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Electron-phonon and electron-electron vertices
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Phonon absorption:
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(proof in DET1)
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’7 if an even number of the indices
n,m,l is 2
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Phonon emission:
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(proof in DET1)

The same shape is for the elctron-electron interaction vertex

Notice that here emission or absorption cannot be
distinguished, but one can fix arbitrarily a direction
for each line: it does not matter. a7 Coﬂﬂﬂﬂ%ﬂwt/
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Application Hartree diagram

L QUVAL  TMES :

e

Whenever one encounters in a diagram a time-ordered Greens function
where the time arguments are equal, one takes the average over the
two orderings:
EXAMPLE :

= time ordered

(JC (t4/é7> = s <T (k) U/ﬁl/l’7)>
:~%<WHW%M—WYMVM)>:

RS AOLIEED

This i1s in contrast to equilibrium theory, whereby the convention
igs that the second time acquires a positive infinitesimum

GC(64/£7+O+>i ) <U/J(fv) W57)>

If we wanted that the "dag" always stays on the left

at equal times, then the infinitesimum should be negative
in the second (backward) time branch. In this way, we could
not write a single Keldys Green's function matrix.

This convention is allowed provided we assume that the Hamiltonian
is understood to be written not in normal ordering (as one
does in equilibrium) but in symmetric ordering, e.g

gw‘(m Vix) — ROLHE g@*m W(n)-yx) Wm)

(here for fermions) (D8)
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E.g. the Hubbard interaction

1 A

A A A A y
1 ’ 4 ’ 'k
= m%m% + E(' (Y)#Jr/}u, >
which changes the on-site energy term

A consequence of this assumed ordering: there are never
convergence factors, and integrals over frequency c%z/be
symmetrized even when the integrand falls off as

In other words: one takes the Cauchy principal value at infinity

///_—: dw 1/ 1 7 [ ow I

PSS T —y —_—A S——
el 7 2\ war T -wuT 27 T W

Ny

is different if one has a convergence factor

+ ‘ -
//L—ve//tDW_ /b@(\r) in

wir =

The two differ again by
a i/2



Let us now i1llustrate this by evaluating the Hartree diagram
4

A AN
. . . /
We take for simplicity the Hubbard model with (J/ = (//' !
EL-EL. % ’mm/nm [

)L

> E DL A, 8

A (150] - -
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contribution to retarded self-energy A=B=1
_ 9
; />:7 A:Z => G/,,
D> E=-7 = O

(D10)

fermion loop
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for the Hubbard model L/(f?:q)_: (//
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particle density with one

Uiy

(D11)



The Hartree contribution comes from a decoupling of the
interaction term

To obtain the result above we have to assume that the interaction
term 1s

1

l/] i ]

U = 2 (/'fmm/}?m'

El.-EL {
R

which in mean-field decouples to
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giving the correct energy shift u < " /Y)Vé ‘ >
‘ R ~



We evaluate the contribution to the

Keldysh self-energy A = 7 B : —4 @ = EKZZ

%
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— ~_£agéiiiggigz‘ This is odd in a/_wjkD
2
<YA/F'?P ) fwg and thus its integral over O/bbf
vanishes
(i

The contribution is 0




Fock diagram Notice that for Hubbard model this is in fact zero

WE  Cowdiprr QCeviERic TERM !

A 5 ] .
Uniwe = 2 Z V(R Cp Gy Cow G
v
i
5/2/— Z WC?) <pg (r’gy Cﬁ’_%ﬂ(fﬁ, (D12)
93"4“ (, V) To nEEe tw ko d
/C/ q- . ?]V
T /// r(r \\‘( T

\(4[ A A f“?\ih/“\/ B’ 5

N2, o NBT
(CF D7) /V'(?) (SIM' gb-fﬁ’ ’fgﬁfﬁ' gﬁ 6),)

A:0:1 Sm 56'2+ S,q'z 36'1
Ox
Za(fw)- [ ) () G (P w-v)
ERy),
2 A7 () dy
oy V) 2 C77) ALP, W) ()

§ (v~ ga”*(} ) (D13)

real, M/‘independent: just an energy shift
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keldysh contribution
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Hartree and Fock terms only produce a shift of the energy

First notrivial diagram: - - _<:fi) T

but we are not going to evaluate it like this



Transport through mesoscopic structures
effects of electron-electron interaction

"Hubbard I" or "cluster perturbation theory" approximations
(see Haug-Jauho's Book)

Single Impurity Anderson model

- leads
continuum - Ci
of levels /MC . <:
central region P
(discrete levels) //4
e.g. quantum dot R

Electron-electron interaction U
in central region

For simplicity, we study again the case of
a single level. Extension to many levels
ig, in principle straightforward g

A U
Ho - Z’fp C;(@ ~+ (A—%) %/Qlja/j

Flf leads central region
— + A
\// = i?L »/P (EE;REC{;WA 62{5 (’%9/;>
/5
coupling

. ¢
- U OZfOf o | ya (D15)

here again one dot level only

PROVYCES (1) Coveonp BLOCHAD: (2 Hompo EFFECT



Self energy:

In principle one can have for example these diagrams:

e,

/,‘u \ P
—_— v N ¢

Ei ‘ f//"x\\ / “o
_ ~ +/ \,YL. _‘____t,,_L-—_..__L_—f—f-—ﬁf_LdL

7‘ P

However there are two properties

1) U attaches to d sites ony

2) Vp only connects ¢ with d

It is convenient, thus, to distinguish ¢ and d Green's functions

4

&Cc S

K

Some diagrams contributing to <:; [’
oLQ
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Now consider the d-d self energy TE:
which is the sum of diagrams that cannot
be taken apart by breaking a d-line (i.e.

___ﬁL____)

It gives the Dyson equation

<:;Jd - 2310( N éib{ Z£:~ <;;AOI

e
O, LD, o CO
Z = X/\/\’\>( + —~———l + 1 Y ) AN _" L*WX'—J

notice that for L/;CD only the first diagram contributes

and we recover the result that we already know

S(U:()): \/OP )pp\/()o — Xy

We can consider the sum of all diagrams not containing any V

,\/ .
Z(V:())’ \’Cz'+ o4 =

OO0

7L

this can be evaluated exactly since it is the exact solution

of the sgingle-site model (or a small cluster)

Then one can take as an approximation

TS (V) ¢ vy = Z(VO)r Z(070)

(D15A)



This is the "Hubbard I" approximation

Extensions: take a central region consisting of many levels:
Cluster Perturbation Theory (cf. Balzer-Potthoff 2011)

The first neglected diagram contains both V and U:



W NEED  THE SIVOLE $ifu
SElL F ENEROY
FiRsy Wy  Evactvate  ThE GREén'S FCT,

OvE CeVip VS§y Exalr DiAGONALI2ATION,
( Acsa FoR A SnAle CLesSiEn])

AND  LiEnMay 76 REPRESEATAY, 0

y/Lf—ﬁf/ We  whe vy Tpr é/@Vﬁ//M/_g 01" /70;/0&
6“ V" (”""3 Ohiitip FoR SiMfiicary)

Zm(&) . O(k)([ o[(é), (O)j N
2y - gC&)-7 + 6(&){{95 a((g)/ cl’(o)}>
H = f,(?a/;@/y + U0,

Dt CL(&) - [}—/, 0L(b)]= . ("a@{f - (M, IT) .

03 - () - ool [ & Jyev( (et 4d,})
S+ g0+ y% ~

(D17)



Fovrige T RAwEFor fﬂ,e ‘-@/ 1407)

-

Awd PARTIAL IV TEGRAY )04 GlwekSs

[A)-Z/[l«/%/} + fJ;’(W)-P(/ ga)(h/) (l«/-*&/h'o")
/
W E  NMEED 2"29&) ° ,4’@“)({”2‘ c{)‘@)ﬁ{f j>

[H/ /m(é)J:o => M, 1wveep. o L
J
For f:o <[3> :<m4{6{116{13> ?(”7">

4
N O JOLORCIOKS [#,240,d1))

(see D16) /‘)WD '/5///6 ﬂ?.;? o MJ (fg‘ﬂ/mm_{]

- Sy o) (v ) {0, 355

= S my+ (50) 3 7(t)
<> WY T (f,fU)ﬁ“fw)
S

= j Cz)(a/) o (D18)

(- U)



<MD - m>

7{-(/ ¢ 0 _._.,-@-2- / 4

o gy
f Jwe [felis Weesd @ )

ALY _ +U ) (D19)
-4-Y  W-a+l
+ 4 .
Fort Wawe O 18 o for W w50 w3 &,
91{ (Av BE OB TmwnED 8Y

PP (% -4 )4 W) (o a7

L Megp THE IV VERSE (S E2F - ENERGY )

(57 = ()7 o
(?-?)K - - ﬁﬁ’u#% 2’4:(%‘3241)/)[“/)

-7 -1 . —
VT Z’R -ﬁf) /s ”04/35(;(7 WLy M AR Twé& /oz;;
(¢] F yﬂ
o ~1 + - 4
— - JWFIVPTES 117472
= KR o <

O
Su Caw BE NMEGLECTEO A¢ iw
VowsEra(vG  CASE



(comwo 70 THE LMO\/

TUHE SE(F - EVERGY (AW BE ExTRACED

) ~ _
g —Z () = G(vo)

Within this "Hubbard I" approximation, we obtain (cf. D15A)
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(D20)

45 For 7/’/6 ”04/1”767?’9(7//‘ Cﬁﬁﬁ/ L HAVE TANEN ‘/OP = Con § 5,

S0 THAY ; i‘;}: R(W)_/; r(W)/\/z (cf. B6A, B6B)
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Also the st of the discussion 1is similar
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From the expression for the current

T « fm A (W) du"
MR

and taking the tunnel regime, for which \J/\and thus ’ are small

we recognize that the current is strongly suppressed
except when one of the resonance energies C&-’(/

, A+ Y

—_—

2
. . . =2
lies within the
/\AK//V((,

This is the Coulomb blockade effect -
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This approximation is not sufficient because in the spin-
degenerate case, when there is one particle, which can have
spin up or down, there is resonant transmission as well.

This is due to virtual spin flip processes. Kondo effect
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Time dependence for a noninteracting
bath-gquantum dot system

See latex file



Electron-phonon interaction

We consider a similar problem in which electrons in the
central region interact with phonons only

The hamiltonian of the central region reads (we can omit spin here)

H- b I'd + d4 ?% (Q;f%
-+ ZZ M/é C%;égﬁ

? (D22)

7

phonons

/% “/ real
1,77
We consider again the approximation

~
72 (Vo) + x~y

So that Z </\/L 4;) has an expansion
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Final result:

(See also Mahan)

Gag (V) 7~ 0L) -5 - §10

For nonzero boson occupation /4//? 'Ajé;(afé/>, one gets

D(L)- z Ty A/gp,g”‘%jf@/w)(ﬁfw)

Wy

There are several interesting cases.

B B

The spectral function in [Af will display peaks at the periods

——

i. e. a central peak at M/’Zizﬁ; with satellite peaks at distances

of bk[g times an integer.

With the "Hubbard I" approximation (cf. D15A) one gets (cf. D19A)

~
(G(‘/W) —£ o %a \/0)
\ g—j /U = 0) (effect of the leads)

And, as usual the leads just broaden the peaks
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Now introduce the coupling to the leads 67/

_ } I V
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which does no longer describe free particle dug~to /;x</

So this problem is mot exactly solvablg

In the wide-band limit, however,/for which
Vo Vo 2=

Z Vot fop Voo =470
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The C-C retarded Green'® function in w _independent and thus local rin time

f,
therefore when evdluating the &é / 6/ self-enerxyg
N

terms are gfaluated at the same time and >x;/ cancels with ?<

- — 7
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tained by replacing
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In total, the d d retarded Green's function thus becomes
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General expression for the current

L =2 7 Ve R G, (k70)
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for the Keldysh component
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<1 [+ /p

/77/ (KL{[/) Transmission coefficient

This expression 1s also valid in the presence of many orbitals
in the central region. In that case one has to take the trace.



Time dependent phenomena

As an application we consider the resonant-level model
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Holds again provided products become me convolutions

We first evaluate

/ZVU (6’7/62) - % Vpp (57 %}; (C’?/b) Vfo(b)

We will consider some (physfically realistic) simplifications:
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introducing the density of states 6?(éﬂ)and writing 46&€(é;)313(§6/4;>
\/OF (b) - \/ ( Ef/é) WO{@J > as dependent of the energy

Further defining /h@ (g éy /L )
¥ o ¥ )
21 T (G0, b) e V(a6 Vi t) o 7e =7

we obtain

(k)
2 bty ) = e O (b-b2) 3//% (%, 4,8 )2

The last expression can be simplified in the wide-band limit.

Here we assume [‘_[Z/é7,é2/> to be i;independent over the range of é;

relevant energies for the central region. In this limit
T (brt.)2-d Olbrta) M (b, b2) & (bLs)
sz Slh-t)r (k1)

— (k1) = f’[@,é;)

notice that there is a 1/2 factor due to the 9(é4’ {77) 5(4’7’372 ) ~'% 5(57'[3)

In the wide-band 1limit, the self-energy becomes local in time.
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The last expression can be simplified in the wide-band limit.
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relevant/ energies for the central region. In this limit
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The Dyson equation now becomes //)
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This is best transformed into a differential equation

by multiplying by (}O;)% from the left
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check that
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we now lea

ve this implicit (Einstein summation convention)
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so it's now easy to guess the solution: it has the same shape
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The advanced Green's function is quite generally given by
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we now ed the Ke ldy h Gr 's function
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where we have introduced the same definition for [—’

as above, just separated for the two leads

due to the,%)d(i}his does not simplify into a é;:(/é7«é72/)

in the wide-band limit (WBL)
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There is no further simplification at this point in
the WBL due to the energy dependence of /E%A/
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At this point there is only a little reshuffling and tedious
ransformations

The result is given in Jauho's book
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where the particle number in the central region:

we have introduced
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THE END



we evaluate the last integral at zero temperature for whic
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However, we will see
that the problem remains exactly golvable in the
"wide-band" limit, which correspbnds to the

Markovian limit

This occurs when the energy/scale of the leads is
much larger than the ener scales of the central region.

This is equivalent to
are much faster than

y that the time scales of the leads
e ones of the central region

In that case the sponse i1s istantaneous, so that

only equal-time ¢t=0) Green's—functions are affected.
These are the same for QF,
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The integration over §:(ﬁ’é ) é‘ gives just j{ , because

it's at the border
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It is instructive to see everything in frequency space:
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the 10 is due to the fact that we have retarded Green's functions

In the wide-band limit
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Todo

3) relation to master equation
4) Time dependence



