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Model of a Quantum Dot

Quantum Dots
�Out of equilibrium situations: bias voltage, temperature

gradients, . . .

�⇒ Nano- molecular electronics, quantum simulators, bio-
physics

�Charge + spin �uctuations important
⇒ many-body e�ects (Kondo)

[1]

Single Impurity Anderson Model [2]

Ĥ = Ĥdot + Ĥlead + Ĥcoup

Ĥdot = (−U

2
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f †
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↑ n̂
f
↓
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
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∑
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∑
σ

(
cα†0σ fσ + f †

σ c
α
0σ

)
�U . . . dot on-site repulsion, t . . . lead hopping integral

� εL = µL = VB

2 = −εR = −µR . . . VB bias voltage

�VG . . . gate voltage, t′ . . . lead-dot coupling, ∆ = πt′2ρα(0)

Real time evolution

Density Matrix Renormalization Group [3]
+ Time Evolving Block Decimation [4]

|Ψ〉 =
∑

{s1,s2,...,sL}

cs1,s2,...,sL |s1, s2, . . . , sL〉

=
∑

{s1,...,sL}

∑
{α1,...,αL}

A[1]s1
α1

A[2]s2
α1α2

. . . A[L−1]sL−1
αL−2αL−1

A[L]sL
αL−1

|s1, . . . , sL〉

1. initial state DMRG(ĥ(τ0)) ⇒ |Ψ〉0
2. quench: ĥ → Ĥ
3. time evolution

TEBD(|Ψ〉 (τ )) = e−i~Ĥ |Ψ〉0

Entanglement ⇔ current
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3. Non-equilibrium Variational Cluster

Approach (nVCA) [5�7]

�Three initially decoupled systems (equilibrium): ĥ

left lead - central region - right lead
central region = dot + parts of the leads

� Full ini�nite system Ĥ (out of equilibrium):

Ĥ = ĥ + θ(τ − τ0)T .

�At some time τ0 the coupling T is switched on.

�We are interested in the long-time, steady-state behavior

⇒time translation invariance: τ − τ ′ → ω

�Keldysh Green's function - formalism:

G̃(ω) =

(
GR(ω) GK(ω, µ)

0 GA(ω)

)
� gR/A of ĥ by

Ianalytical form for non-interacting leads

I exact diagonalization (Band-Lanczos) for central, in-
teracting region

� gK(ω, µ) of ĥ (equilibrium) by

gK(ω, µ) =
(
gR(ω)− gA(ω)

)
(1− 2pFD(ω, µ, β))

I pFD(ω, µ, β) . . . Fermi-Dirac distribution

� Steady-state G̃(ω) of Ĥ via Cluster Perturbation Theory
(CPT) [8]

G̃
−1

= g̃−1 − T̃

� First order strong coupling perturbation theory in T

I approximation: self-energy ΣĤ
!
= Σĥ

� exact limits: L → ∞, U → 0, U
t → ∞

� Improve starting point of calculation by variational feed-
back [7] of steady-state target onto initial state

I add single-particle �elds ∆̂(x) before τ0:
ĥ 7→ ĥ +

∑
i

xi∆̂i

I subtract them again after coupling: T 7→ T−
∑
i

xi∆i

I⇒ �exible Σ(x)

I variational principle: 〈∆̂i〉initial-state
!
= 〈∆̂i〉steady-state

� Steady-state current-density:

jij =
tij
2

∑
σ

+∞∫
−∞

dω

2π
<e

(
GK
ij(w)− GK

ji(w)
)

�Non-equilibrium local density of states (nLDOS):

ρf(ω) = −1

π

∑
σ

=m
(
GR
ff(w)

)

Conclusions

�Quantum dot steady-state: nVCA

I very good current density up to intermediate U

Iagrees with TEBD benchmark (≤ interm. VB)

I linear splitting of Kondo resonance in nLDOS

IKondo regime + Coulomb blockade

I nVCA � nCPT ⇒ variational feedback crucial

�Quantum dot quench dynamics: TEBD

Iquasi-steady-state plateau (like TD limit)

I current density correlates with entanglement

Idi�erent quenches ⇒ same steady-state
but di�erent quality of the plateaus

I charge and spin dynamics seperate

Results

�Current-voltage characteristics
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�Non-equilibrium local density of states
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I linear splitting of Kondo resonance

Imerging with Hubbard bands

�E�ects of a gate voltage: stability diagram
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ICoulomb blockade

�Time evolution of current, charge, spin
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