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Non-equilibrium phenomena — Quantum Dots
O 1 &3




[ransport through a strongly correlated object

Single QD Right lead
Impurity
Anderson ‘

Model
P. W. Anderson

(1961)

Left lead
voltage
bias

11.12.2012

C. S. Wu, Y. Makiuchi, C. D. Chen, ed. M. Wang (2010)



[ransport through a strongly correlated object

- ... rver v

Y. Meir, N.S. Wingreen (1992)

=2f'_; _[ de(tr{lf, (e)TL — fr(e)TRI(G" — G?)}
+tr{i(r*—rk*)G <})

single particle Green‘s function G in Keldysh space
6

need:
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Non-equilibrium Variational Cluster Approach
X 2 &3




Many-Body cluster methods -

given in general unsolvable
ask for G ;
; Strategy ?

1) 2) 3) 4)
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Many-Body cluster methods -

given in general unsolvable
ask for G ;
1y Strategy ?
1) CUT 2 3) 4)
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Many-Body cluster methods -

given in general unsolvable
ask for G ;
; Strategy ?

1) CUT 2) SOLVE 3 4)

I:I I:I I:I Gcluster /’2)
s o
I:I I:I I;IU exactly w
solvable

11.12.2012 v
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Cluster Perturbation Theory (CPT)

FaN

given H e Cluster Perturbation Theory (CPT)

C. Gros, R. Valenti (1993)
D. Sénéchal, D. Perez, M. Pioro-Ladriére (2000)

ask for
first order strong coupling perturbation theory

» »-3

1) CUT 2 SOLVE 3) GLUE 4) O

e, HHOO

I:I I:I I:IU exactly I:I I:I I:I

solvable
G=

11.12.2012 11
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Variational Cluster Approach (V(A)

. e Cluster Perturbation Theory (CPT
given H C. Gros, R. Valenti (1993) ¥ (P

D. Sénéchal, D. Perez, M. Pioro-Ladriére (2000)

ask for G « Variational Cluster Approach (VCA)
M. Potthoff, M. Aichhorn, C. Dahnken (2003)

U * Cellular Dynamical Mean-Field Theory (CDMFT)
t Dynamical Cluster Approximation (DCA)

1) CUT 2) SOLVE  3) GLUE 4) ADD FIELDS

OO0, OO0 SOO

I:II:II:IU exactly I:II:II:I ﬂﬁﬂ
solvable G—Gl- T Z Z(X)

M. Potthoff (2003) Cluster cluster
+ Variational principle to fix x : Self-energy Functional Approach 12




Equilibrium Theory

X2-A3




Mofivation for CPT -

20 e

T I:I I:I I:IU GO clusterl'
— 3,

/non interacting cluster
Gl=G,1-X .
0 -
G1~G 1.y approximate X == 2 cer

cluster

S -1 -1 _ -1
G G'O (GO,cIuster Gcluster )
1~ -1 -1 _ -1
G Gcluster (GO,cIuster GO )
-1~ -1 _

G Gcluster T

11.12.2012 ‘ CPT equation 14
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(luster Perturbation Theory in practice I

requires: 1) (numerically) exact G, ....(Z,k)

Analytic

Exact Diagonalization (Band) Lanczos
* real frequency data

® Limited system size (~20 Fermionic orbitals)
Quantum Monte Carlo

Dynamic Density Matrix Renormalization Group

2) superlattice wavevector transformed T
TRR‘(k) = ; e kX TRr‘ with  r‘=x+R

11.12.2012 15
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(luster Perturbation Theory in practice II

C. Gros, R. Valenti (1993)

exact limits:

CuO, planes ~ **

U 0 A AT
- S N
>U/t—< D. Sénéchal, D. Perez, M. Pioro-Ladriére (2000) (w'=w+p) (V)
—_ 00 . .
stripes in AFM o
cluster size L > oo M. G. Zacher, R. Eder, E. Arrigoni,W. Hanke (2000)—=—=

performance: single impurity

M. Nuss, E. Arrigoni, M. A

-
relatively simple, once Gcluster(z,k) is

obtained
. _
a N
quality may depend strongly on L g0
improve starting point: VCA _
L m12345678910111213 I Tt =k
M. Hohenadler, M. Aichhorn, W. vd Linden (2003) Hubbard HOIStem = — |
T 1 T 7 ==
N=s J L m AAJL_A_M_‘ | = |
-2 0 2 - -2 0 2 T — =5 —2.5_“ ) 75 T 1
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improving Cluster Perturbation Theory

C X 000 O0O000 cpTim
proves
00[>000 00060
L “‘ ““ 2'cluster(l-)

alreadya = A T but just one
veryfancy = [SEESEERAR  steering
tractor = ([N (PRES wheel

11.12.2012 | | 17



Vartational cluster approach -

00 000 0000 cprimproves

00[>000 00060

T> “‘ ““ 2'cluster(l-)
Q00 @ NOW

if you want to land on the moon you need many more knobs to turn

B

¢ N = | ° s B
Ay ° B | B e Uy .- W "
TN e\ eileyeielet ! e 0, -
. 2 el K o o g E
Y Slejel] J BRI R,
i elel ) — |8 _—
< o) )N a IEE0 ¢ &8 B} et
. =5 [feleljelele]ele & \

18




Vartational cluster approach -

the Apollo command module however is a little bit more complicated than the fancy tractor
VCA may be develped within the Self Energy Functional Approach . potthoff (2003)

Q[G] = ®[G] — Tr{(Gg' — G G} + Tr{In(-G)}
0QG]  6d[G]  Tr{(Gg'—=G )G} Tr{In(-G)}
6G 6G 6G | 6G
=Y - Gyl+G =0
maoe=> G 1 =Gyt — X B




Vartational cluster approach -

limit domain of avaialbe Y.‘s

1) QX)) = Q)+ Tr{ln (-G(x))} = Tr{In (-G'(X)) }
2) Ve Q(x') =0 - VCA
3) Gl=Gc"1-T CPT
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equilibrium Variational cluster approach

(@) .
L ‘ J spont. seof 'ncl)n‘lo‘cal‘ i ¢ disordered
i . ] . - 1 15
i 1 symmetry =70 ) . . systems
y y 50 ractions | 1 Y

breaking

B . -8.90 - -

‘ | ‘ | . | ‘ |
306 1 1 T 1
-3.98
= L
= -4.00
= L

-4.02

C. Dahnken, M. Aichhorn, W. Hanke, E. Arrigoni, o3 12
M. Potthoff, (2004) ' 2, 05 0 05 1
- M. Knap, E. Arrigoni, W' vd Linden (2010)
superfluid M. Aichhorn, H. G. Evertz, W. vd Linden, M. Potthoff (2004)
bosons P i R
1 T 3L
e L2 non- —VOA_L 2

_.VCAQ, L=4

| / \ S osl s AN~ | translationally —ic" 7
a 3 5 -

(o=

0- - Lso 1 1 = | —VCA_, L=8
-~ s Invariant < ;
I I I 041" =

~+FSR, L=8

-05 FIIIIIIIIIIHIIII f IIIII%III L SySte ms L
I 0 \":;2' Oy 1 L 05
o an o an ©0) Tt ERE ey 2 5 i
H. Allmaier, L. Chioncel, E. Arrigoni (2009) =10 - e &

-gJA

M. Nuss, E. Arrigoni, M. Aichhorn, W. vd Linden (2012)

[ T — D.Sénéchal, arXiv.org/0806.2690 (2008) ]
21

E. Arrigoni, M. Knap, W. vd Linden (2011)

11.12.2012 M. Potthoff, arXiv/1108.2183 (2010)
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Non-equilibrium Variational Cluster Approach

I _____ 1 /\QD/\) st tonary H =h+ Ot —70) T
Voias X - ? | 7
gEI Left ledd SN rﬁw THTO 3 decoupled systems: h ]

CPT time evolution
M. Balzer, M. Potthoff (2011)

VCA steady-state

e M. Knap, W. von der Linden, E. Arrigoni (2011)
11122012 http://www.niagarafallslive.com 2
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Non-equilibrium Variational Cluster Approach

n /\QD/M\ Hidtionary 7;2 _ ﬁ/ iy (T B TO)%

" ’“I ..... / ) [ ) Righfliead
Fhies @“I }eL «fU PN 7
Left | | THTy 3 decoupled systems: /

J Cpl.i'l% switched on

11.12.2012 oa
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Non-equilibrium Variational Cluster Approach

tionary

) Right"ead

Y () ()

11.12.2012

ﬁZ}E-FQ(T—To)%

TH o 3 decoupled systems: [

74

a cpl. g{} switched on
vsteady state 7T-T ‘w 1

see cf L. V. Keldysh (1965), Rammer+Smith ‘86 25

GR(w) G"(w, 1)\

G™(w)
prs— 1 —
G —= g — T
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Non-equilibrium Variational Cluster Approach

- BY "W g P non unique decomposition
w“"‘lﬁl " «fU ){ng\!: x H — h’ +[9(T - TO) Il ]
Le ea;l// B . o CPT approximation
G Lani™3 1 )y L )
Leentral=5 | — -
| i TR T T

L=oe

optimize initial state: VCA

[T<7'0: iil—) ;l—l— [T>TO:—|_ — | — ﬂ'

flexible self-energy > (x) variational principle
\ I A
11.12.2012 (Ai>initia|—state — <Ai>steady—state 26




(luster Appmac

[’R To: h— h+ > Xg'Ag] [’T> T: T +—=T—=>" XEA;]

A A

|
<A?'>initia|—5tate = A?-__>5teady_5tate = self-consistent feedback

initial reference system as similar as possible to the steady-state system
11.12.2012 27
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Non-equilibrium Variational Cluster Approach

full Dyson
G=g+(T+AY)G |~}

CPT (,,Hubbard | type“)

VCA
G=g+(T+A3)G
LS

11.12.2012
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Non-equilibrium Variational Cluster Approach

Time evolution by CPT Steady state of quantum dots non equilibrium DMFT
BT | » 07 o U0 IRy
S 052-  sitei=t N a\ N . VCA(T) s 08 - gig 9 ° ¢ 0
2 L P ,‘-‘"‘ ‘I“". ‘-"‘J I"“-‘, ‘-‘"‘I "“-‘.‘ ] a 14 05 o U-4 e i co°co gt
g i 7\ / \‘I\"", .“I‘ ‘I‘.‘ ‘.‘"‘I "‘.\ ¢ .‘; ",\I 1 E‘n 12 %0‘4_ 8 . ° : : : S,
@ o ) 7 T . ‘-J -‘5 °| : o ssc”o ,.o°°°°°°u
" CIM A T i ML SRR
I I""\,‘ | \ ;""“ I‘I"\, .\""‘ \ /1 :j orgge’ ) .
0.48- vV Y V4 o2 % 1 2 3 1
I | ’ ¢
U BB S R S R SR R R (1 L Nuse. C.Hell ML G K, 1. G E. Arrigoni, M. Knap, W. vd Linden
. . . Nuss, C. Heil, M. ana , M. Knap, H.
M. Balzer and M. Potthoff (B§%{)/ "n-hopend] Evertz, E. Arrigoni, W. vd Linden (2012) (2012) .
o i Magnetic effects in
Steady state by VCA, Phonons in molecular devnces molecular junctions
2[) Hubba:rd— b mSuperconductmg layers oo ]
r 0.12 §. S0
Y 0.08 g 0
0.04 g _50}
1 0 : - o
o o B 0 02 ! 5 Ayl's : 9% 190 19b?§sm"§'gevzlgoz 2.004  2.006
M. Knap, W. vd Linden, E. V.V
Arrigoni (2011) A. Fulterer, E. Arrigoni (2012) M. Nuss, E. Arrigoni, W. vd Linden

11.12.2012 ;. Knap, E. Arrigoni, W. von der Linden (2012) (2012) 29
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Non-equilibrium Variational Cluster Approach

___ Steady state of quantum dots

e |
L U=2 |
E 052  site i=1 40!

gos/MVCA(T)

| -l

N
NS AN

1 3
M. Knap, W. vd L -20 -10 0 10 20 |
W. vd Linden

11.12.2012 _ W ‘A - _ 30
M. Nuss, C. Heil, M. Ganahl, M. Knap, H. G Evertz, E. Arrigoni, W. vd Linden

M. Balzer and M
Steadv state

bias voltage VBlA
=)




Matrix Product State time evolution
XD 3 3
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Time evolution with Matrix Product States

|1IF} — Z Cs1,82,....5L |313321"'13L}

151.82,....51.}

&5 5 L_ Sr.— 5
- Z Z Al[l:!lll. 1 AEJEEE " A‘E!L—]-E]ﬂi—ll Agﬂ_ﬂ.— |Slr < ey SL}

{81,.,s0 } {er,.0n}

T \ S. R. White (1993)
I ( )
NjepEpERE wrsowns | 1) DMRG(Hg(to)) — W,
E N B | |At/2 even bonds ; i
]l B B _B_ mpoibnss | 2) @t quench: Hy— H,
Dap | O & &0 & [ |at/2even bonds ; <
n:hnnnnjhm/zoddbonds K3) TEBD(LIJO) —  Y) J
i<|123 4567891011114 G. Vidal (2004)

11577017 SPACE 32



Time evolution with Matrix Product States :

>
qguasi exact / high
kprecision

G

p
most powerful in 1D

J

AN

g
(
limited system size

g J
4 )

limited simulation time

11.12.2012
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Time evolution after a quantum quench

H ala! H
. right reservoir | (=75 - right reservoir
2R : &0 ) :
&S A “ left reservoir 7| = }\'m"\'m
E 96 : i) a00- |- SEH-] - i & ST R _,.-‘
left reservoir | ; = ' L s
1 |‘ — - ' =150 ] !
Lgm ‘\ I‘ “\ I" \“\ ! I’II
QT I AT L QT ”I ¢ o)
¢ ¢ Hieo)
o T right reservoir comparison of short time quench dynamics
i ! | H
iz ‘ \ + quasi-steady-state
- ¢ ¢ o¢ ¢ =0 g
| ALEE R E LA TG
v Lt S T R 74 : u . 'ﬁ oao- {350 Er
: =7 A - || M. Nuss, M. Ganahl, H. G. Evertz,
‘ : v E. Arrigoni, W. von der Linden
Hialeft reservoir L-1s0 | s (in preperation)

11.12.2012 34



(an the steady state be reached?

entanglement i
steady-state @7 steady-state 3¢

low bias medium bias high bias

T

cument j A&

11.12.2012



entanglement ¢
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DMRG-TEBD current-voltage characteristics

M. Nuss, M. Ganahl, H. G. Evertz,
1.6F - BRI E. Arrigoni, W. von der Linden
U/A=4 ) K IE - (2012)
1.4} oy TUA=B L A/ UA=0
1.21 o+ +
< 1 Y UA=12" o
= o # *oa o M=6A
= e . - & 0 01 (052 0.3
= 0.8 /. s — - finite bandwidth
O * * -
0.6 mjmm - & o _
:-'*ﬁ-l-‘ o T T
041 fmg, LT ouaAa=20 | -
0ol + TN T
CEe 1 T "’,,' upper bound only
) L 1 —W4-"4'-- 43
0 10 20 30 40
11129012 bias voltage Vy/A 87



Steady-state properties of a quantum dot
X 4 3
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equilibrium cluster theory for SIAM

much more accurate methods, c.f. NRG, ...

U/A=12
exponentially large Kondo singlet (Bethe Ansatz) i

- =1
2 b | ’}'
Friedel sum rule

ps(0) = % sin’ (’”(;ﬂ) «

(VCA)=0.651 <= 15/

I, i)

11.12.2012




non-equilibrium (PT

015 U/A=20, e /A=—10 ]
01k current-voltage characteristics |
-
. '-- — - 5
Z 005} Lo -"\:ﬁ-" _
- i k.
D o e o M = e m e e e e e oo .. - _— |
Z OF ==&z, !
] r -
S —0.05} > *& =1 ]
> "-‘ oy -:ll'-_ om = mmk
Bl - --CPT, L=3
- = =CPT, L=7 ||
—0-15r - - -CPT, L=11

—40 —20 0] 20 40
11.12.2012 bias V/A 40



exact Imits

0.15F WA=20, Etfﬂ=—1 O

0.1F -
- — - - -‘.‘_
$ 005 el _A\; . -
D .
E ) p =.-_-.‘_ e LE LRI R B o e - _".'J'L__
= .--E -
o ey
s —0.05F % - -
o 1‘3.‘.;_.-* - -==CPT, L=3
_o 1l - = ==CPT, L=7 |
M. Nuss, C. Heil, M. Ganahl, M.- - - —-CPT, L=11
015 | Knap, H. G. Evertz, E. Arrigoni, = [IN. Fresp. |
. W. von der Linden (2012) = bandwdth.
—-A40 —20 0 20 40
11.12.2012 bias V/IA 41



quasi-exact DMRG+TEBD

' r
0.15F U/A=20, e/A=—10 i
]
01F x
1 e
— = ‘-
S 0.05) —"’dﬁy .
= A
m D Gl WA =t =t m e m o m e m . * .
% mﬁ . - ==CPT, L=3
#
—_— | - [~ — o — —
5 0.05 1‘ -’Erﬂ_ "4 CPT, L=F7
.=y - = =CPT, L=11
—0.1F LA ]
M. Nuss, M. Ganahl, H. G. Evertz, ¢ lin. resp.
_015 | E. Arrigoni, W. von der Linden (in pl.ieperation) ----- bandwdth.
L . i © TEBD
—40 —20 0 20
11.12.2012 biES- V‘Fﬂ

40

42



current=density |

T T
0.15F U/A=20, £/A=—10 H -
3
0.1} i |
! .
0.05
D .............................................
—0.05 - ==CPT, L=3
S ; — VCA(t_ ), L=3
[ ]
0.1} : _ |
L lin. resp.
e R bandwdith.
—0-15r 2 o TEBD I
—40 —20 0 20 40

non-equilibrium V(A

11.12.2012 bias V/A 43



non-equilibrium V(A

' - r
0.15F U/A=20, e/A=—10 H -
3
0.1F H i
, .
=
= 0.05
=
@
E ) |y g - < - e
E‘ -==CPT, L=3
= —0.05 __ NVCA(L a"}, L=3
o -
0.1 - : -==CPT, L=
"7 M. Nuss, C. Heil, M. Ganahl, M.- e VAL ), L=
_ | Knap, H. G. Evertz, E. Arrigoni, & | _ 1
0.15 W. von der Linden (2012) ;’ in_resp.
_40 50 o |7~ bandwdih. 10
11.12.2012 bias V/iA| © TEBD ah




i IA

0.4

0.2

comparison in low bias regime

PT IV: T. Fujii,K. Ueda (2003)

I l=8 ﬁ ’ oot ISPI S, Weiss, J. Eckel, M. Thorwart,
’ _ and R. Egger (2008)

_ = tDMRG: F. Heidrich-Meisner, A. E.-
Feiguin, E. Dagotto (2009)

dQMC: P. Werner, T. Oka, M. Eckstein,
A. J. Millis (2010)

FRG: S. G. Jakobs, M. Pletyukhov,
H. Schoeller (2010)

PT II: L. MUhlbacher, D.F. Urban, A.-
Komnik (2011)

cmp: J. Eckel, F. Heidrich-Meisner,

EREREE n(:F’T‘1 1 S. G. Jakobs, M. Thorwart, M.-

7 Pletyukhov, R. Egger (2010)
1N 1 nVCAT

O cQMC
| | A tDMRG nVCA: M. Nuss, C. Heil, M. Ganahl, M.-

cQMC: A. Dirks, J. E. Han, M. Jarrell,
T. Pruschke (2012)

11.12.2012
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current voltage performance

2 ---CPT, L=3 —-=CPT, L=7
z — _VCA_, L=3 _ —_VCA_, L=7
= -
?3) & ’ ===CPT, L=7 ; —VCA, L=7
é -0.5¢1 “‘:‘ ‘ -~ CPT, L3 05 45‘5' _VCAT, = — VCAt't' L=7
3 - —=CPT, L=7 : Py -==CPT,L=11 |5} VCA , L=7
At ——CPT, L=11 Y, + VCA, L=11 T b \
== lin. resp. ) ~© TEBD
15t S, : o180 | /T lin. resp. . \
. ‘ [ ; , 0 , , o TEBD o = =lin. resp. ) )
-40 20 0 20 40 0 , 4 A o} 10 20 30 40
bias voltage Vi /A bias voltage Vy/A | & QMC bias voltage Vg/A
bias overview low bias region forward bias
! 147
,.9% "! . '
1t (lU=12A P 1F . UL 12t !
40 L\ ! - - !
7% in E e s i \
2 o05f fo ‘*‘% 0.8} STt - AR
= t'on PP g 08l |
5 ol - \‘-‘m 0.6+ .p-::"'__-' - A ¥ ' : ~
2 ) | PA It A i
3 Y %, * 0.6 A\
5 05 \\! 04} o
Q ' \I“ fp + 04r
'}b ; 02t z
At h R/ 0.2 \|l
Q%g \
-40 20 0 20 0 % ' 4 ‘ g % 10 20 30 40
11.12.2012  bias voltage Vy/a Plas voltage VA bias voltage Vs 46
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non-equilibrium local density of states

|,|=l|= LFLR |rlL [FLR

equilibrium non-equilibrium

11.12.2012 a7
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non-equilibrium local density of states

A: splitting of
Kondo resonance:
linear + U dep.

YU=12A

QD Right lead
v
\4 I
Left lead ‘

N
o

B

Equilibrium
Kondo resonance @ (W =0
inc. excitations @ (W= +&

bias voltage V /A
o

i
i
i
-20 = ———— B e s e e
1 C ' '
: / : : B: finite size eff.
in Hubbard band
. [ I N
20 10 10 20

effects 18

11.12.2012 /
M. Nuss, C. Heil, M. Ganahl, M.-Knap, H. G. Evertz, E.(erié%ni, W. von der Linden (2012)



Kondo resonance under bias

M. Nuss, C. Heil, M. Ganahl, M.-Knap, H. G. Evertz, E. Arrigoni, W. von der Linden (2012)
T T 7 T "

10

............................................

||||||||||||||||||||||||||||||

||||||||||||||

4 d
6~ "~
<]
: E
- 40
0

||||||||||||||||

||||||||

VCA: immediate linear splitting

10 0 30
bias voI%age VB/A

40

pinning not exactly at chemical potential but U dependent

11.12.2012
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A. Dirks, J. E. Han, M. Jarrell, T. Pruschke (2012)
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0 10 20 30
U/A

doubly occupied

M. Nuss, E. Arrigoni, M. Aichhorn, W. vd Linden (2012)
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applying a gate voltage

M. I\wss, C. Heil, M. Ganahl, M.-Knap, H. G. Ever‘g0 E. Arrigoni, W. von der Linden (2012)

tar conductivity
I RN @0 PR
<
— 05¢
e
2 <
3 0 X’

-1} U=20A _ S NELI, | SR
VCA(T)
-157 . | | - i
40 0 0 20 40 40 2 0 20 0 "4/ 2 0 40
bias voltage V/A bias voltage VB/A bias voltage VBIA
t i i V]
S i a0 Hstationary Kondo
Ve “ ) Right lead
e g coulomb blockade
Left lead
o results from previous slides Vgate=0
\ _ 52
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Conclusions + Outlook

s Steady-state: Quantum Dot

©)

O O O O

good current density up to intermediate U
agrees with TEBD benchmark

linear U dep. splitting of Kondo resonance
Kondo regime + Coulomb blockade

nVCA >> nCPT: variational feedback crucial

s hon-equilibrium Variational Cluster Approach

o O O O O

applicable to any fermionic bosonic lattice Hamiltonian
benchmark on SIAM good

more complex models, interactions, versatile and flexible
dynamic quantities out of equilibrium (real)

realistic materials: combine with ab-initio

11.12.2012
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Time evolution of a quantum dot
X 4 3
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particle number and spin projection

M. Nuss, M. Ganahl, H. G. Evertz, E. Arrigoni, W. von der Linden (2012)

L =150,U = 20A, Vijoe = 14A
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Spin relaxation
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Entanglement
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