  for	  ini@al	  value	  problems.	  They	  are	  used	  
alone,	  or	  as	  “pre-‐condi_on”	  methods	  for	  more	  refined	  algorithms	  (predictor-‐corrector	  methods).	  The	  
biggest	  disadvantage	  is	  that	  it	  is	  difficult	  to	  obtain	  a	  reliable	  error	  es_mate.	  

Proper@es:	  

ì  Runge-‐KuYa	  methods	  derive	  from	  a	  Taylor	  series	  expansion	  of	  the	  solu_on,	  truncated	  at	  p	  
order.	  P	  is	  the	  order	  of	  the	  R-‐K	  method.	  

ì  Runge-‐KuPa	  methods	  are	  one-‐step	  methods:	  in	  order	  to	  determine	  the	  value	  of	  the	  solu_on	  in	  
x0+h,	  it	  is	  enough	  to	  know	  its	  value	  in	  the	  previous	  point	  x0.	  

ì  In	  order	  to	  calculate	  the	  approximate	  value	  of	  y(x),	  it’s	  enough	  to	  know	  f(x0,y0),	  but	  not	  its	  
deriva_ves!	  	  

	  



Runge-‐KuYa	  Methods	  of	  Arbitrary	  Order:	  
Runge-‐KuPa	  ansatz	  for	  arbitrary	  p	  order:	  

ŷi (x0 + h) = yi (x0 )+ h cjgj
j=1

p

∑

g1 = f (x0, y0 )

gj = f (x0 + ajh; y0 + h bj,lgl )
l=1

j−1

∑

g1 = f (x0, y0 )
g2 = f (x0 + a2h, y0 + hb2,1g1 )
g3 = f (x0 + a3h, y0 + hb3,2g2 + hb3,1g1)

The	  first	  g’s	  are	  for	  example:	  

The	  p-‐th	  Runge-‐KuPa	  formulas	  contain	  3	  types	  of	  coefficients	  (ci,ai,bi,j),	  which	  are	  mutually	  related	  
by	  recursion	  formulas.	  The	  total	  number	  of	  coefficients	  is	  (p2+3p-‐2)/2.	  



Popular	  Runge-‐KuYa	  formulas:	  
Euler’s	  Method	  (1st	  order):	  

Modified	  Euler’s	  Method	  (2nd	  order):	  

ŷ(x0 + h) = y(x0 )+ h ⋅ f (x0, y0 )

ŷ(x0 + h) = y0 + h ⋅ f (x0 +
h
2
, y0 +

h
2
f (x0, y0 ))

Improved	  Euler’s	  Method	  (3rd	  order):	  

ŷ(x0 + h) = y0 + h ⋅
1
2
f (x0, y0 )+

1
2
f x0 + h, y0 + hf (x0, y0 )[ ]
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ŷ(x0 + h) = y(x0 )+ h
1
6
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g4
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“Classical”	  Runge-‐KuYa	  Method	  (4th	  order):	  



This	  week(10/12/2013)	  

ì  Prac_cal	  use	  of	  Runge-‐KuPa	  methods.	  

ì  Why	  do	  we	  need	  an	  adap_ve	  stepsize?	  

ì  Methods	  for	  error	  es_mate.	  

ì  Implemen_ng	  a	  simple	  Runge-‐KuPa	  method	  with	  adap@ve	  stepsize.	  

Ordinary	  Differen@al	  Equa@ons:	  Ini@al	  Value	  problems	  (part	  II)	  



Using	  Runge-‐KuYa	  Methods	  in	  Prac@ce:	  
Calcula_ng	  a	  single	  Runge-‐KuPa	  step	  is	  of	  not	  much	  help.	  In	  prac_ce,	  if	  we	  want	  to	  integrate	  a	  
differen_al	  system,	  we	  want	  to	  perform	  several	  steps	  one	  aqer	  the	  other:	  

ŷi (x0 + h) ≡ ŷi,1 = yi (x0 )+ h ⋅ c j
j=1

p

∑ gi, j (x0; y1,0,..., yn,0 )

ŷi (x0 + 2h) ≡ ŷ2,1 = ŷi,1 + h ⋅ c j
j=1

p

∑ gi, j (x0 + h; ŷ1,1,..., ŷn,1)

In	  the	  first	  step,	  the	  ini_al	  values	  are	  known	  exactly,	  and	  given	  by	  the	  boundary	  condi_ons.	  For	  all	  
other	  steps,	  the	  ini_al	  values	  are	  given	  by	  previous	  R-‐K	  moves,	  and	  thus	  known	  only	  approximately.	  	  



A	  prac@cal	  Example:	  trajectory	  of	  a	  satellite	  

Hypotheses:	  

ì  Star_ng	  velocity	  of	  the	  satellite:	  vmax.	  

ì  The	  earth	  is	  an	  homogeneous	  sphere	  of	  radius	  rmin.	  

ì  No	  influence	  of	  the	  atmosphere.	  

ì  Influence	  of	  other	  celes_al	  body	  is	  negligible.	  

F = −γM
r3
r





Polar	  coordinates:	  

x

y

ϕ

ϕ̂

r



Equa@ons	  of	  mo@on:	  

F = −γM
r3
r

r = −γMearth

r3
r

γ = 6.67 ⋅10−11m3 / kgs2

Mearth = 5.977 ⋅10
24kg

Expressing	  r	  in	  polar	  coordinates	  we	  get:	  

r = r ϕ 2 −
γMearth

r2
ϕ = −2 r ϕ

Centrifugal	  accelera@on.	  

Coriolis	  accelera@on	  

T = 2π a3

γM



We	  now	  want	  to	  reduce	  a	  2x2	  2nd	  order	  system	  into	  a	  4x4	  1st	  order	  system,	  using	  the	  subs_tu_ons:	  

r→ y1    ϕ→ y2      r=y3       ϕ=y4

We	  obtain:	  

With	  the	  ini_al	  condi_ons	  (velocity	  and	  distance	  from	  the	  earth	  at	  the	  perigee):	  

y1 = y3

y2 = y4

y3 = y1y4
2 −

γM
y1

2

y4 = −
2y3y4

y1

"

#

$
$
$

%

$
$
$

  
 

y1(0) = rmin = 6.37 ⋅10
6m

y2(0) = 0
y3(0) = 0

y4(0) = vmax
rmin

= 58.29527rads−2

vmax =10.4 ⋅10
3ms−1



Numerical	  Solu@on	  (Runge-‐KuYa):	  effect	  of	  the	  stepsize	  
UNSTABLE!	  

STABLE!	  



How	  to	  es@mate	  the	  error	  of	  a	  Runge-‐KuYa	  step	  	  
(and	  choose	  the	  op@mal	  step	  size):	  

Using	   the	   Runge-‐KuPa	   method	   with	   arbitrary	   step	   size	   can	   lead	   to	   severe	   divergences	   (and	  
repea_ng	   the	   whole	   calcula_on	   of	   the	   trajectory	   with	   different	   stepsizes	   is	   not	   an	   economical	  
solu_on).	  To	  es@mate	  the	  error	  connected	  with	  a	  single	  Runge-‐KuPa	  step,	  we	  can	  use	  the	  formula	  
for	  the	  Lagrange	  remainder	  of	  a	  fourth-‐order	  Taylor	  series:	  

EV (h) = h
5

5!
yi

(5)(x)!" #$x=ξ ,     x0 ≤ ξ ≤ x0 + h

i.e.   EV (h) =C(h) ⋅h5

EV(h)	   is	   by	   defini_on	   the	   error	   between	   the	   exact	   value	   of	   the	   solu_on	   and	   the	   corresponding	  
approximate	  solu_on	  in	  x0+h:	  

EV (h) = yi (x0 + h)− ŷi (x0 + h)

A	  good	  es_mate	  of	  EV(h)	  is	  given	  in	  prac_ce	  between	  the	  value	  of	  y	  obtained	  with	  a	  single	  R-‐K	  step	  
of	  size	  h,	  and	  two	  steps	  of	  size	  h/2:	  	  

EV (h) ≈ ŷ(x0 + h)− ŷ(x0 + 2
h
2
)



-‐	  



This	   also	   gives	   a	   prac_cal	   strategy	   to	   es_mate	   the	   ideal	   Runge-‐KuPa	   stepsize,	   given	   a	   required	  
accuracy	  threshold	  ε:	  	  	  

hideal = h ⋅
ŷ(h / 2)− ŷ(h)

ε

#

$
%

&

'
(
−1/5

,     ŷ(h) = y(x0 + h)    and    ŷ(h / 2) = y(x0 + h / 2)

To	   implement	   this	   method	   in	   prac_ce,	   one	   chooses	   h	   and	   calculates	   EV(h)	   with	   a	   standard	   R-‐K	  
rou_ne:	  

EV (h) ≈ ŷ(h)− ŷ(
h
2
)

If	  EV(h)	  is	  smaller	  than	  ε,	  the	  R-‐K	  move	  is	  accepted	  with	  h.	  

If	  EV(h)	  is	  larger	  than	  ε,	  the	  R-‐K	  move	  is	  refused,	  h	  is	  reduced,	  and	  EV(h)	  is	  evaluated	  again.	  	  	  



A	  suite	  for	  integra@ng	  differen@al	  equa@ons	  using	  the	  R-‐K	  method:	  

Main	  driver	  (ODEINT):	  
Given	  an	  interval	  X1,X2	  and	  a	  maximum	  number	  of	  R-‐K	  
steps,	  integrates	  a	  given	  differen_al	  equa_on	  and	  
generates	  a	  trajectory	  y(x1)…y(xnstep)=y(X1)…y(X2).	  

Quality	  control	  (RKQC):	  
Finds	  the	  op_mal	  amplitude	  of	  the	  ith	  R-‐K	  step	  (hideal).	  	  

i=1,…,Nstep	  

RK(h)	   RK1(h/2)	   RK2(h2)	  

xi≥X2	  

FINISH!	  

yes	  

no	  



Basic	  Building	  Block	  RK4:	  single	  Runge-‐KuYa	  move	  

ŷ(x0 + h) = y(x0 )+ h
1
6
g1 +

1
3
g2 +

1
3
g3 +

1
6
g4

!
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$
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g1 = f (x0, y0 )

g2 = f (x0 +
h
2
; y0 +

h
2
g1)

g3 = f (x0 +
h
2
, y0 +

h
2
g2 )

g4 = f (x0 + h, y0 + hg3)

RK(h)	  





Quality	  control	  of	  Runge-‐KuYa	  step:	  RKQC	  

Quality	  control	  (RKQC):	  
Finds	  the	  op_mal	  amplitude	  of	  the	  ith	  R-‐K	  step	  

(hideal).	  	  RK(h)	   RK1(h/2)	   RK2(h/2)	  

EV (h) ≈ ŷ(h)− ŷ(
h
2
)







Main	  driver:	  integrate	  the	  differen@al	  equa@on	  over	  the	  X1,X2	  interval	  

Main	  driver	  (ODEINT):	  
Given	   an	   interval	   X1,X2	   and	   a	   maximum	   number	   of	   R-‐K	   steps,	  
integrates	  a	  given	  differen_al	  equa_on	  and	  generates	  a	  trajectory	  
y(x1)…y(xnstep)=y(X1)…y(X2).	  



Effect	  of	  the	  stepsize	  adapta@on:	  



This	  week(10/12/2013)	  

ì  Prac_cal	  use	  of	  Runge-‐KuPa	  methods.	  

ì  Why	  do	  we	  need	  an	  adap_ve	  stepsize?	  

ì  Methods	  for	  error	  es_mate.	  

ì  Implemen_ng	  a	  simple	  Runge-‐KuPa	  method	  with	  adap@ve	  stepsize.	  

Ordinary	  Differen@al	  Equa@ons:	  Ini@al	  Value	  problems	  (part	  II)	  


