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Introduction

Motivation
�Benchmark the variational cluster approach (VCA) and clus-

ter perturbation theory (CPT)

�Renewed interest in quantum impurity models by:

I non-equilibrium situations in nano devices
I solver for DMFT

Single Impurity Anderson Model [1]

ĤSIAM = Ĥconduction + Ĥimpurity + Ĥhybridization
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� t . . . hopping integral, U . . . on-site repulsion

� εi . . . on-site energy, V . . . hybridization matrix element

Variational cluster approach [2]

�The variational cluster approach (VCAΩ) is based on the self-
energy functional approach (SFA) [3,4] and provides the single-
particle Green's function.

�Grand potential Ω as functional of the Green's function G:

Ω[G] = Φ[G]− Tr
((
G−1
0 − G−1

)
G
)
+ Tr ln (−G)

�The Luttinger-Ward functional Φ[G] [5] may be eliminated by
constructing a reference system g:

Ω[Σ] = Ω′[Σ] + Tr ln
(
−
(
g−1
0 − Σ

))
− Tr ln

(
−
(
G−1
0 − Σ

))
IG . . . total Green's function, 0 . . . free Green's function

I g . . . Green's function of the reference system

�We choose a reference system consisting of two subsystems:

I a cluster of length L including the impurity site

I a semi-in�nite non-interacting chain

�The self-energy is parameterized by the single-particle parame-
ters x of the model. The physical Green's function makes the
grand potential functional stationary.

Ω(x′) = Ω′(x′) + Tr ln (−G(x′))− Tr ln (−g(x′))

�The stationarity condition becomes:

∇x′Ω(x
′)

!
= 0

�The total Green's function may be obtained by a Dyson-like
equation: G−1 = g−1 − T

IT holds the cluster-environment hopping as well as all varia-
tions made to single-particle parameters

References
[1] P. W. Anderson, Phys. Rev. 124, 1 (1961).

[2] M. Pottho�, M. Aichhorn and C. Dahnken, Phys. Rev. Lett. 91, 20 (2003).

[3] M. Pottho�, Eur. Phys. J. B 32, 4 (2003).

[4] M. Pottho�, Eur. Phys. J. B 36, 3 (2003).

[5] J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 5 (1960).

[6] M. Ferrero and O. Parcollet, http://ipht.cea.fr/triqs (2011).

[7] R. Peters, arXiv:1103.5837 (2011).

[8] A. C. Hewson, Cambridge University Press, 0521599474 (1997).

[9] C. Karrasch, R. Hedden, R. Peters, T. Pruschke, K. Schönhammer and V. Meden, J.
Phys.: Condensed Matter 20, 34 (2008).

[10] M. Knap, W. von der Linden and E. Arrigoni, arXiv:1104.3838, (2011).

Results I

�Single particle spectral function at impurity site
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� Impurity occupation, height of Kondo resonance
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ICPT results slowly converge with increasing cluster size.

IVCA shows rapid convergence within very small sizes of
the cluster part of the reference system.

IVCA reproduces the pinning of the Kondo peak remarkably
well.

IThe Friedel sum rule [8] is �naturally" ful�lled within
VCAΩ using variational parameters {εs, εf}:

ρf,σ(0) =
sin2

(
π < nf

σ >
)

π∆
.

Low energy properties
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�The Kondo temperature (symmetric SIAM) is given by
Bethe Ansatz [8]

TK =

√
∆U

2
e−γ π

8∆ U , γ = 1

�The e�ective mass (quasiparticle renormalization) is in-
versely proportional to the Kondo temperature [9]:

m∗(U) = 1−
d[ImΣσ

ff(iω, U)]

dω

∣∣∣∣
ω=0+

�Obtaining the Kondo scale by means of the static spin-
susceptibility, the full-width at half maximum or
the spectral weight of the Kondo resonance shows
exactly the same behavior.

�VCAΩ yields an exponential scale in U but does not
give the correct pre-factor in the exponent. The pre-factor cor-
rection to the Bethe Ansatz result may be calculated analytically
for a two-site reference system and is given by

γ =
1

α
= 0.6511

Results II

�Crossover diagram
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�Spatially resolved spectrum / Kondo peak
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Nonequilibrium situation

� Initial state: three decoupled systems in equilibrium

left lead - cluster - right lead

IAt some time t0 the coupling is switched on.

IWe are interested in the long time steady-state proper-
ties.

�Keldysh - formalism to obtain steady-state properties

�VCASC reformulated in terms of self-consistently deter-
mined variational parameters where the self-consistency condi-
tions are static expectation values [10] (for example the particle
number if the variational parameter is the on-site energy):〈

n̂f
σ

〉
cluster,ε′f ,ε

′
s

!
=
〈
n̂f
σ

〉
CPT,εf ,εs,ε′f ,ε

′
s

�Green's functions calculated inKeldysh space on the real
energy axis:

G̃(ω) =

(
Gret(ω) Gkeld(ω, µ)

0 Gadv(ω)

)
�The initial Gkeld(ω, µ) of the decoupled system is given by

Gkeld(ω, µ) =
(
Gret(ω)− Gadv(ω)

)
(1− 2pFD(ω, µ, β))

I pFD(ω, µ, β) . . . Fermi-Dirac distribution

�The current-density is given by:

Iij = tRe
(
Gkeld
ij (t = 0)

)
=

t

2

+∞∫
−∞

dω

2π
Re

(
Gkeld
ij (w)− Gkeld

ji (w)
)
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Conclusions

�VCAΩ captures all qualitative features of the spectral fea-
tures of the SIAM including

IKondo resonance and exponential scaling in U

I formation of Hubbard bands (width and position)

I ful�lls Friedel sum rule in all parameter regions
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