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Pseudo-potentials : introductory
remarks

o The fundamental idea of a “pseudo-potential” is the replacement of one
problem with another: instead of a strong Coulomb potential of the nucleus we
introduce a much “softer” potential. Why? Will we clear in the following discussion

“hard” “soft”

i Na

>

potential
potential

distance frotm the nucleus

distance frotm the nucleus

© The concept has a long history (the idea dates back to E. Fermi’s papers
published in the 1930s). Empirical pseudo-potentials were successfully used in
many analytical (and numerical) band structure calculations in the 1950-1970s.
Ab-initio transferable and accurate pseudo-potentials developed in the 1980th-

1990th made plane-wave DFT calculations possible.
© Nowadays widely in use: there are many different types of pseudo-potentials
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The basic idea

O  Assume we want to simulate a carbon system from first-principles

We know that the valence electrons are responsible for bonding
C (pseudo core): 2522 p?2

E— | |

/ electrons

4 electrons

o To make simulations simpler (we will discuss later on what the problems are) let’'s
group all the electrons around the nuclear core into an effective ionic core, and
keep only the valence electrons that contribute to the bonding of the solid.

o Even if we know nothing about quantum mechanics, obviously, we cannot simply
change the ion charge and assume that the electron-ion interaction is still
Coulombic: For example, no difference between C and Si would be expected:

Si: 152 252 2p% 352 3p? ) Si: (pseudo core) 3s2 3p2
© The effective potential (pseudopotential) should be constructed with account for all

the core electrons
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@ Why do we need pseudo-potentials?

©  Assume first that we use plane waves as basis functions

o Recall that electron wave functions in the atom (except for
1s, 2p, 3d, etc.) oscillate due to the orthogonality of a state

to all states with lower energies

© The higher the state in the atom, the more the electron

wave function oscillate, as in a 1D quantum well

© This is due to the Pauli principle: the probability to find a
valence electron near the nucleus is small, as the core

N\

N

PSS 8844

electrons are there; thus electron function must be orthogonal

o The oscillations are close to the nucleus, at distances being
much shorter than where the valence electrons are

o Bonding is due to the valence electrons

So, let’s construct a new much weaker potential
which would give the correct behavior of the
electron WF in the “bonding” region, and nearly
zero probability for the valence electron to be
close to the nucleus (and no oscillations of WF)!
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@Why do we need pseudopotentials?

©  Working with plane waves:  Once more, if we can construct a new much
weaker potential which would give the correct
behavior of the electron WF in the “bonding”
region, and nearly zero probability for the valence
electron to be close to the nucleus, and no
oscillations of the WF, we will need much fewer

plane waves! Y(r) = Z Cadon
q

%seudo

|

} |

I /—\/ W-\/\/ Huge speed-up!

|
L /\/\/ W\/\/

]

© Working with real-space basis functions
© We can decrease the number of basis functions

o We can decrease the number eigen functions Also substantial speed-up!
(occupied) required in HF and DFT calculations
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The concept of pseudo-potentials

©  Let’'s summarize everything we have discussed up to now:
» The pseudo-potential is a potential which replaces the all-electron +
nucleus potential inside a defined core region

» Itis much weaker that the original nuclear potential since the latter is
“screened” by the core electrons

» It represents the nucleus+core electrons so that outside the core region the
total potential and the pseudo-potential have the same behavior: same
scattering properties for the valence electrons

» Itis very convenient to use the pseudo-potential in a plane wave
representation

» It avoids the solution of the K-S and HF equations for the core electrons:
computationally more efficient even for real-space basis function

» PPs can be generated in atomic calculations, and then used to compute
properties of solids/molecules taking into account valence electrons only
©  Important:
o The choice of pseudo-potential is not unique

o Lots of freedom to construct a computationally efficient pseudo-potential
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o

o

>

Pseudo-potentials and the scattering
problem

The pseudo-potential problem can be discussed Classical picture
in terms of the electron scattering in a localized
spherical potential.

Pseudo-potentials have quantum mechanical origin

Quantum-mechanical picture

(orthogonality hole)

Two important remarks:

All scattering properties can be formulated
concisely in terms of the “phase shift” which
determines the cross-section and all the properties Orthogonality
of the wave-function outside the localized region hole

All the properties of the wavefunctions outside the scattering region are invariant to
changes in the phase shift by any multiple of 2z: we can then use this freedom to
define potentials whose pseudo-wavefunctions have the same scattering
properties of the true wavefunctions outside the scattering region, as defined by a
cut-off radius Rc, and that behave much more smoothly inside the core.
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Empirical pseudo-potentials

© Model ion potentials with the parameters fit to reproduce the reference data

O Example: “Empty core” potential of Ashcroft T %)
O Repulsion/zero potential in the core area is a W/
corollary of the “orthogonality hole” %o
V=0 ifr <R,

© This is a local potential (independent of |)
Z .
Vps :—? |fr >Rc
© Recall the radial Schroedinger equation depends on the angular momentum |
1 & I(l+1

o More general form of the potential is V = Z lm) Vi (lm| where

[m
|Im) spherical harmonics V; the pseudo-potential corresponding to a
certain harmonic

O These are nonlocal potentials (I-dependent)
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Empirical pseudo-potentials (2)

R(1)

o Non-local model pseudo-potentials:
O Modified Ashcroft potential: Rc(l)

»Only one parameter, the core radius, fitted to
match the experimental lattice parameter

»Reasonably good cohesive energy and bulk
moduli of various solids

© Aborenkov and Heine potential:

v0=SANir <R, AQ)

V :—é ifr >R
ps r c

»One parameter per angular momentum component | of the core

electrons:
»Can be easily parametrized in terms of Fourier components using a

limited number of k vectors in the BZ
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Empirical pseudo-potentials (3)

R.
o Note that the pseudo-potentials considered
above are discontinuous at the core radius RC(|)
. A(l)
O Unphysical
© Leads to long-ranged oscillations of their Fourier
transforms, hindering their use in PW caclulations
o Solution: The evanescent core potential 8O T B YR
1 Mg =~ --
6.0 1\ |:*J_;1'H*}3'm
15
z 1 — o —x & _! 1.
w(r):-——ﬁ E[I—(l—l—,@m)e ] — Ae .0l
R N
r=r/R % 3.0.—41‘:11
R, A, o,B are parameters (some of them dependent, .
so actually two parameters must be fitted): 0.0 | ' e ——
o The approach gives reasonable results for el e
many materials, but it is still empirical... oo | 10 2o | 30 40

r (bhahr)
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Orthogonalized plane-waves

©  Orthogonalized Plane Waves (OPW) were introduced by Herring in 1940; the
method enabled first quantitative calculations of materials properties (1959)

W.C. Herring, Phys. Rev. 57 (1940) 1169; J.C. Phillips and L. Kleinman, Phys. Rev. 116 (1959) 287.

o Very general approach for construction of basis functions for valence states:
exploits the idea that core states and valence states are essentially distinct and
can be separated

o Let's represent the true wave function ¢, as the sum of a smooth wave function
¢ and a sum over occupied core states:

O ¢ the true wave function

V=9 +) b O ¢ asmooth wave function (originally, plane waves)
t o % occupied core states (in principle, any localized functions)
o From the orthogonality condition (¢; | ¥) = 0 : b, = —(¢; | @)
p=0¢—=> (¢:| o)
t

© Substituting into the Schroedinger equation: Hy = Evy, H =p?/2m+V,
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Orthogonalized plane-waves (2)

We arrive at  Ho— ) (& | 9)Erdy = E¢p — ED (¢, | d)¢: , or equivalently
t

t

Ho+ 3 (E—E)(de| o) = Eo
i
By re-grouping the terms @ (H + Vr)¢p = E¢
Ve = S(E = Eo) (01 | 6},

t
o Vk a short-ranged non-Hermitian repulsive potential

O Eis not a pseudo energy but the true energy: the
energy corresponding to the true wave function

The Schroedinger equation reads:
2

2 .
T Vit Va)b=(=+V]o=E¢
2m 2m

As V Is a sum ot repulsive V, and attractive V, potentials it
IS much softer than the original attractive potential V!

The pseudo-function has no radial nodes!
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Angular momentum dependent
pseudo-potentials

o The pseudo-potential is, in general, spatially non-local and depends on two
different electron coordinates rand r: v, (r y/) = S (E = E)|bu(r)) (6())] )

i
o Since we sum up over the occupied core states, it can be broken down into
angular momentum components by summing over the core states according to
their orbital angular momentum symmetry

L Spherical harmonics
V=2 lmVillm|" " and V,=V(r.r)
Im

V,=V,(rr’) Non-local pseudo-potential
V,=V|(r)o(r-r’) semi-local pseudo-potential
V,=V|(r) V(r’) separable pseudo-potential
A pseudo-potential that uses the same potential for all the angular momentum
components of the wave function is called a local pseudo-potential
L. Kleinman and D.M. Bylander, PRL 48 (1982) 1425.

A simple way has been discovered to put model pseudopotentials, V(r) =2l Y 1 Vi)
X (Y, |, into a form which reduces the number of integrals of V(r) required for an energy-
band calculation from mn (2 +1)/2 to mn for eachl in the sum (where n is the number of
plane waves used in the expansion and m the number of points in the Brillouin zone at
which the calculation is performed). The new form may be chosen to improve the accuracy
of the pseudopotential when used in other chemical environments.
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ADb Initio norm-conserving pseudo-
potentials

A crucial step toward realistic and transferable PPs was the introduction of ab
inito PPs (as opposed to empirical PPs with the parameters normally chosen to fit
the data for solids) constructed to fit the valence properties for the atom
calculated in a rigorous manner

Such PPs were generated from atomic calculations that are themselves ab initio

Ab initio PPs are Norm Conserving Pseudo-potentials (NCPP)

Norm conserving PPs are normalized (as discussed below) and are the solutions
of the Schroedinger equation with a model potential chosen to reproduce the
valence properties of the atom given by the all-electron calculation - no need to
add a smooth and a hard part as in OPW

Pseudo-wavefunctions are orthogonal and are thus solution of a set of the
Kohn-Sham equation of the usual form
- A OPW NCPP

Normally not as smooth as OPW- /\ /\ /‘\ N
like functions
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Norm-conservation conditions

© Requirements for a “good” ab intio pseudo-potential:

1. All-electron and pseudo valence eigenvalues agree for the chosen

atomic reference configuration.

PP _AE
Ersam Enl

2. All-electron pseudo valence wavefunctions agree beyond a chosen core
radius R..

3. The logarithmic derivatives of the all-electron and pseudo wave functions
agree at R_..

4. The integrated charge inside R, for each wavefunction agrees (norm-
conservation).

5. The first energy derivative of the logarithmic derivatives of the all-electron

and pseudo wave functions agrees at R...
© Besides this,

e pseudo WF should not have nodal surfaces
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Norm-conservation conditions (2)

© Points (1) and (2) guarantee that the NCPP and the true potential are the
same outside the core region

© Point (3) follows since the wave function and its radial derivative are
continuous at R, for any smooth potential

© Point (4) imposes the conservation of the charge in the core region:

R, R,
0 :f drrt |y (r)|? =f drey(r)?
0 0

Note that all-electron (AE) and pseudo wave functions are different inside the
core region

© Point (4) also means that the normalized pseudo-orbital and true orbital are
equal outside the core region (different from OPW functions which are equal
to the true functions only if it is not normalized)

© Point (5) is crucial for the generation of a good transferable potential
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Constructing norm-conserving
pseudo-potential

° How to construct a pseudo-potential:
o Solve the atomic all-electron problem for a given electronic configuration
where each state |,m is treated independently
e Ab initio self consistent calculation
® Approximation: choice of the exchange and correlation functional
e Approximation: spherical Hartee and exchange/correlation potentials
e Relativistic effects normally neglected (can be included if necessary)

2
{—%Ci_g o Z(szzl) Lol A (T)} rRAE(r) = eABr RAB (1)

Uﬁg [ LAE} (1) = ~—§ + VHartree ['n,AE] (7) + Ve [??,AE] (1)

o Construct the pseudo wave function using
e Continuity condition RlPP(T) =R En)h Al

. » i 2 2 :
e Norm-conservation COI’]dI'[IOI’]/ AR S ()| 2 = / d (B (7)ot i<
0
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Constructing norm-conserving
pseudo-potential (2)

© Knowing the pseudo wave function, the pseudo-potential can be

constructed by the inversion of the radial Kohn-Sham equation with the
account of the valence electron density:

’LUg(T') 5 wl,scr(r) — UHartree [nPP] (T) Tt Uxe [nPP] (T)

I(1+1) 1 d? SE
Wiser(7) = B 272 i 2rRyF (r) dr? [TR'! (T)]

o Cutoff radii are a measure of the quality of the pseudo-potential

e Smallest possible value: the outermost nodal surface (realistic but strong)
e Large values: smooth but not accurate, angular momentum-independent

© The actual choice: the trade-off between efficiency and accuracy

o Pseudo-potentials are usually written as a sum of a local potential (non
|-dependent) and a non-local part (I-dependent):
o The local part reproduces the behavior of the all-electron potential for

large r (r—x).
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Hamann pseudo-potential

D. R. Hamann, M. Schluetter and C. Chiang, PRL 43 (1979):1494-1497

© Intermediate pseudo-potential is introduced

@y () + VHartree [RF] () + Ve [n77] () =
— vAE [nAE] () [1 —f (%ﬂ +af (%)

where f(x) = e, and A = 4.0 or A = 3.5
© The KS equations are solved using this PP and constants C; are adjusted to obey

= i In [rRl('r)]

PP _ _AE d AE
[ Rnl (T)] dT

El :Enl a;hl T

=0 T=T]

© To impose norm-conservation, the final pseudo wave functions are defined as a
correction to the intermediate wave-function —
R;"(r) = v [Ru(r) + dugi(r)]

T =RAEW)/R) T >
gt = 7T fr)
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Hamann pseudo-potential (2)

100
1

Example of norm-conserving pseudo- >0 Mo
potentials, pseudo-functions, and a0l
logarithmic derivative for Mo I
" E
o I L

Left bottom: V|(r) in Rydbergs for angular
momentum | = 0, 1,2 compared to Zion/r
(dashed).

Left top: All-electron valence radial
functions ¢ (r) = ny(r) (dashed and norm-
conserving pseudo-functions.

“hr -8 -a o 4 ]
_EO
4.0

&
.

LOGARITHMIC DERIVATIVES ¢h/ch  (r=30Dau)

Right: Logarithmic derivative of the pseudo-
potential compared to the full atom
calculation; the points indicate the energies,
E, where they are fitted. The derivative with
respect to the energy is also correct due to
the norm-conservation condition.

EMERGY laul
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Troullier-Martins pseudo-potentials

© Simpler than Hamann’s approach
© Softer pseudo-potentials for 2p states of the first row elements
© Softer pseudo-potentials for d valence states of the transition metals

© However, it introduces additional constraints Coefficients defined
from the continuity
AE : H
Pseudo WE: PPy — J Lonl (r) ifr>m conditions and zero
seudo WF: R, (r) = :
rleP(™)  ifr <y curvature of the PP at
the origin
2 4 6 8 10 12
p(r) = cg + cor® + c4r” 4+ cgr° + cgr” + c1o7 + C12T
T T T y T T 0.00
060 ............
0.40 -1.00__
- 2
= 0.20 5 E
% 7 — True wave function (1=0) 5 00=
0.00k True wave function (I=1) | . e
— Pseudo wave function (1=0) I Lok . | >
F K ... Pseudo wave function (I=1) | ___-=*7— Pseudopotential (1=0)
-0.20F G I ¥ ;- Pseudopotential (I=1) |
| [ — /"~ Pseudopotential (1=2) |>-0V
-0.40 1 i 1 i 1 i i ’ L e .-Zfl‘ 1 .
: 1.00 2.00 3.00 4.00 0.00 1.00 2.00 3.00
r (bohr) r (bohr)
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Ultrasoft pseudo-potentials

© Norm-conserving PPs can be very accurate, but
they are usually not very smooth, so that pseudo

WF are somewhat bumpy due to norm conservation Hamann PP

© Problematic for 2p, 3d, etc states at the beginning of AE function

the atomic shell, as no core states with the same

angular momentum: the WF are nodeless and = ultrasoft

extend into the core region

o Different approach: ultra-soft PPs

o Similar in spirit to OPW (a smooth valence 10
function + an auxiliary function around the core) r (a.u.)

2p radial function for

© The norm-conservation condition is relaxed, the
oxygen (LDA)

core auxiliary functions are not orthogonal and do
not conserve the charge
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Ultrasoft pseudo-potentials (2)

(Non-strict derivation, just the basic idea)

© We introduce a new function ¢ = r¢ that is not norm conserving (indices
l,m are omitted). ¢ =r¥ s the norm-conserving function

© The difference in the norm equation:

R.
AQ;y = -/{; drAQ; ¢(r) AQgo(r) = f.ﬁ (r)ps(r) — ‘i’ (r)¢s (r)
© We can define a new non-local potential operator

SV =3 Dy oIBNBel  Dew =Biy+ecAQsy Buw=Wlxs) Be=XyBixs
5. 1 | Xim ) (X )
XS = Iaf [——v + V.mt(r)]l yisay  dha=) St
2 im (x.[m }
© So that the smooth functions are solutions of the generalized eigenvalue problem

[ﬁ - 553] 1}.5 =0 ﬁf = _%VI + V]m:ai + fﬁffryf S = i + Z&Q'iifﬁi}{ﬁs'[

© Each pseudo-WF can now be generated independently with only the
constraint of matching at a given cut-off radius, so allowing a choice of larger
cut-offs for improved smoothness

© Final functions are then normalized to the correct charge and the non-local

ﬁotential Is modified
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General remarks on pseudo-
potentials

© There is no one “best pseudo-potential” for a given atom. There might be many
best choices, each optimized for some particular use.

© In general, there are two competing factors:

© Accuracy and transferability generally lead to the choice of a small cut-off
radius and a “hard” pseudo-potentials, since we want to describe
accurately the behavior near the ion. Demanding on the dimension of the
plane-wave basis set!

© Smoothness generally leads to a choice of a larger cut-off radius and

“soft” pseudo-potentials so that the wave functions can be described well
by fewer basis functions

As often in atomistic simulations, a trade-off between accuracy and
computational efficiency!

o All the above is also relevant for real-space calculations using PPs!
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Projector-Augmented plane-Wave
method

© The main disadvantage of the techniques based on energy-independent PP
calculations: it is not possible to restore the actual wave function

© Alternative scenario: Projector-Augmented plane-Wave (PAW) method

©  Similar to the ultra-soft PP method, it introduces projectors and auxiliary
functions.

o The method also defines a functional for the total energy that also involves
auxiliary functions

o The method keeps the full AE wave function: the whole wave function for each
electron is calculated (as opposed to only valence pseudo-wave functions in
the techniques based on PPs).

o Allintegrals are evaluated as a combination of integrals of smooth functions
extending through space plus localized contributions evaluated over muffin-tin
spheres, as in the augmented plane wave (APW) approach
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Projector-Augmented plane-
Wave method (2)

© The main idea: The full valence electron function @, is split into three parts:

?, =@, + A — Ay
o @, Is smooth everywhere; is exact outside the
core region (augmentation region)

© X\ is exact inside the augmentation region,
smoothly tends to zero outside; incorporates
all the necessary node structure of the exact

__ function
© Xy the net part is also smooth

© Electron density, KS equations and the total
electron energy can be partitioned appropriately

© APW approach:
E_fKT =47 £E 'I:ijf (K'r)}/im 2 (Hﬁ'v éﬁ')}im (9:‘ qﬁ)

J(KR)
—~ R)(R

‘iPW — 47 Z

 APW
Uk = Y WG
LE £
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PAW for small molecules

PAW  hard AE
H> 1.447 1.446%
Liy 5.120 5.1207
Bes 4.520 4.5217
Na, 5.663 5.6714
CO 2.141 2.128 2.1297
No 2.076 2.068 2.068¢
Fo 2.633 2.621 2.6157
Py 3.570 3.572¢
H>0O 1.839 1.835 1.833¢4
a(H;0)(°) 105.3 1048 105.09
BF3 2476 2470 2.464°
SiF4 2.053 2948 2.949°

e results for the bond length of several
molecules obtained with the PAW and AE
approaches

e using standard PAW potentials (and hard
PAW potentials)

e well converged relaxed core AE calcula-
tions yield identical results

4 NUMOL. R.M. Dickson. A.D. Becke, J. Chem. Phys. 99, 3898 (1993),
» GAUSSIANO4, S. Goedecker, et al., Phys. Rev. B 54, 1703 (1996).
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US-PP vs PAW potentials

From G. Kresse’s presentations, see VASP main page
http://cms.mpi.univie.ac.at/vasp-workshop/slides/documentation.htm

o The general rule is to use PAW potentials wherever possible

o Less parameters involved in the construction of PAW potentials
Improved accuracy for:
O magnetic materials

o alkali and alkali earth elements, early 3d elements to left of
periodic table

0 lanthanides and actinides
o General construction scheme is similar for US-PP and PAW
o Note that the potentials can be different depending on which method

LDA/GGA was used in the parametrization calculations
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Alkall and alkali earth metals

e an accurate treatment of these elements in ionic compounds 1s very important:

oxides e.g. perovskites

e strongly ionised and small core radii around 2.0 a.u. (1 A) are desirable

e e.g2. Ca: one would like to treat 3s, 3p, 4s states as valence states

=
2
©
=
=
E.If 30 E=-2056 R =23
o n
= 1 -
™,
E =08 Rl
D Oy o e byl prins
0 1 2 3 4
R (a.u.)

November 5, 2008

it 1s very difficult to represent
3s and 4s states equally well in
any pseudopotential description

(mutual orthogonality)

in PAW, this 1s no problem at all.
and the energy cutoffs remain mod-
est

(for Ca 200 eV)

Pseudopotentials
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PAW versus US-PP potentials

e the PAW potentials are generally of
similar hardness across the periodic e for the US-PP the radial cutoff were

table chose according to the covalent radius

e most of the PAW potentials were opti- (pertodic table)
mised to work at a cutoff of 250-300 e the US-PP become progressively

eV softer when you move down in the

e PAW potentials are usually slightly periodic table
harder than US-PP

e for compounds where often species with very different covalent radi1 are mixed,
the PAW potentials are clearly superior

e for one component systems the US-PP might be slightly faster (at the price of a
somewhat reduced precision)
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