
1 Mass Conservation 14.12.2023

Let

Φt : Ω0 → Ωt, x0 7→ x = p(t, t0,x0),

Φ−t : Ωt → Ω0, x 7→ x0 = q(t, t0,x) = p(t0, t,x),

be the flow of the vector field V with single field lines characterized by p(t, t0,x0)

∂p

∂t
= V(t,p(t)) = V ◦ p, p(t0, t0,x0) = x0, (1)

ı.e., for each starting point x0 is p the solution of

dx

dt
= V(t,x). (2)

Ωt a volume comoving with the flow and J the Jacobian of the transformation,

Ωt = Φt(Ω0), J(t, t0,x0) =
∂ (p1, p2, · · · , pn)
∂ (x1

0, x
2
0, · · · , xn

0 )
= det

(
∂pi

∂xk
0

)
. (3)

Figure 1: Integral lines of a vector field.

The flow xi = pi(t, t0,x0) induces a variable transformation in the differential
volume element (hodge dual of 1),

∗1 =
1

n!
dxi1 ∧ dxi2 ∧ · · · ∧ dxin εi1i2...in

√
g(x)

=
1

n!

(
∂pi1

∂xj1
0

dxj1
0

)
∧
(
∂pi2

∂xj2
0

dxj2
0

)
∧ · · · ∧

(
∂pin

∂xjn
0

dxjn
0

)
εi1i2...in

√
g ◦ p

=
1

n!

∂pi1

∂xj1
0

∂pi2

∂xj2
0

· · · ∂p
in

∂xjn
0

εi1i2...indx
j1
0 ∧ dxj2

0 ∧ · · · ∧ dxjn
0

√
g ◦ p

=
1

n!
J(t, t0,x0) εj1j2...jn

√
g ◦ p(t, t0,x0) dx

j1
0 ∧ dxj2

0 ∧ · · · ∧ dxjn
0 , (4)
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where

det(A) = εi1i2···na1i1a2i2 · · · anin

has been used.

d

dt

∫
Ωt

dx1 ∧ dx2 ∧ · · · ∧ dxn
√

g(x) ρ(t,x)

=
d

dt

∫
Ω0

dx1
0 ∧ dx2

0 ∧ · · · ∧ dxn
0 J (

√
gρ) ◦ p

=

∫
Ω0

dx1
0 ∧ dx2

0 ∧ · · · ∧ dxn
0

∂

∂t
[J (ρ

√
g) ◦ p]

=

∫
Ω0

dx1
0 ∧ dx2

0 ∧ · · · ∧ dxn
0

[
∂

∂t
(
√
g ◦ p J) ρ ◦ p+ J

√
g ◦ p

(
∂ρ

∂t
+ V k ∂ρ

∂xk

)
◦ p

]
=

∫
Ω0

dx1
0 ∧ dx2

0 ∧ · · · ∧ dxn
0 J

√
g ◦ p

(
ρ

1
√
g

∂

∂xk

(√
gV k

)
+

∂ρ

∂t
+ V k ∂ρ

∂xk

)
◦ p

=

∫
Ωt

dx1 ∧ dx2 ∧ · · · ∧ dxn√g

[
ρ divV +

∂ρ

∂t
+V · ∇ρ

]
=

∫
Ωt

dx1 ∧ dx2 ∧ · · · ∧ dxn√g

[
∂ρ

∂t
+ div (ρV)

]
. (5)

Time derivative of Jacobian,

A−1A = I, CTA = det(A)I, J δik = c i
j a

j
k,

∂

∂t
J =

∂

∂t

(
c

(i)
j aj(i)

)
= c i

j

∂

∂t

(
aji

)
= c i

j

∂

∂t

(
∂pj

∂xi
0

)
= c i

j

∂

∂xi
0

∂pj

∂t
= c i

j

∂

∂xi
0

(
V j ◦ p

)
= c i

j

(
∂V j

∂xk
◦ p

)
∂pk

∂xi
0

= c i
j a

k
i

∂V j

∂xk
◦ p = J δkj

∂V j

∂xk
◦ p = J

∂V i

∂xi
◦ p. (6)

∂

∂t
(
√
g ◦ p) =

(
V k ∂

∂xk

√
g

)
◦ p (7)

∂

∂t
(
√
g ◦ p J) =

√
g ◦ p J

[
1
√
g

∂

∂xk

(√
gV k

)]
= J (

√
g divV) ◦ p. (8)
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Change of differential volume valid for the flow of any time dependent vector field

∂

∂t
(
√
g ◦ p J) = J (

√
g divV) ◦ p. (9)

Conservation of total mass implies

∂ρ

∂t
+ div (ρV) = 0. (10)

Liouville’s theorem says that in case of zero divergence of the vector field V, the
mass density along field lines is constant,

d

dt
(ρ ◦ p) =

∂ρ

∂t
+V · ∇ρ = 0. (11)

The theorem also says that phase space volume is conserved even in the case of
a time dependent vector field.
In kinetic plasma theory, particle conservation governed by the single particle
distribution function ∫

dx3dv3f(t,x,v) = N, (12)

and the divergence free Hamiltonian vector field Vlasov*s equation is obtained

∂f

∂t
+ v · ∂f

∂x
+

e

m

(
E+

1

c
v ×B

)
· ∂f
∂v

= 0. (13)

Expressed by Liouville’s theorem, the distribution function is constant along the
integral lines of Hamiltonian vector fields.
The characteristic equations are

ẋ = v,

v̇ =
e

m

(
E+

1

c
v ×B

)
,

and, therefore,

divV =
∂

∂x
· v +

∂

∂v
· e

m

(
E+

1

c
v ×B

)
= 0,

because
∂

∂v
· (v ×B) = 0.
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