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Outline

© Suggested literature

© Motivation: why nonequilibrium Green's functions?

e The nonequilibrium problem and the Keldysh contour

e Perturbation expansion and Feynman diagrams

© Keldysh space

© Noninteracting Green's functions

@ A single-particle potential: the exactly solvable case

© A quench in a closed system: why dissipation matters

© Coupling to a bath: the resonant level model

@ Two baths: steady-state transport

@ Electron—electron interaction: Anderson model and Hubbard-1
@ Time dependence: relaxation after a quantum quench

@ Interaction vertices: electron—phonon and the contact electron—electron vertex
@ Derivation of the quantum Boltzmann equation
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Equilibrium Green’s functions

@ Lecture notes on many-body theory and Green's functions in equilibrium (E. Arrigoni)
https://itp.tugraz.at/~arrigoni/vorlesungen/korrelationsl/public/green.html
(credentials: see teach center)
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Equilibrium Green’s functions

@ Lecture notes on many-body theory and Green's functions in equilibrium (E. Arrigoni)
https://itp.tugraz.at/~arrigoni/vorlesungen/korrelationsl/public/green.html
(credentials: see teach center)

@ We take for granted the equilibrium contour-ordered formalism, Wick's theorem, and Dyson's
equation developed there; this course extends them to the nonequilibrium (Keldysh) case

@ See also the literature quoted therein for the equilibrium case
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Nonequilibrium Green's functions: textbooks and reviews

@ Textbook: Haug & Jauho, Quantum Kinetics. .. (Springer, 2008) (see teach center for the relevant
chapters) — comprehensive, semiconductor-oriented, but the formalism is completely general; our
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Nonequilibrium Green's functions: textbooks and reviews

@ Textbook: Haug & Jauho, Quantum Kinetics. .. (Springer, 2008) (see teach center for the relevant
chapters) — comprehensive, semiconductor-oriented, but the formalism is completely general; our
main reference

@ Rammer & Smith, short review, Rev. Mod. Phys. 58, 323 (1986) (see teach center) — compact
and historically important; a good complement to Haug—Jauho

e A.-P. Jauho, Introduction to the Keldysh NEGF Technique, lecture notes (DTU, 2006) — a very
pedagogical, freely available introduction to the Keldysh technique

e Rammer, QFT of Non-equilibrium States (2007), and Stefanucci & van Leeuwen, Nonequilibrium
Many-Body Theory (2013) — more recent, more mathematical / comprehensive treatments (e.g.
initial correlations, TDDFT connections)
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Nonequilibrium Green's functions: alternative approaches and applications

@ A functional-integral (path-integral) approach: A. Kamenev, Les Houches lecture notes,
cond-mat/0412296 (2005) — an alternative, complementary route to the same RAK structure
derived operatorially here

(full citations in the lecture-notes bibliography)
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Nonequilibrium Green's functions: alternative approaches and applications

@ A functional-integral (path-integral) approach: A. Kamenev, Les Houches lecture notes,
cond-mat/0412296 (2005) — an alternative, complementary route to the same RAK structure
derived operatorially here

@ Application to semiconductors and time-dependent transport: Jauho, Wingreen & Meir, PRB 50,
5528 (1994) — the paper behind the Landauer-type current formula we derive in Part |l

@ Application to molecular electronics: Ryndyk, Gutiérrez, Song & Cuniberti, in Energy Transfer
Dynamics in Biomaterial Systems (Springer, 2009) — transport at the molecular scale with the
same diagrammatic toolbox

o A density-functional-theory (DFT) approach: Brandbyge et al., PRB 65, 165401 (2002) —
combines NEGF with DFT for first-principles transport calculations (the “TranSIESTA" method)

(full citations in the lecture-notes bibliography)
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What equilibrium theory cannot do

o equilibrium many-body theory: linear response around a thermal state p(h) = Z=te=#" —
conductivity, susceptibilities, spectral functions ...
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What equilibrium theory cannot do

o equilibrium many-body theory: linear response around a thermal state p(h) = Z=te=#" —
conductivity, susceptibilities, spectral functions ...

@ but many situations of interest are not small perturbations of an equilibrium state:

e a finite bias voltage driving a steady current through a nanojunction (not — 0)

e strong, possibly ultrafast, laser or THz driving (pump—probe spectroscopy)

e a sudden change (“quench”) of a system parameter, and the ensuing relaxation

o a system that never reaches equilibrium at all: two leads at different chemical potential or
temperature held so forever

e common feature: we need (O(t)) = Tr[p(h)On(t)] for a state (density matrix) p(h) whose time
evolution is described by a different Hamiltonian H(t) # h
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Examples

@ Quantum transport: current through a quantum dot, molecule, or nanowire under finite bias —
Landauer-type formulas, Coulomb blockade, Kondo physics out of equilibrium
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Examples

Quantum transport: current through a quantum dot, molecule, or nanowire under finite bias —
Landauer-type formulas, Coulomb blockade, Kondo physics out of equilibrium

e Open quantum systems: a system coupled to one or more baths (leads, phonon reservoirs) that
keep driving it away from its own equilibrium

o Ultrafast / pump—probe experiments: a strong pulse prepares a far-from-equilibrium state;
time-resolved ARPES, transient optical spectra

@ Quantum quenches: sudden switch of a coupling or potential in an isolated system —
thermalization, prethermalization

o Cold-atom simulators: essentially isolated, well-controlled many-body systems, ideal testbeds for
quench dynamics
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What we need, and what we will build

@ a perturbative / diagrammatic framework that does not assume the system returns to (or stays
near) a known equilibrium state
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What we need, and what we will build

a perturbative / diagrammatic framework that does not assume the system returns to (or stays
near) a known equilibrium state

@ = the Keldysh closed-time contour (Sec. 3) replaces the single time axis of equilibrium theory

@ = one needs one more Green's function than in equilibrium: not just spectral information (G", G?)
but also the actual, possibly unknown, occupation of the states (GX, Sec. 5)

@ in equilibrium the two are tied together by the fluctuation—dissipation theorem; out of equilibrium
they are independent — this is the whole added difficulty, and the whole added richness, of the
subject

@ the good news: essentially all diagrammatic technology (Wick's theorem, Feynman rules, Dyson's
equation, self-energies) carries over almost unchanged, once time runs on the contour
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The nonequilibrium problem

@ Hamiltonian
H(t) = h + H'(t), h=Hy+V

@ Hp: noninteracting (quadratic), V: interaction
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The nonequilibrium problem

Hamiltonian

H(t) = h + H'(t), h=Hy+V

Ho: noninteracting (quadratic), V: interaction

e H'(t): arbitrary perturbation, switched on at t5: H'(t < t)) =0
1
e for t < ty: equilibrium,  p(h) = ?e_’gh
@ want: expectation values for t > tj
do .
(O(t)) = Tr[p(h) On(t)], TtH = 1[Hn, On]

o careful: H depends on time = Oy(t) # et O e~ it
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Interaction representation (w.r.t. h)

o unperturbed: h;  perturbation: H'(t)

On(t) =€ Oe™ (= “interaction picture” = Heisenberg picture w.r.to h)
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Interaction representation (w.r.t. h)

o unperturbed: h;  perturbation: H'(t)
On(t) =€ Oe™ (= “interaction picture” = Heisenberg picture w.r.to h)
@ time evolution of states: S-matrix

[Wn(t)) = S(t, ) [¥n(t)),  10Sh(t, t') = Hy(t) Sa(t, 1)

t
Sw(t to) =T exp(—i/ dty H,’,(tl)), Sh(to, t) = Sh(t, to) " = Sh(t, to)"
to
@ Heisenberg (w.r.to H) < interaction picture (they coincide at tp):

OH(t) = Sh(t(), t) Oh(t) Sh(l'7 tg)
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Why the equilibrium trick fails

Correlation functions (T = 0, |®g) ground state of h):
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Why the equilibrium trick fails

Correlation functions (T = 0, |®g) ground state of h):
(®o| T A(t1)B(t2) - - [o)
insert the S-matrices:

= <¢0‘ Sh(to, OO) T[Sh(oo, to) Ah(tl)Bh(tz) .. } ‘CD())

e equilibrium: t) = —co, H' = e %" ItlV:  Gell-Mann-Low = Sj,(co, —00)|®g) = €l?|dg)  (phase
cancels)

e out of equilibrium: H'(t) arbitrary = final state # phase x|®g)

@ the leftmost Sy(to, o0) is anti-chronological: it cannot be moved inside T = must evolve back to

to
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The Keldysh contour

Cy ya = (t1,C1)

Y
Y
\/

lo

A

<
TT <

YB = (tz,CQ) CQ “+o0o

@ contour time = time and branch: v = (t,C), Ce{G,GC}

12/74



The Keldysh contour

va = (t1,C1)

to 4 Hr <z ) t
B = (t2,C2) o oo

A

@ contour time = time and branch: v = (t,C), Ce{G,GC}
@ ordering along the contour: 4 >, g iff
0 Ca=GC, Co=C

(backward branch is always later)

12/74



The Keldysh contour

va = (t1,C1)

to 4 Hr <z ) t
B = (t2,C2) o oo

A

@ contour time = time and branch: v = (t,C), Ce{G,GC}
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The Keldysh contour

lo

Ch ya = (t1,C1)
< tr < ) ¢
VB = (t2,C2) & oo
v=(t,C), Ce{G,G}

@ contour time = time and branch:

@ ordering along the contour: 4 >, g iff
e Ca=GC, Ce=GC
0 Ca=Cg=GC, ta>ts
° CA:CB:CQ, tah < tg

(backward branch is always later)
(chronological on 1)
(anti-chronological on G)
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The Keldysh contour

Ch ya = (t1,C1)

Y
Y
\/

lo

A

<
TT <

B = (t2,C2) o oo

@ contour time = time and branch: v = (t,C), Ce{G,GC}
@ ordering along the contour: 4 >, g iff

e Ca=G, CGg=G (backward branch is always later)

o Ca=Co=0C, ta>tp (chronological on 1)

0 Ca=Ce =0, ta< t (anti-chronological on G)
@ contour ordering (£ = +1 bosons, £ = —1 fermions):

A(va)B(18)  va>c B

Tc A(va)B(vs) = {gB(WB)A(’YA) YB >c VA
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Correlators on the contour

(®o| TA(t1)B(t2) -+ |®0) = (Po| Tc[Sc An(m1) Bu(12) -] [Po), i = (ti, C1)

13/74



Correlators on the contour

(®o| TA(t1)B(t2) -+ |®0) = (Po| Tc[Sc An(m1) Bu(r2) -] [Po), i = (ti, C1)

with the contour S-matrix

[e'e} to

Sc = Sp(teGo, toC1) = T exp(—i/ dy H,’,(v)), /:/ dt +/ dt
C C to [ee]
C1 CZ

13/74



Correlators on the contour

(®o| TA(t1)B(t2) -+ |®0) = (Po| Tc[Sc An(m1) Bu(12) -] [Po), i = (ti, C1)

with the contour S-matrix

[e'e} to

Sc = Sp(teGo, toC1) = T exp(—i/ dy H,’,(v)), /:/ dt +/ dt
C C to [ee]
C1 CZ

@ turning point +0o: no branch label needed (could turn back at max(ty, to, .. .))

13/74



Correlators on the contour

(®o| TA(t1)B(t2) -+ |®0) = (Po| Tc[Sc An(m1) Bu(12) -] [Po), i = (ti, C1)

with the contour S-matrix

[e'e} to
Sc = Sp(teGo, toC1) = T exp(—i/ dy H;(»y)), /:/ dt +/ dt
C C to [ee]
C1 CZ
@ turning point +0o: no branch label needed (could turn back at max(ty, to, .. .))

@ exactly, without any adiabatic theorem: (®g|S¢c|®g) =1  (forward and backward evolution
cancel)
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A quadratic reference: adiabatic switching of V

Wick's theorem needs a quadratic unperturbed Hamiltonian — but h = Hy + V is not.

Ho Ho+ Ve H(t)=Ho+V + H'(t)

to t
switch on H'(t)
|—00): g.s. of Hoy

adjc-lbat_ o D) of h— .
e g.s. |®) of h=Ho+V
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A quadratic reference: adiabatic switching of V

Wick's theorem needs a quadratic unperturbed Hamiltonian — but h = Hy + V is not.

Ho Ho+ Ve H(t)=Ho+V + H'(t)

to t

switch on H'(t)
|—o0): g.s. of Hoy

ag;.
Idbm) g.s. |P)of h=Hy+V

H(t) = Ho + Ve + H'(¢), a— 0t to — —00

replace everywhere:

h — Hp, H'(t) — W(t) = Ve*t + H'(t), [®g) — |—00) (g.s. of Hp)
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Outlook: initial correlations

Arbitrary correlated initial state p at finite t; = additional imaginary-time branch:

Ch

to >
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Outlook: initial correlations

Arbitrary correlated initial state p at finite t; = additional imaginary-time branch:

Ch

to >

)

Ca +oo

Cn (Matsubara branch)

to —if

@ negligible for ty — —oco at T = 0 (adiabatic switching, as above)
o finite-T initial states can also be prepared by coupling to heat baths

@ not treated further in this course
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Perturbation expansion on the contour
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Perturbation expansion on the contour
Everything now refers to the quadratic Hy: S = Sy, (—00 G, —00 G) = T¢ exp<fi/ Wo(y) dfy)
c

S= Tc(l - i/c Wo(v)dy — %//C Wo(71)Wo(r2) dradyz + )
Green's function (x = (v,7), {-++)o = (—00|--+| — 00)):

—i(Tc S co(x) C(J)[(XZ)>0

G(X17X2) = —i<TC C(Xl)ch(XQ» = <TC S>
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Perturbation expansion on the contour
Everything now refers to the quadratic Hy: S = Sy, (—00 G, —00 G) = T¢ exp<fi/ Wo(y) dfy)
c

S= Tc(l - i/c Wo(v)dy — %//C Wo(71)Wo(r2) dradyz + )
Green's function (x = (v,7), {-++)o = (—00|--+| — 00)):

—i(Tc S co(x) C(J)[(XZ)>0

G(X17X2) = —i<TC C(Xl)ch(XQ» = <TC S>

16/74



Wick’s theorem

For a quadratic Hy: contour-ordered products of free operators decompose into all complete pairings,

e.g.
<TC CO(Xl) Co(Xz) CJ(X3) Cg(x4)>0 -

+ &X

T2 T4 To e— €« o T4

17 /74



Wick’s theorem

For a quadratic Hy: contour-ordered products of free operators decompose into all complete pairings,
e.g.
(Te co(x) col(e) ¢ (x3) & (xa)) =

(Tc co(xa)cd(xa))o( Te Co(Xz)Cg(X3)>
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T2 T4 T2 o—————<«—o T4
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Wick’s theorem

For a quadratic Hy: contour-ordered products of free operators decompose into all complete pairings,

eg.
(Tc co(xa) Co(X2 Cg (x3) ¢ (x4)>
Tc Co X1 o Tc Co X2 §X3g
+¢ TCC0X1 C0X3 TCCoxzc0 X)),
Z1 x3 Tl e—<«—o T3
+ €x
T2 T4 T2 <« T4

e sign: £F, one & per fermionic transposition

@ anomalous contractions (cc)o, (c'c)o vanish (particle-number conservation)
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Wick’s theorem

For a quadratic Hy: contour-ordered products of free operators decompose into all complete pairings,

e.g.
(Tc Co(X1)C0(X2 cJ (xa) (xa)) =

Tc Co X1 o Tc Co X2 2X3g
+¢ TCC0X1C0X3 TCCoxzc0 X)),

1 T3 1 e———<«——e I3
+ €

T2 T4 T2 o————<«—o T4

e sign: £F, one & per fermionic transposition
@ anomalous contractions (cc)o, (c'c)o vanish (particle-number conservation)
@ “all lines have to be paired in all possible ways” = diagrams

17/74



First order in the interaction

W= %/da dFy V(7a — i) cf (7a) e (F) (s )c(7a)

—————

/’ \\
Y
®- &- < ». Py
<
T1 T4 T3 To @

A

A
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First order in the interaction

W= %/da dFy V(7a — i) cf (7a) e (F) (s )c(7a)

Wick contractions of —i(T¢ S®) co(xl)cg(xz»o give:

—————
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Wick contractions of —i(T¢ S®) co(xl)cg(xz»o give:

—————

exchange (Fock) = F(x1, x2)
tadpole (Hartree)

@ each diagram occurs twice (x3 <> x4): cancels the vertex factor %
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First order in the interaction

W= %/da dFy V(7a — i) cf (7a) e (F) (s )c(7a)

Wick contractions of —i(T¢ S®) co(xl)cg(xz»o give:

—————

exchange (Fock) = F(x1, x2)
tadpole (Hartree)

@ each diagram occurs twice (x3 <> x4): cancels the vertex factor %
@ internal variables integrated, times along the contour; external xi, x> fixed

18/74



Disconnected diagrams and the linked-cluster theorem
X Go(Xl,Xz) -P
x/\z P :/dX3dX4 Go(x3, x3) Go(xa, xa) V' (x3 — xa)
(vacuum diagram)

T4

i vacuum diagram P
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Disconnected diagrams and the linked-cluster theorem

o Go(Xl,Xg) -P
x/_\Q P :/dX3d><4 Go(x3,x3) Go(xa, xa) V(X3 — xa)

(vacuum diagram)

T4

i vacuum diagram P

@ disconnected pieces factorize into products of lower-order diagrams and vacuum diagrams

@ the denominator (T¢S)o contains exactly the vacuum diagrams
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Disconnected diagrams and the linked-cluster theorem

o Go(Xl,Xz) -P
x/_\z P :/dX3dX4 Go(x3,x3) Go(xa, xa) V(X3 — xa)

(vacuum diagram)

T4

i vacuum diagram P

@ disconnected pieces factorize into products of lower-order diagrams and vacuum diagrams

@ the denominator (T¢S)o contains exactly the vacuum diagrams

Linked-cluster theorem

In —i(TcS co(xl)cg(xz))o/(TcS)o the denominator cancels all disconnected contributions: keep connected
diagrams only.

19/74



Feynman rules: diagrammatic elements

TA rB
r——o

TB

Go(ﬂfA,ﬂCB)

Do(ﬂﬁA, JUB)

9(xa,xB,x0)

V(:EA — I‘B)

electron propagator

phonon propagator

electron—phonon vertex

electron—electron interaction
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Feynman rules: the recipe (real space and contour time)

Contribution with m interaction vertices to G(xa, xg):

@ draw all topologically inequivalent, connected diagrams starting at xg and ending at x4, with m
vertices
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Feynman rules: the recipe (real space and contour time)

Contribution with m interaction vertices to G(xa, xg):

@ draw all topologically inequivalent, connected diagrams starting at xg and ending at x4, with m
vertices

@ assign the values of the elements

© multiply by (—1)F (F = number of closed fermion loops) and by i™/2 (one factor i per interaction
line; no factor for a single-particle-potential cross)
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Feynman rules: the recipe (real space and contour time)

Contribution with m interaction vertices to G(xa, xg):

@ draw all topologically inequivalent, connected diagrams starting at xg and ending at x4, with m
vertices

@ assign the values of the elements

© multiply by (—1)F (F = number of closed fermion loops) and by i™/2 (one factor i per interaction
line; no factor for a single-particle-potential cross)

Q integrate (or sum) over all internal variables; times run along the Keldysh contour

21/74



Feynman rules in momentum / frequency space

k
B — = Gy(k)
k
AAAANAANNANANA = Dy(k)
q
bt k = g(k,q)
k+q k
————<—
' = V(g) =V(-q)
—b——<——
K —q K

momentum (and/or frequency) conservation at all vertices
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Feynman rules in momentum / frequency space

k @ momentum space: convenient for
—_—————— = Gy(k) translation invariance
k
ANANNNNANNAN- = Dy(k)
q
k
ra k = g(k,q)
k+gq k
————<—
i
1 q = Vig) =V(-q)
1
—
K —q K

momentum (and/or frequency) conservation at all vertices
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Feynman rules in momentum / frequency space

K —q K

momentum (and/or frequency) conservation at all vertices

Go(k)

Dy (k)

g(k,q)

@ momentum space: convenient for
translation invariance

o frequency space: for time independence
(equilibrium or steady state)
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Feynman rules in momentum / frequency space

K —q K

momentum (and/or frequency) conservation at all vertices

Go(k)

Dy (k)

g(k,q)

@ momentum space: convenient for
translation invariance

o frequency space: for time independence
(equilibrium or steady state)

@ the single-particle potential u is in general
not momentum conserving
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Feynman rules in momentum / frequency space

q

—
K —q K

momentum (and/or frequency) conservation at all vertices

Go(k)

Dy (k)

@ momentum space: convenient for
translation invariance

o frequency space: for time independence
(equilibrium or steady state)

@ the single-particle potential u is in general
not momentum conserving

@ mixed representations possible:
time-+momentum, frequency-+position

22/74



Self-energy

o classify diagrams for G: single-particle irreducible (1PI) = cannot be cut in two by removing one
Gy line

—————
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Self-energy

o classify diagrams for G: single-particle irreducible (1PI) = cannot be cut in two by removing one
Gy line
@ ¥ = sum of all 1P| diagrams with the two external legs amputated:

—————
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Dyson’s equation

X1 X2 x1 x3 T4 Z2

G(x1, %) = Go(x1, x2) + /dX3 dxs Go(x1,x3) (X3, Xa) G(Xa, x2)
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@ compact form: G =Gy + Go* X * G = Ggp+ G« X x Gy (*: convolution + internal sums)
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Dyson’s equation

X1 X2 x1 x3 T4 Z2

G(x1, %) = Go(x1, x2) + /dX3 dxs Go(x1,x3) (X3, Xa) G(Xa, x2)

@ compact form: G =Gy + Go* X * G = Ggp+ G« X x Gy (*: convolution + internal sums)
e formally, with [ A7 (x1, X)A(X, x2) dx = 8(x1, x2):

-1

Gl=G'-¥ << G=(G'-Y)
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Dyson’s equation

X1 X2 x1 x3 T4 Z2

G(x1, %) = Go(x1, x2) + /dX3 dxs Go(x1,x3) (X3, Xa) G(Xa, x2)

@ compact form: G =Gy + Go* X * G = Ggp+ G« X x Gy (*: convolution + internal sums)
e formally, with [ A7 (x1, X)A(X, x2) dx = 8(x1, x2):

Gl=G'-T <« G=(G'-%)7"
@ in frequency space (steady state) this becomes an algebraic matrix relation — but of course ¥ is
the hard part

24 /74



From the contour to a matrix structure

Replace the double contour by a 2 x 2 matrix structure (ya = (ta, Ca), 78 = (tg, Cg)):

G(va,v8) — é(tA, tg) = ( > (row/column = branch of 1st/2nd argument)
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From the contour to a matrix structure

Replace the double contour by a 2 x 2 matrix structure (ya = (ta, Ca), 78 = (tg, Cg)):

R G*(ta, ts)
G(va,v8) — G(ta, tg) = (row/column = branch of 1st/2nd argument)

o GT(ta,tg) = —i(T c(ta) c'(ts)) (both on C;: time-ordered)
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From the contour to a matrix structure

Replace the double contour by a 2 x 2 matrix structure (ya = (ta, Ca), 78 = (tg, Cg)):

N GT(ta,t
G(va,v8) — Clta, ts) = ( (ta, ts) GT(t . )) (row/column = branch of 1st/2nd argument)
A LB
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From the contour to a matrix structure

Replace the double contour by a 2 x 2 matrix structure (ya = (ta, Ca), 78 = (tg, Cg)):

R G (ta tg) G<(ta tg)

G(va,v8) — G(ta, tg) = GT( ) (row/column = branch of 1st/2nd argument)
ta, tg

o GT(ta,tg) = —i(T c(ta) c'(ts)) (both on C;: time-ordered)

o GT(ta, tg) = —i(T c(ta) ct(tg)) (both on G,: anti-time-ordered)

o G<(ta, tg) = —i&(cf(t8) c(ta)) (lesser; ta on Gy, tg on G)
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From the contour to a matrix structure

Replace the double contour by a 2 x 2 matrix structure (ya = (ta, Ca), 78 = (tg, Cg)):

Glonra) — Clonte) = (S (1) sl / )
, — ta, tg) = - row/column = branch of 1st/2nd argument
YA, VB A LB G>(tats) GT(ta ts) g
o GT(ta,tg) = —i(T c(ta) c'(ts)) (both on C;: time-ordered)
o GT(ta, tg) = —i(T c(ta) ct(tg)) (both on G,: anti-time-ordered)
o G<(ta, tg) = —i&(cf(t8) c(ta)) (lesser; ta on Gy, tg on G)
o G (ta, tg) = —i(c(ta) cf(tg)) (greater; ta on Gy, tg on ()

25 /74



From the contour to a matrix structure

Replace the double contour by a 2 x 2 matrix structure (ya = (ta, Ca), 78 = (tg, Cg)):

G(ya,v8) — é(tA,tB): (

GT(tA, tg

(ta tg
G<(ta, tg
G>(tA, tg

~—_ — ~— ~—

(row/column = branch of 1st/2nd argument)

GT(tA,tB) G<(tA, tB)
G>(tA7 tB) GT(l’A, tB)

—i(T c(ta) c(tg)) (both on Ci: time-ordered)
—i(T c(ta) c(t)) (both on G,: anti-time-ordered)
—i&(cf(tg) c(ta)) (lesser; ta on Cy, tg on ()
—i(c(ta) cf(tg)) (greater; ta on Gy, tg on ()

(¢ = +1 bosons, —1 fermions; the same construction applies to any two-point function)
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(Ax B)(va,78) = /Cd’Y A(va,7) B(v,78)

split into the two branches:

400 ——
o / dt A(tACA, t Cl) B(t G, tBCB) - / dt A(tACA, t CQ) B(t CQ, tBCB)

—o0 J—oo

(the minus: G runs backward)

400

o= [ athnan B, ne (b 9)

J —oo
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Contour convolutions

(Ax B)(va,78) = /CdV A(va,7) B(v,78)

split into the two branches:

+o0 +oo
:/ dt A(taCa, t C1) B(t G, tgCg) — dt A(taCa, t G3) B(t G, tgCp)

— 00 — 00

(the minus: G runs backward)
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Contour convolutions

(Ax B)(va,78) = /Cd7 A(va,7) B(v,78)

split into the two branches:

+o0 +oo
:/ dt A(taCa, t C1) B(t G, tgCg) — / dt A(taCa, t G3) B(t G, tgCp)

— 00 — 00

(the minus: G runs backward)

A L A 1 0
C(ta, tg) = dt A(ta, t) 3 B(t, tg), =1y _1

— 00
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Keldysh rotation: the RAK representation

e the four functions are linearly dependent: GT 4+ GT = G> + G<
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e the four functions are linearly dependent: GT 4+ GT = G> + G<
@ rotate to eliminate the redundancy and the 73:

A . 1 -1
G=LnGl, L:k(TO‘lﬁ):Vlé(l 1)
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Keldysh rotation: the RAK representation

e the four functions are linearly dependent: GT 4+ GT = G> + G<
@ rotate to eliminate the redundancy and the 73:

A . 1 -1
G=LnGl, L:k(TO‘lﬁ):Vlé(l 1)

@ result: upper triangular (RAK) structure

Gr GK
(5 &)
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Keldysh rotation: the RAK representation

e the four functions are linearly dependent: GT 4+ GT = G> + G<
@ rotate to eliminate the redundancy and the 73:

A : 1 -1
G=L7GL, LZ\}E(To—sz):\}E(l 1)

@ result: upper triangular (RAK) structure

G =G6T_-6=6"-G6T G6G°=6T-6"=65-G6GT GK=6<+G6G>=GT+GT
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Keldysh rotation: the RAK representation

e the four functions are linearly dependent: GT 4+ GT = G> + G<
@ rotate to eliminate the redundancy and the 73:

A . 1 -1
G=LnGl, L:x}E(TO_W):Vl?(l 1)

@ result: upper triangular (RAK) structure

retarded / advanced / Keldysh

G =G6T_-6=6"-G6T G6G°=6T-6"=65-G6GT GK=6<+G6G>=GT+GT

convolutions: C(ta,tg) = /dt A(ta, t) B(t,tg) — no 73 any morel!
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Algebra of triangular (RAK) matrices

For matrices with RAK structure (entries may themselves be matrices):

_ (b Bk _ (b bific + by, |
B= <0 ba> ) BF = ( 0 bt > (structure preserved!)
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Algebra of triangular (RAK) matrices

For matrices with RAK structure (entries may themselves be matrices):

= b, bk _ b f, b fx + bkfs |
B= <0 ba> ; BF = ( 0 baf, > (structure preserved!)
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Algebra of triangular (RAK) matrices

For matrices with RAK structure (entries may themselves be matrices):

B= <b, bK> . BF- (b,ﬁ b, fix + bea> (structure preserved!)

0 b, 0 baf,

28 /74



Algebra of triangular (RAK) matrices

For matrices with RAK structure (entries may themselves be matrices):

= br bK _ brfr ber + bea |
B= <0 ba> , BF = ( 0 baf, > (structure preserved!)

f=b"t f,=b1t

r >

befc + bxb; =0 = fic = — b L bxb;!
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Algebra of triangular (RAK) matrices

For matrices with RAK structure (entries may themselves be matrices):

B= by bk , BF = brfr brfk + bt (structure preserved!)
0 bafa

befc + bxb; =0 = fic = — b L bxb;!

these relations (related to the Langreth rules) will be used over and over

28 /74



Noninteracting Green's functions: setup

“Building blocks" of perturbation theory. Diagonal quadratic Hamiltonian:

Ho = ZEP cgcp
P
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Noninteracting Green's functions: setup

“Building blocks" of perturbation theory. Diagonal quadratic Hamiltonian:

Ho = ZEP cgcp
P

e p: complete set of quantum numbers (free particles: momentum, spin; crystal: crystal
momentum, band, spin)
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Noninteracting Green's functions: setup

“Building blocks" of perturbation theory. Diagonal quadratic Hamiltonian:

Ho = ZEP cgcp
P

e p: complete set of quantum numbers (free particles: momentum, spin; crystal: crystal
momentum, band, spin)

o free (interaction-picture) evolution:

def . _ : »
d—: = i[Ho, c;] =1iep c; = cg(t) = et cg, cp(t) =e ¢,
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Retarded and advanced components

G (pit) = =10(t) ([ cp(t), c}(0)]-¢)

30/74



Retarded and advanced components

Gg(pi t) = =10(t) {[cp(t), c}(0)]-¢) = —i0(t) e ([ o, 5] -¢)
—_———

=1
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Retarded and advanced components

Gg(pi t) = =10(t) {[cp(t), c}(0)]-¢) = —i0(t) e ([ o, 5] -¢)
—_———

=1

@ independent of the occupation / distribution!
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Retarded and advanced components

Gg(pi t) = =10(t) {[cp(t), c}(0)]-¢) = —i0(t) e ([ o, 5] -¢)
—_———

=1

@ independent of the occupation / distribution!

e Fourier transform (convergence factor § — 07):

1 1 %
Gi(pw) = ———= = Go(p,w)

Go(p,w):w_5p+15 w—¢ep—1id
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Retarded and advanced components

Gg(pi t) = =10(t) {[cp(t), c}(0)]-¢) = —i0(t) e ([ o, 5] -¢)
—_———

=1

@ independent of the occupation / distribution!

e Fourier transform (convergence factor § — 07):

1 1 %
Gi(pw) = ———= = Go(p,w)

Go(p,w):w_5p+15 w—¢ep—1id

o general quadratic Hy = Y hpp clcp:

G{w) = [(w+i)L—h ", G(w) = G(w)!

30/74



Greater and lesser components

G (pit) = —i{cp(t) ¢}(0))
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Greater and lesser components

Gy (pit) = —i{cy(t) cf(0) = —ie " m,
. ) . . )
@ occupations:  m, = (eﬁ T — f) (Bose/Fermi), my=1+&m,
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Greater and lesser components

Gy (pit) = ~i(cp(D) c}(0)) = —ieT™" m,

G (pit) = —i& <Cg(0) cp(t)) = —igeient mp

e occupations: m, = (efE—H) — €)' (Bose/Fermi),  m,=1+£&m,
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Greater and lesser components

Gy (pit) = ~i{cp(t) c}(0)) = —~ie™*m,
G (pit) = —i¢ <Cg(0) cp(t)) = —igeient mp

e occupations: m, = (efE—H) — €)' (Bose/Fermi),  m,=1+£&m,

@ Fourier transform: sharp d-peaks at w = €p,, weighted by the occupations

Gy (p,w) = —2mi §(w — &p) Mp, Gy (p,w) = —2mi §(w — p) E My
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Keldysh component and fluctuation—dissipation

Gy (pit) = Gy + G§°
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Keldysh component and fluctuation—dissipation

G(pit) = Gy + Gy = —ie " (m, +&mp) = Tt (1 4-26m,,)
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Keldysh component and fluctuation—dissipation

G(pit) = Gy + Gy = —ie " (m, +&mp) = Tt (1 4-26m,,)

exploit the d-function (m, = m(ep)):

G (pyw) = —2mid(w —ep) s(w),  s(w) = 1+26m(w), m(w) = (eP@M — &)™
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Keldysh component and fluctuation—dissipation

G(pit) = Gy + Gy = —ie " (m, +&mp) = Tt (1 4-26m,,)

exploit the d-function (m, = m(ep)):

G (pyw) = —2mid(w —ep) s(w),  s(w) = 1+26m(w), m(w) = (eP@M — &)™

with L =P 1p—i7r6(w—8p):

w—ep+i0t w—e
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Keldysh component and fluctuation—dissipation

Go (pit) = G5 + Gg* = —ie™ " (i + Emyp) = —ie™ =" (1+26m))

exploit the d-function (m, = m(ep)):

G (pyw) = —2mid(w —ep) s(w),  s(w) = 1+26m(w), m(w) = (eP@M — &)™

with o = Pty —imd(w —ep):

w—ep+i0t w—e

Fluctuation—dissipation relation (equilibrium)

G (p,w) = [ G§(p,w) — G{(p,w) ] s(w)
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Keldysh component and fluctuation—dissipation
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G (pyw) = —2mid(w —ep) s(w),  s(w) = 1+26m(w), m(w) = (eP@M — &)™

with o = Pty —imd(w —ep):
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Fluctuation—dissipation relation (equilibrium)

G (p,w) = [ G§(p,w) — G{(p,w) ] s(w)

o fermionsat T =0: s(w)=1-20(p — w) = sign(w — )
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Keldysh component and fluctuation—dissipation

Go (pit) = G5 + Gg* = —ie™ " (i + Emyp) = —ie™ =" (1+26m))

exploit the d-function (m, = m(ep)):

G (pyw) = —2mid(w —ep) s(w),  s(w) = 1+26m(w), m(w) = (eP@M — &)™

with o = Pty —imd(w —ep):

w—ep+i0t w—e

Fluctuation—dissipation relation (equilibrium)

G (p,w) = [ G§(p,w) — G{(p,w) ] s(w)

o fermionsat T =0: s(w)=1-20(p — w) = sign(w — )
e out of equilibrium GK is an independent quantity — it carries the (unknown) distribution
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Single-particle (time-dependent) potential

Noninteracting system + one-body perturbation:

W,(t) = /dFA A u(Fa, 7s, t) c'(Fa) c(7a)
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Single-particle (time-dependent) potential

Noninteracting system + one-body perturbation:
W,(t) = /dFA dri u(Fa, 7, t) ' (Fa) c(7s)
on the contour: one vertex with one incoming and one outgoing line (the cross), with

u(xa, xg) = 0(va,v8) u(ra, s, ta)

The contour d-function

defined by / dy 6(v,va)f () = f(va):
c

0(7,74) = dcca (T3) cacy O(t — ta) (=1 on G;: compensates the backward orientation)
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The cross in Keldysh space

branch (hat) representation:
(ta, tg) = u(ra, e, ta) 0(ta — tg) 73
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The cross in Keldysh space

branch (hat) representation:
(ta, tg) = u(ra, e, ta) 0(ta — tg) 73

RAK representation:

u=Lrs Lt = u(Fa, 75, ta) 0(ta — tg) Lams LT = ud(ta — tg) lovo

@ the cross is diagonal (proportional to the identity) in RAK space — but only there, not in the hat
representation!
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Diagrams with the cross: exact Dyson equation

=é

=-é = —e  + —(—X:!é

= X exact!
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=é

=-é = —e  + —(—X:!é

= X exact!

@ the only 1Pl diagram is the single cross: ¥ = u exactly — the perturbative series can be summed

@ Dyson equation (x: time convolution + spatial integration + RAK matrix product):

Q:Q0+Qo xuxG
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Diagrams with the cross: exact Dyson equation

=-é = —e  + —(—X:!é

»= X exact!
@ the only 1Pl diagram is the single cross: ¥ = u exactly — the perturbative series can be summed
@ Dyson equation (x: time convolution + spatial integration + RAK matrix product):
G = Qo + Qo xuxG

e componentwise (triangular algebra!): G" = G§ + G{* ux G",
GK = G¥ + Gix ux GK + G ux G

35/74



Summary and outlook

@ nonequilibrium: same diagrams as equilibrium, times on the Keldysh contour
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branch structure = 2 x 2 matrices; RAK rotation = triangular algebra with G", G2, G¥
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single-particle potential: ¥ = u exact
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Summary and outlook

nonequilibrium: same diagrams as equilibrium, times on the Keldysh contour

branch structure = 2 x 2 matrices; RAK rotation = triangular algebra with G", G2, G¥
equilibrium: G¥ fixed by fluctuation—dissipation; out of equilibrium: independent (the distribution)
single-particle potential: ¥ = u exact

next: steady state = Fourier transform = algebraic solution; a simple model, coupling to baths,
currents . ..

36 /74



The simplest “nonequilibrium”™ problem

Sudden (diagonal) shift of all levels at ty:

Ho:Zq,cgcp, Vz&(t—to)vacgcp
P P
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The simplest “nonequilibrium”™ problem

Sudden (diagonal) shift of all levels at ty:

Ho:Zq,cgcp, V:0(t—to)vacgcp
P P
@ assume a steady state at t — to large = Fourier transform, RAK Dyson equation with £, = v, 1:

Gy = (w —Ep—Vp +i5)_1, G,f = (G,g — G,f) s(w), s(w)=1-2f(w—p)
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The simplest “nonequilibrium”™ problem

Sudden (diagonal) shift of all levels at ty:

Ho:Zq,cgcp, Vz&(t—to)vacgcp
P

p

@ assume a steady state at t — to large = Fourier transform, RAK Dyson equation with £, = v, 1:

Gl=(w—ep—vp+i8) ",  GE=(G,—G3)s(w), s(w)=1-2f(w—p)

p
e occupations from GK: (clc,) =3 — 1[92 GX(w) = (e, + v, — 1)
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and it is wrong!

t <to exact, t >to NEGF steady state

g lv

e exact: [V, np] = 0 — occupations cannot change; the band is rigidly shifted, @/ = p+ v
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and it is wrong!

t <to exact, t >tp NEGF steady state

g lv

e exact: [V, np] = 0 — occupations cannot change; the band is rigidly shifted, @/ = p+ v

@ NEGF steady state: occupations f(e, + v, — i) — the levels are refilled down to the old
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Resolution: order of limits and (infinitesimal) dissipation

@ without dissipation there simply is no steady state in a closed system
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Resolution: order of limits and (infinitesimal) dissipation

@ without dissipation there simply is no steady state in a closed system

@ the steady-state formalism takes
t — oo first, § — 0" second

@ the id in g" acts as an artificial (infinitesimal) coupling to a bath at the original p, T: it
re-equilibrates the system on a time scale t o< 1/§

o tell-tale: the ill-defined product (g" % — g2 1) s(w) = 2i § s(w) is infinitesimal, but sandwiched
between the poles of G"--- G? it yields the finite Keldysh component

@ physical steady states require real dissipation: infinite baths — next section
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The (noninteracting) resonant level model
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The (noninteracting) resonant level model

Ho=Y epcic,+ AdTd, V="V, (c/d+d'c,)
P P

e t < tg: V =0, each region separately in equilibrium (ur, Ty / pie, Te)
@ at ty switch on V; for t — t; large: steady state (now with real dissipation: infinite bath)

@ notation: d = cp—o; start with a single lead
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Projecting Dyson's equation onto the level

G=g+gVG, g, , X0y, Vop= V="V, theonly nonzero elements
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Projecting Dyson's equation onto the level

G=g+gVG, g, , X0y, Vop= V="V, theonly nonzero elements

Gy = 0o + 0o Vop QpO
Gy = &op Vo Goo

Embedding (hybridization) self-energy
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Projecting Dyson's equation onto the level

G=g+gVG, 8, X Oppry  Vop = Vo = V,, the only nonzero elements

Goo = 8o+ 8op Vor Gpo
Gpo = &op Vo Goo

Embedding (hybridization) self-energy

Y v E : _ =i
Goo = 800 T &0 L Gy, L= Vop &p Vo = Goo = (5001 - Z)
p

exact — the only irreducible d—d diagram is x ~ x (one hop into the lead and back)
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Retarded component: shift and broadening

Ggo(w) = (w —A+i0" — Z Vg ggp(w)) -
P
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Retarded component: shift and broadening

Ggo(w) = (w —A+i0" — Z Vg glgp(w))i1
P

with (V,, = V for simplicity)

w—¢&p

1 . )
Y e VY P s e = R T
P P —

pr(w)

42/74



Retarded component: shift and broadening

Ggo(w) = (w —A+i0" — Z Vg glgp(w))i1
p

with (V,, = V for simplicity)

1 . )
Y g = VI P VS - 5) = R - T
p p —_—

w—¢p
pr(w)

1

Col) = TTE@) A i)’

E(w) = A+ Ri(w), M (w) =7V2p(w) >0
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Retarded component: shift and broadening

Ggo(w) = (w —A+i0" — Z Vg glgp(w))i1
P

with (V,, = V for simplicity)

1 . )
Y g = VI P VS - 5) = R - T
p p —_—

w—¢p
pr(w)

1
w—E(w)+il(w)’

Ggo(w) = Ew)=A+R(w), Ti(w)=rVp(w)>0

@ Ry: shift of the level; T, : broadening — the level acquires a finite lifetime by escaping into the
bath
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Retarded component: shift and broadening

Ggo(w) = (w —A+i0" — Z Vg glgp(w))i1
p

with (V,, = V for simplicity)

w—¢&p

1 . )
Y g = VI P VS - 5) = R - T
p p —_—

pr(w)

1

Col) = TTE@) A i)’

E(w) = A+ Ri(w), M (w) =7V2p(w) >0

@ Ry: shift of the level; T, : broadening — the level acquires a finite lifetime by escaping into the
bath

@ spectral function Ag = —% Im G§y: Lorentzian-like peak at E, width ',
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Keldysh component: who dictates the distribution?

Gls = Goo (T~ (o)) Gao with  (g,)" =2i0" 5(w)
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° (5&)1)'( is infinitesimal and can be dropped whenever ¥ ¥ has a finite imaginary part (I, > 0): the
initial pe, T, of the level drop out of the steady state

@ physically obvious: a single level coupled to an infinite bath — contrast with Sec. 8!

Result (single bath = equilibrium at p, T;)

Goo(w) = —2iT1 |Ggol* se(w) = (Ggo — Ggo) sL(w),  su(w) =1~ 2f(w, e, Te)
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Keldysh component: who dictates the distribution?

Gls = Goo (T~ (o)) Gao with  (g,)" =2i0" 5(w)

° (5&)1)'( is infinitesimal and can be dropped whenever ¥ ¥ has a finite imaginary part (I, > 0): the
initial pe, T, of the level drop out of the steady state

@ physically obvious: a single level coupled to an infinite bath — contrast with Sec. 8!

Result (single bath = equilibrium at p, T;)

Goo(w) = —2iT1 |Ggol* se(w) = (Ggo — Ggo) sL(w),  su(w) =1~ 2f(w, e, Te)

the level inherits the distribution of the bath: this was in fact an equilibrium problem

43/74



Occupation of the level

1 i dw
fa_+ 1 [fdw g
(d d>*2 2/27r Goo(w)
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Occupation of the level

(dd) = % - %/g—: GE(w) = /dw Ago(w) f(w)
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Occupation of the level

(dd) = % - %/g—: GE(w) = /dw Ago(w) f(w)

e wide-band limit ([, =T, E = A constants), T =0:

1 M Mdw 1 1 w—A
(d'd) W/oo(w—A)errz 2+7rarcan r
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Do we ever get true steady-state nonequilibrium?

@ one bath: the central region simply equilibrates with it (x;, T;) — an equilibrium problem in
disguise

45 /74



Do we ever get true steady-state nonequilibrium?

@ one bath: the central region simply equilibrates with it (x;, T;) — an equilibrium problem in
disguise

@ yes: with two or more infinite reservoirs at different 1, T a current flows forever

45 /74



Do we ever get true steady-state nonequilibrium?

@ one bath: the central region simply equilibrates with it (x;, T;) — an equilibrium problem in
disguise
@ yes: with two or more infinite reservoirs at different 1, T a current flows forever

o formally trivial extension: p<0€ L, p>0€R
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Do we ever get true steady-state nonequilibrium?

@ one bath: the central region simply equilibrates with it (x;, T;) — an equilibrium problem in
disguise

yes: with two or more infinite reservoirs at different p, T a current flows forever

formally trivial extension: p<0€ L, p>0€R

i:il_"'i[?v ia:ZVOpgppva

pEQ

o retarded: as before with E(w) =A+ 3" R, T(w)=>,Ta

Goo(w) = (w — E(w) +1i r(w))_l (total DOS enters)
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Keldysh component: a distribution that is none

Gos = 1Ggo” Y (<2iTa(w)sa(w)),  Salw) =1=2f(w, fta, Ta)
a=L,R
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Keldysh component: a distribution that is none

Gos = 1Ggo” Y (<2iTa(w)sa(w)),  Salw) =1=2f(w, fta, Ta)
a=L,R

can be recast in pseudo-equilibrium form:

G(ff)(w) - (Goro - Goao) Sav (W), Sav(w) = Mo SL(T_)z i Ir_’; sr(w) J
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Keldysh component: a distribution that is none

Gos = 1Ggo” Y (<2iTa(w)sa(w)),  Salw) =1=2f(w, fta, Ta)
a=L,R

can be recast in pseudo-equilibrium form:

7 FL si(w) + FR Sr(w
GlS(w) = (Gho — G&o) sau(W),  savlw) = L2l + Lrorle)
M +Tr

@ the weighted s,, does not correspond to any equilibrium piay, Tay: genuine nonequilibrium
(double-step distribution at T = 0)
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Current through the level

current leaving bath L: iL = —e NL = —ie Zp<0 V, (cgcp — cgco)
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Current through the level
current leaving bath L: iL = —e IAVL = —ie Zp<0 V, (cgcp — cgco)

dw
I, = eZ V, Re Ggo(t=0) = e/ 5 Z V,, Re Ggj(w)

p<0 p<0
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Current through the level

current leaving bath L: iL = —e IAVL = —ie Zp<0 V, (cgcp — cgco)
IL=e) V,ReG(t=0)=e d—wZv Re G& (w)
P Op o P Op
p<0 p<0

with Gy, = GooVo,g, and (AB)K = A"BK + AKB2:

>V, G = Ggo (—2iT1) s+ (Ggo — GGo) (RL+1TL) say

p<0
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Current through the level

current leaving bath L: iL = —e NL = —ie Zp<0 V, (cgcp — cgco)

dw
I, = eZ V, Re Ggo(t=0) = e/ 5 Z V,, Re Ggj(w)

p<0 p<0

with Gy, = GooVo,g, and (AB)K = A"BK + AKB2:

>V, G = Ggo (—2iT1) s+ (Ggo — GGo) (RL+1TL) say

p<0

collecting real parts:
e

I /dw ML Im Ggo (sL— Sav)

™
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Landauer-type formula

using S| — Sav = F?R(SL_SR)y Sa = 1_2fav Im G(gO = _r|GOrO‘2:
2e e
hh=— [dwliTr |Geo|” (F — fz) = Z/dw T(w) (fo — fr)

transmission T(w) = 4T Tr|G§l? <1

transport window

HUR KL w
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Landauer-type formula

using S| — Sav = F?R(SL_SR)y Sa = 1_2fav Im G(gO = _r|G(§O‘2:
2e 2 e
== [ dw T, Tr|Gg| (f—fr) = —/dw T(w) (f. — fr)
s 2w
transmission T(w) = 4T Tr|G§l? <1
transport window o Ir: exchange L <+ R = I = —Ig (current
fro(w ; | conservation)
fr(w) | i
M‘R H‘L w
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Landauer-type formula

USINg S| — Say = E(SL — SR), Sa =1—2f,, Im Gy = —T|Gf|%:
2e 2 e
== [ dw T, Tr|Gg| (f—fr) = —/dw T(w) (f. — fr)
71' 2T
transmission T(w) = 4T Tr|G§l? <1
transport window o Ig: exchange L <> R = I = —Ig (current
fr(w ! ! conservation)
fr(w) i i @ integrand = occupation difference X joint
1 1 DOS x transmission; only the transport
l l window [ug, pir] contributes at T =0
M‘R M‘L w
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Interacting dot: single-impurity Anderson model
central region with e—e interaction U (quantum dot), spinful:

H0225pcgacpg+sd2didg, ca=0—Y,
p,o o

V= Z V; (o ds + df o), Hy = U ngy ngy
p,o
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Interacting dot: single-impurity Anderson model

central region with e—e interaction U (quantum dot), spinful:

Hozz:q,cgacpa—i—stdido, ed:A—%,
p,o o

V= Z V; (o ds + df o), Hy = U ngy ngy
p,o

@ produces Coulomb blockade and (beyond today) the Kondo effect
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Interacting dot: single-impurity Anderson model

central region with e—e interaction U (quantum dot), spinful:

Hozz:EpcchpU—i—stdido, ed:A—%,
p,o o

V= Z V; (o ds + df o), Hy = U ngy ngy
p,o

@ produces Coulomb blockade and (beyond today) the Kondo effect

o diagrams: U attaches only to d; V|, only connects ¢ with d = distinguish d- and c-lines

49 /74



Hubbard-I / cluster-perturbation idea

d—d self-energy i = diagrams that cannot be cut at a d-line:
2 ~ X X + @
Z(U:/Q) = VOp KpO
X(V=0): zﬁf pure-U diagrams (atomic limit, exact)
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2 X
2(U=0) = Vo9 Voo
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o X (U=0) = 2o Mopgpplpo: the embedding self-energy (exact for U = 0)
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Hubbard-I / cluster-perturbation idea

d—d self-energy i = diagrams that cannot be cut at a d-line:

Sx X

2(U=0) = Vo9 Voo
X(V=0): zﬁfpure—U diagrams (atomic limit, exact)

X+

o X (U=0) = 2o MOpgppr: the embedding self-energy (exact for U = 0)

° i(Vzo): all pure-U diagrams = exactly solvable atomic problem

e Hubbard-I approximation: ¥ ~ ¥(V=0) + ¥(U=0)
(first neglected diagram mixes V' and U; many levels: cluster perturbation theory)

50 /74



The atomic problem by equations of motion

Hat = 24 Y5 Mo + Unarnay;  g"(t) = —i6()({dy(t), df})
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The atomic problem by equations of motion

Hat = 24 Y5 Mo + Unarnay;  g"(t) = —i6()({dy(t), df})
0 i0:g" =6(t) +eqg + Ug®,  g@(t) = —i0(t)({ng dr(t), d;})

o [H,ngy] =0 and nj = nqy = the hierarchy closes: g®)(w) = _na)
W —&q — U

Atomic Green's function: two Hubbard poles

) 1 —(ngy)
w—A—% w—A—|—%

gn(w) = (w— w+i0T)

(ga_tl)’< o 0% (poles only): negligible, as in the noninteracting case
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Coupling to the leads: split and broadened peaks

Goo = (830~ E(V=0) - £(U=0)) = G = (ghw)™ ~ R(w) +iM(w))
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Coupling to the leads: split and broadened peaks
Goo = (830~ E(V=0) - £(U=0)) = G = (ghw)™ ~ R(w) +iM(w))

for R, < U, near the pole at A + %:

(ny)

G, ~
dd w—A—%—R(nJ)—i—iI—(nQ

(shifted and broadened, weight (n,))

I'(1—(n,)) blockade
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Current and Coulomb blockade

Keldysh component and current: as in the noninteracting case (the dot contribution to ¥ is
infinitesimal; only the leads enter):

M ,00 /)0
G = (Gly— Go) smlw), [ / dw Aga(w) LLPR (T = )
e pPL+ PR
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Current and Coulomb blockade

Keldysh component and current: as in the noninteracting case (the dot contribution to ¥ is

infinitesimal; only the leads enter):

KL
r a PLP
Gag = (Gda = Ga) sav(w), / 0</ dw Aga(w) oL Ro
w

r pPLt PR

@ all interaction effects enter through Agg = —% Im G},
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Keldysh component and current: as in the noninteracting case (the dot contribution to ¥ is
infinitesimal; only the leads enter):

K M ,00 pO
G = (Gly— Go) smlw), [ / dw Aga(w) LLPR (T = )
e PLt+ PR

@ all interaction effects enter through Agg = —% Im G},

o tunneling regime (I small): current flows only when a Hubbard peak A % lies inside the
transport window — otherwise Coulomb blockade (e, = gate voltage sweeps the peaks through)
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Current and Coulomb blockade

Keldysh component and current: as in the noninteracting case (the dot contribution to ¥ is
infinitesimal; only the leads enter):

K M ,00 pO
G = (Gly— Go) smlw), [ / dw Aga(w) LLPR (T = )
e PLt+ PR

@ all interaction effects enter through Agg = —% Im G},

o tunneling regime (I small): current flows only when a Hubbard peak A % lies inside the
transport window — otherwise Coulomb blockade (e, = gate voltage sweeps the peaks through)

e self-consistency: (n) from Gf
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Beyond the steady state: quantum quench

Central region (N levels, H = cfec, ¢ = (c1,...,cn)T) suddenly coupled to baths at t = 0:
V(t) = V()
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Beyond the steady state: quantum quench

Central region (N levels, H = cfec, ¢ = (c1,...,cn)T) suddenly coupled to baths at t = 0:
V(t) = V()
@ no time-translation invariance: work in the time domain

(Ao B)(t1, 1) = /th(tl, t)B(t,t2), I(ti,t2) =6(t1 — ), AocAl=1
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Beyond the steady state: quantum quench

Central region (N levels, H = cfec, ¢ = (c1,...,cn)T) suddenly coupled to baths at t = 0:
V(t) = V()

@ no time-translation invariance: work in the time domain
(Ao B)(t1, 1) = /th(tl, t)B(t,t2), I(ti,t2) =6(t1 — ), AocAl=1
@ Dyson (left and right), retarded component:

G=gt+goToG=g+GoTog, gloG=I+%0G
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Beyond the steady state: quantum quench

Central region (N levels, H = cfec, ¢ = (c1,...,cn)T) suddenly coupled to baths at t = 0:
V(t) = V()

@ no time-translation invariance: work in the time domain
(Ao B)(t1,t2) = /th(tl, t)B(t,t2), I(ti,t2) =6(t1 — ), AocAl=1
@ Dyson (left and right), retarded component:
G=g+goXoG=g+GoXog, gloG=I+%0G,

o Y = embedding (hybridization) self-energy of the baths, no interactions here
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Unperturbed retarded Green's function

g (t1, ) = —i0(t; — t2) ({c(t1),c'(t2)}); equation of motion (¢ = i[H, c] = —ie(t) ¢):

08 = —13(ty — &) + 0(ts — &) ({[H(t2), c(t2)], ' (&2)})
= —id(ty — t) —ie(tr) & (t1. t2)
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g (t1, ) = —i0(t; — t2) ({c(t1),c'(t2)}); equation of motion (¢ = i[H, c] = —ie(t) ¢):

08 = —13(ty — &) + 0(ts — &) ({[H(t2), c(t2)], ' (&2)})
= —id(ty — t) —ie(tr) & (t1. t2)

(104 —e(t)) g (t, ) =6(ti—t) | = g '(t1,0) = (104 —e(t1))d(t1 — 1)
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Unperturbed retarded Green's function

g (t1, ) = —i0(t; — t2) ({c(t1),c'(t2)}); equation of motion (¢ = i[H, c] = —ie(t) ¢):

08 = —13(ty — &) + 0(ts — &) ({[H(t2), c(t2)], ' (&2)})
= —id(ty — t) —ie(tr) & (t1. t2)

(104 —e(t)) g (t, ) =6(ti—t) | = g '(t1,0) = (104 —e(t1))d(t1 — 1)

solution (initial condition g,(t;", t1) = —i):

t; .
g (t, 1) = —i0(t; — to) Texp(—i/ a(t)dt) S (1 — ty) e (0 R)
tr
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Retarded G, after the quench: piecewise

Bath self-energy switched on at 0:  X(t1,t) = 0(t1)0(t2) X(t1 — t2)
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Bath self-energy switched on at 0:  X(t1, %) = 6(t1)0(t2) (t1 — to)
@ both ty,t; > 0: everything time-translation invariant = Fourier/Laplace (z = w +i0™)

G(2) = (g(2) 1 = 5(2) = (z e = 5(2)
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G(2) = (g(2) 1 = 5(2) = (z e = 5(2)

@ both t1,t, < 0: G, = g, (bath still off)
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Retarded G, after the quench: piecewise

Bath self-energy switched on at 0:  X(t1, %) = 6(t1)0(t2) (t1 — to)
@ both ty,t; > 0: everything time-translation invariant = Fourier/Laplace (z = w +i0™)

G(2) = (g(2) 1 = 5(2) = (z e = 5(2)

@ both t1,t, < 0: G, = g, (bath still off)

@ mixed t; > 0 > t,: integro-differential equation = composition rule

G/(t1, ) =1G,(t1,0) g-(0, t2), G/ (t1,t3) =1G,(t1, ) G, (2, 13) (t1 >t >13)
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Retarded G, after the quench: piecewise

Bath self-energy switched on at 0:  X(t1, %) = 6(t1)0(t2) (t1 — to)
@ both ty,t; > 0: everything time-translation invariant = Fourier/Laplace (z = w +i0™)
- _ = —1 = —1
G (2) = (g(2) 1 Y.(2)) T =(z—e-%.(2)

@ both t1,t, < 0: G, = g, (bath still off)

@ mixed t; > 0 > t,: integro-differential equation = composition rule
Gr(tl, tz) =i Gr(tl, 0) g,(O, tz), G,(tl, t3) =i G,(tl, tz) G,(tz, t3) (tl >t > t3)

o G,(t1, ) = G/(to, t1)T
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Retarded G, after the quench: piecewise

Bath self-energy switched on at 0:  X(t1, %) = 6(t1)0(t2) (t1 — to)
@ both ty,t; > 0: everything time-translation invariant = Fourier/Laplace (z = w +i0™)
- _ = —1 = —1
G (2) = (g(2) 1 Y.(2)) T =(z—e-%.(2)

@ both t1,t, < 0: G, = g, (bath still off)

@ mixed t; > 0 > t,: integro-differential equation = composition rule
Gr(tl, tz) =i Gr(tl, 0) g,(O, tz), G,(tl, t3) =i G,(tl, tz) G,(tz, t3) (tl >t > t3)

o Gy(t1, 1) = G/(to, t1)T
Ex. 9.1: time-dependent G, for a bath with a Lorentzian DOS.
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Keldysh component: propagating the first time

Keldysh components of the two Dyson equations (neglecting g, *):

G loGi=%40G,  GioG'l=Gox,
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Keldysh component: propagating the first time

Keldysh components of the two Dyson equations (neglecting g, *):
G loGi=%40G,  GioG'l=Gox,

first one at t; > 0, t, = 0: the r.h.s. [ dts 4(t1, t3)G,(t3,0) vanishes (G, = t3 < 0, but then ¥, = 0),
leaving a homogeneous equation

(iatl — 6) Gk(tl,O) — / dtz i,(tl, tg) Gk(tg, 0) =0
0
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Keldysh component: propagating the first time

Keldysh components of the two Dyson equations (neglecting g, *):
G loGi=%40G,  GioG'l=Gox,

first one at t; > 0, t = 0: the r.h.s. [dt3 ik(tl, t3) G4(t3,0) vanishes (G, = t3 < 0, but then Y= 0),
leaving a homogeneous equation

(iatl — 6) Gk(tl,O) — / dts i,(tl, t3) Gk(tg, 0) =0
0

Gk(t’ 0) = iGr(t’O) gk(o’ 0) = Gr(t70) (1 - 2”0), gk(ov 0) = 71(1 - 2”0) J

gx(0,0) = Gk(0,0) since V =0 for t < 0; np = initial occupation (matrix).
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Keldysh component: propagating the second time

Propagate the second argument via the second Dyson equation (take h.c. and use GI = G,):

%]

(iatl — 8) GZ(tl, l'2) — / dt3 i,(fl, f3) GZ(tg, l'2) = / dt3 ii(tl, 1'3)65,,(1.'37 tz)
0 0

h(tl,tz)
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Keldysh component: propagating the second time

Propagate the second argument via the second Dyson equation (take h.c. and use GI = G,):

%]

(iatl — 6) GZ(tl, l'2) — / dtg i,(fl, f3) GZ(tg, l'2) = / dt3 ii(tl, 1'3)65,,(1.'37 tz)
0 0

h(tl,tz)

now inhomogeneous (t; > t, > 0: the r.h.s. survives); solving and combining with G(t,0):

Ge(tr, t2) = 1 Gi(t1,0) (1 — 2n0) Gy(t2,0 / dt; / dts G, (11— ta) Sh(ts—ts) G (tr—t3)'
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Keldysh component: propagating the second time

Propagate the second argument via the second Dyson equation (take h.c. and use GI = G,):

%]

(iatl — 6) GZ(tl, l'2) — / dtg i,(tl, f3) GZ(t3, l'2) = / dt3 ii(tl, 1'3)63(1.'37 tz)
0 0

h(tl,tz)

now inhomogeneous (t; > t, > 0: the r.h.s. survives); solving and combining with G(t,0):

G(t1, t2) = —1G,(t1,0) (1 — 2no) G, (t2,0 /dt3/ dts G,(ti—ta) Sa(ta—ts) Gi(ta—t5)'

o first term: memory of the initial state;  double integral: fed by the baths
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Wide-band limit and the relaxing occupation

Go(t) = —if(t)e =Tt T(t) = =2

Ex. 9.2, Ex. 9.3: verify these two Fourier transforms.
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Wide-band limit and the relaxing occupation

. = 2ra —ipa
Go(t) = —i0(t)e it Tt T (t) = -2 C

Ex. 9.2, Ex. 9.3: verify these two Fourier transforms.

Time-dependent occupation (—i(1 — 2n(t)) = Gk(t, t))

t t -
Gi(t,t) = _ie—2rt(1 — 2n0) +e—2rt/ dt3/ dt, er(t3+t4)eis(t4—t3)zzka(t4_t3)
—_— 0 0 >

initial occupation, decays as e~ 2t
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Wide-band limit and the relaxing occupation

. = 2ra —ipa
Go(t) = —i0(t)e it Tt T (t) = -2 C

Ex. 9.2, Ex. 9.3: verify these two Fourier transforms.

Time-dependent occupation (—i(1 — 2n(t)) = Gk(t, t))

t t -
Gi(t,t) = _ie—2rt(1 — 2n0) +e—2rt/ dt3/ dt, er(t3+t4)eis(t4—t3)zzka(t4_t3)
—_— 0 0 >

initial occupation, decays as e~ 2t

@ memory decays at rate 2I'; baths impose the steady-state occupation — dissipation makes the
steady state meaningful (cf. Secs. 8-9)
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Further reading

Foundations Schwinger (1961); Keldysh (1964); Kadanoff & Baym, Quantum Statistical Mechanics (1962);
Martin & Schwinger (1959).

Reviews / textbooks Rammer & Smith, Rev. Mod. Phys. 58, 323 (1986); Haug & Jauho, Quantum Kinetics. . .
(Springer, 2008); Rammer, QFT of Non-equilibrium States (2007); Stefanucci & van Leeuwen,
Nonequilibrium Many-Body Theory (2013).

Equilibrium diagrammatics Wick (1950); Dyson (1949); Fetter & Walecka (1971); Mahan (2000); Langreth
(1976).

Quantum transport Caroli et al. (1971); Meir & Wingreen, PRL 68, 2512 (1992); Jauho, Wingreen & Meir,
PRB 50, 5528 (1994).

Interacting dot / quench Anderson (1961); Hubbard (1963); Meir, Wingreen & Lee (1991); Balzer & Potthoff
(2011); Stefanucci & Almbladh (2004); Cini (1980).

(full citations in the lecture-notes bibliography)
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Beyond the single-particle potential: genuine vertices

@ so far: the cross u — one incoming, one outgoing leg, u o< 1 (Sec. 7)

61/74



Beyond the single-particle potential: genuine vertices

@ so far: the cross u — one incoming, one outgoing leg, u o< 1 (Sec. 7)

@ now: multi-leg contact vertices — electron—phonon (g, 3 legs) and, built from it, an effective
contact electron—electron vertex (U, 4 legs)
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@ now: multi-leg contact vertices — electron—phonon (g, 3 legs) and, built from it, an effective
contact electron—electron vertex (U, 4 legs)

@ goal: their representation in Keldysh (branch) and RAK space — needed for diagrammatic
corrections beyond Hartree—Fock / Hubbard-I (Sec. 11), and for the collision integral of the
Boltzmann equation (Sec. 14)
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Beyond the single-particle potential: genuine vertices

@ so far: the cross u — one incoming, one outgoing leg, u o< 1 (Sec. 7)

@ now: multi-leg contact vertices — electron—phonon (g, 3 legs) and, built from it, an effective
contact electron—electron vertex (U, 4 legs)

@ goal: their representation in Keldysh (branch) and RAK space — needed for diagrammatic
corrections beyond Hartree—Fock / Hubbard-I (Sec. 11), and for the collision integral of the
Boltzmann equation (Sec. 14)

@ cf. Rammer and Smith, Rev. Mod. Phys. 58, 323 (1986); the general classical/quantum vertex
structure is discussed systematically by Kamenev, Les Houches lecture notes (2005)
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The electron—phonon vertex on the contour

We, = / dx dxed%s (X)) c(%) p(X3) g(X1, %, %3),  pe{b, b'}
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The electron—phonon vertex on the contour

Wep = / d%1d%d%s ¢l (%) c(%) p(%) g(%1, %, %3),  p € {b, b1}
inserting Se, = [ dy Wep(v) and forcing all three legs to the same contour time (three contour deltas,

as for u in Sec. 7):
g(x1,x2,x3) = (11 —13) (72 — 13) 8(%1, %2, X3)
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The electron—phonon vertex on the contour

We, = / dx dxed%s (X)) c(%) p(X3) g(X1, %, %3),  pe{b, b'}

inserting Se, = [ dy Wep(y) and forcing all three legs to the same contour time (three contour deltas,
as for u in Sec. 7):

g(x1,x2,x3) = 0(71 — 73) 6(72 — 73) (X1, X2, X3)

@ a genuine 3-point contact vertex: nonzero only when all three contour times coincide
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Branch representation: all three legs on the same branch

Splitting [ dy =", 1 [ dt (Sec. 5) and reading off the branch indices of a diagram built with g:

pA/ L —
Viine = Onyma O
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Branch representation: all three legs on the same branch

Splitting [ dy =", 1 [ dt (Sec. 5) and reading off the branch indices of a diagram built with g:

U] —
Ve = T 5771772 57]2773

@ all three branch indices forced equal, 1 =m =m3 =17
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Branch representation: all three legs on the same branch

Splitting [ dy =", 1 [ dt (Sec. 5) and reading off the branch indices of a diagram built with g:

U] —
Ve = T 5771772 57]2773

@ all three branch indices forced equal, 1 =m =m3 =17

e extra factor ) = (73),, = £1 from the measure — exactly the same mechanism as the single 73 of

the contour delta function, Sec. 7
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RAK representation: a selection rule

Rotating each leg with L (as for G = L3GLT) and summing over the shared branch index 7 explicitly (a
finite 2 X 2 computation, done in the notes):

5 _ & J1 anodd number of A, B, C equal 1,
ABC = NG

0 an even number of A, B, C equal 1,

with A, B, C € {1,2} the RAK legs of the two electron lines and the phonon line.
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RAK representation: a selection rule

Rotating each leg with L (as for G = L3GLT) and summing over the shared branch index 7 explicitly (a
finite 2 X 2 computation, done in the notes):

VaBc

g

V2

{

1
0

an odd number of A, B, C equal 1,
an even number of A, B, C equal 1,

with A, B, C € {1,2} the RAK legs of the two electron lines and the phonon line.

@ a causality/selection rule: not all combinations of r/a-type (= 1) and K-type (= 2) legs are

allowed at a vertex
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RAK representation: a selection rule

Rotating each leg with L (as for G = L3GLT) and summing over the shared branch index 7 explicitly (a
finite 2 X 2 computation, done in the notes):

5 _ & J1 anodd number of A, B, C equal 1,
ABC = NG

0 an even number of A, B, C equal 1,

with A, B, C € {1,2} the RAK legs of the two electron lines and the phonon line.

@ a causality/selection rule: not all combinations of r/a-type (= 1) and K-type (= 2) legs are
allowed at a vertex

@ structurally the same phenomenon as the general “odd number of quantum legs” vertex theorem
(Kamenev; different bosonic convention there, same physics)
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Contact electron—electron vertex from phonon exchange

Glue two electron—phonon vertices with a contact (frequency independent) phonon line, D = Dy1 (no
genuine K component — same structure as g!):

Dy
Ug, a,84, = 70 [581A2 oy + (1 —0pa,)(1 — 5B;A§)]

electron-phonon vertex g(z1, 72, 23) coptact clcctrolkg“zl%ctron vertex
TA rB
z1 Z2
é (D — contact) U(za,p,2c,7D)
o zc zp
TC D
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Contact electron—electron vertex from phonon exchange

Glue two electron—phonon vertices with a contact (frequency independent) phonon line, D = Dy1 (no

genuine K component — same structure as g!):

D,
Ug, a,84, = 70 [581A2 oy + (1 —0pa,)(1 — 5B;A§)]

electron-phonon vertex g(z1, 72, 23) coptact clcctrolkg“zl%ctron vertex
TA rB
z1 Z2
é (D — contact) U(za,p,2c,7D)
o zc zp
zc D

@ nonzero only when the two electron pairs are both “diagonal” (Bi=A; and B{=Aj}) or both
“off-diagonal”
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Contact electron—electron vertex from phonon exchange

Glue two electron—phonon vertices with a contact (frequency independent) phonon line, D = Dy1 (no
genuine K component — same structure as g!):

Dy
Ug, a,84, = 70 [581A2 oy + (1 —0pa,)(1 — 5B;A§)]

electron-phonon vertex g(z1, 72, 23) coptact clcctrolkg“zl%ctron vertex
TA rB
z1 Z2
é (D — contact) U(za,p,2c,7D)
o zc zp
zc D

@ nonzero only when the two electron pairs are both “diagonal” (Bi=A; and B{=Aj}) or both
“off-diagonal”

o the effective, instantaneous (U-type) interaction used in the Hubbard-I treatment of Sec. 11 is a
special case of exactly this vertex
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Contact electron—electron vertex from phonon exchange

Glue two electron—phonon vertices with a contact (frequency independent) phonon line, D = Dy1 (no
genuine K component — same structure as g!):

D,
Ug, a,84, = 70 [581A2 oy + (1 —0pa,)(1 — 5B;A§)]

electron-phonon vertex g(z1, 72, 23) coptact clcctrolkg“zl%ctron vertex
TA rB
z1 Z2
é (D — contact) U(za,p,2c,7D)
o zc zp
zc D

@ nonzero only when the two electron pairs are both “diagonal” (Bi=A; and B{=Aj}) or both

“off-diagonal”
o the effective, instantaneous (U-type) interaction used in the Hubbard-I treatment of Sec. 11 is a

special case of exactly this vertex
@ outlook: dressing G with this vertex beyond Hartree—Fock/Hubbard-I generates the collision

integral of the quantum Boltzmann equation, Sec. 14
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The classical Boltzmann equation

Distribution function f(ﬁ, p,t): fd3Rd3p = number of particles in the phase-space volume element at
time t

@ equilibrium, homogeneous system: f = f¢(cp)
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Distribution function f(ﬁ, p,t): fd3Rd3p = number of particles in the phase-space volume element at
time t

@ equilibrium, homogeneous system: f = f¢(cp)

@ quantum system: AR, AP cannot be infinitesimal, must be coarse-grained, ARAP > h
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The classical Boltzmann equation

Distribution function f(ﬁ, p,t): fd3Rd3p = number of particles in the phase-space volume element at
time t

@ equilibrium, homogeneous system: f = f¢(cp)
@ quantum system: AR, AP cannot be infinitesimal, must be coarse-grained, ARAP > h
o semiclassical equations of motion in a potential U(R, t):

-

p=F=-VgU, R=V=V,e(p)
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The classical Boltzmann equation

Distribution function f(ﬁ, p,t): fd3Rd3p = number of particles in the phase-space volume element at
time t

@ equilibrium, homogeneous system: f = f¢(cp)
@ quantum system: AR, AP cannot be infinitesimal, must be coarse-grained, ARAP > h
o semiclassical equations of motion in a potential U(R, t):

p=F=-VgU, R=V=V,e(p)

@ without scattering: f(ﬁ7 p,t) = (/3 — VAt,p— FAt, t — At) = to linear order,
V-Virf+F -V,f+8f=0
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The classical Boltzmann equation

—

Distribution function f(R, p,t): fd3Rd3p = number of particles in the phase-space volume element at
time t

@ equilibrium, homogeneous system: f = f¢(cp)
@ quantum system: AR, AP cannot be infinitesimal, must be coarse-grained, ARAP > h

o semiclassical equations of motion in a potential U(R, t):
p=F=-VgU, R=V=V,e(p)

@ without scattering: f(ﬁ7 p,t) = f(/? — VAt,p— FAt, t — At) = to linear order,
V-VRf+F-Vf +0,f =0
o with scattering, (Af)s = (9f/0t)s At:

- R of of
v Vef+F -Vf+— = (%
V- VRV +3t (ar)s
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Strategy: derive it from NEGF

@ goal: derive the Boltzmann equation (and its scattering term) from the exact Dyson equation —
and see under which conditions, and in which approximation, it holds
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Strategy: derive it from NEGF

@ goal: derive the Boltzmann equation (and its scattering term) from the exact Dyson equation —
and see under which conditions, and in which approximation, it holds

o follows Haug and Jauho, Quantum Kinetics... (2008) (with minor differences); see also Rammer
and Smith (1986)
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Strategy: derive it from NEGF

@ goal: derive the Boltzmann equation (and its scattering term) from the exact Dyson equation —
and see under which conditions, and in which approximation, it holds

o follows Haug and Jauho, Quantum Kinetics... (2008) (with minor differences); see also Rammer
and Smith (1986)

@ route: Dyson equation — generalized Kadanoff~-Baym equation — Wigner transform and gradient
expansion — quasiparticle approximation — Boltzmann equation with an explicit collision integral
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From Dyson's equation to the GKB equation

Split the self-energy into an external potential U and the rest X (all products are contour convolutions):

CG=G+G(X+U)G = (G'-U)G=1+%G
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From Dyson's equation to the GKB equation

Split the self-energy into an external potential U and the rest X (all products are contour convolutions):
CG=G+G(X+U)G = (G'-U)G=1+%G

Retarded component: (GJ™* — U —X")G" = 1.
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From Dyson's equation to the GKB equation

Split the self-energy into an external potential U and the rest X (all products are contour convolutions):
CG=G+G(X+U)G = (G'-U)G=1+%G
Retarded component: (G5~* — U — ¥")G" = 1. Keldysh component, using GX~! = 0 (Sec. 6):

(G- U)GK + (Gt - UG =Tr6K + xKG?
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From Dyson's equation to the GKB equation

Split the self-energy into an external potential U and the rest X (all products are contour convolutions):
CG=G+G(X+U)G = (G'-U)G=1+%G
Retarded component: (G5~* — U — ¥")G" = 1. Keldysh component, using GX~! = 0 (Sec. 6):
(G = U)GK+ (Gt —u)6* =56  +TFG?

Subtracting the analogous “right” Dyson equation G = Gy + GX Gy:

(G ' —U, G"] =26l +xr6* - ¢'£" - 6"¥?

the generalized Kadanoff-Baym (GKB) equation — exact, not yet restricted to any gradient expansion.
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Wigner coordinates and the Moyal product

Center-of-mass / relative coordinates:

X=1x+x)=(T,R), x=x—x=(tF)
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Wigner coordinates and the Moyal product

Center-of-mass / relative coordinates:

X=1x+x)=(T,R), x=x—x=(tF)

—

Fourier transform in the relative coordinate, P = (w, p)

C(P,X) = /d4x PXC(X+35,X-3%)
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Wigner coordinates and the Moyal product
Center-of-mass / relative coordinates:

X=1x+x)=(T,R), x=x—x=(tF)

Fourier transform in the relative coordinate, P = (w, p):

C(P,X) = /d4x PC(X+35,X-3)

A convolution C = AB becomes, exactly,

N n R - - -
C(P,X) = A(P,X) MI(P, X) B(P, X), M:exp(l(ax-ap—apﬁx)

2

)
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Wigner coordinates and the Moyal product
Center-of-mass / relative coordinates:

X=1x+x)=(T,R), x=x—x=(tF)

Fourier transform in the relative coordinate, P = (w, p):

C(P,X) = /d4x PC(X+35,X-3)

A convolution C = AB becomes, exactly,

N n R - - -
C(P,X) = A(P,X) MI(P, X) B(P, X), M:exp(l(ax-ap—ap-ax))

e translation invariant = M = 1: recovers C(P) = A(P)B(P)
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Wigner coordinates and the Moyal product
Center-of-mass / relative coordinates:

X=1x+x)=(T,R), x=x—x=(tF)

Fourier transform in the relative coordinate, P = (w, p):

C(P,X) = /d4x PC(X+35,X-3)

A convolution C = AB becomes, exactly,
~ ~ R - -
C(P,X) = A(P,X) KI(P,X)B(P,X), NI = exp(g(ax-ap - ap-ax))

e translation invariant = M = 1: recovers C(P) = A(P)B(P)
e gradient expansion: fields vary slowly = keep M ~ 1 + %(8)(8;: — 0pOx)
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The transport term

Within the gradient expansion, the GKB commutator acting on a generic /A\(P,X) becomes a first-order
differential operator,

(Gt =U Al ~ LA iL=i(07+7-Vr+F-Vy+ (97U)0.)
with vV = ﬁps(ﬁ), F=—-VgU.
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The transport term

Within the gradient expansion, the GKB commutator acting on a generic /A\(P,X) becomes a first-order
differential operator,

GO0 2R iS5 0y

with vV = V,e(p), F=—VgU.
@ quasiparticle approximation: neglect ¥ in G"? = A(p, X) = 6(w — ¢(p) — U)

e write GK = (G" — G*)S(p, X), S = 1 — 2f (fermions) — generalizes the equilibrium
fluctuation—dissipation relation of Sec. 6

o £ annihilates any function of G;~! — U alone (in particular A): LA =0
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The transport term

Within the gradient expansion, the GKB commutator acting on a generic /A\(P,X) becomes a first-order
differential operator,

GO0 2R iS5 0y

with vV = V,e(p), F=—VgU.
@ quasiparticle approximation: neglect ¥ in G"? = A(p, X) = 6(w — ¢(p) — U)

e write GK = (G" — G*)S(p, X), S = 1 — 2f (fermions) — generalizes the equilibrium
fluctuation—dissipation relation of Sec. 6

o £ annihilates any function of G;~! — U alone (in particular A): LA =0
Applying £ to the |hs of the GKB equation with ¥ = 0, integrating over w, and using LA=0:

(07 +7- Vi +F -V, ) F(5.X) = (%)S

reproducing the streaming (lhs) side of the Boltzmann equation exactly.
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The collision term: general structure

Split X2 =X £ ¥ _ (Hermitian/anti-Hermitian parts, ¥ = Re ¥") and define the scattering rate
N=-—71m¥" (so ¥" — ¥ = —2inT).
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The collision term: general structure

Split X2 =X £ ¥ _ (Hermitian/anti-Hermitian parts, ¥ = Re ¥") and define the scattering rate

N=—7"m¥’ (so X" —¥? = —2irl). Inserting into the GKB equation, keeping the lowest order in ¥
and in gradients, and integrating over w:

£(B,X) = 2 (A(5. X) T€(5.X) ~ T(5.X) 6*(5, X))

e this is (0f/0t)s: the collision term is fully determined once ¥, ¥" (hence I') are known
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The collision term: general structure

Split X2 =X £ ¥ _ (Hermitian/anti-Hermitian parts, ¥ = Re ¥") and define the scattering rate

N=—7"m¥’ (so X" —¥? = —2irl). Inserting into the GKB equation, keeping the lowest order in ¥
and in gradients, and integrating over w:

£(B,X) = 2 (A(5. X) T€(5.X) ~ T(5.X) 6*(5, X))

e this is (0f/0t)s: the collision term is fully determined once ¥, ¥" (hence I') are known

@ the hard remaining problem is exactly as in equilibrium: compute ¥ diagrammatically
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Application: elastic scattering from impurities

Diluted random impurities, concentration ¢, potential V(R) = dom v(R = ¥); impurity average
(linked-cluster argument: only fully connected impurity lines survive):

V(q1)V(q2) = cv(q1)v(G2) 0p(q1 + G2) + - -

----- _y / dsp! [v(7— )2 GL(F', X)
p
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Application: elastic scattering from impurities

Diluted random impurities, concentration ¢, potential V(R) = dom v(R = ¥); impurity average
(linked-cluster argument: only fully connected impurity lines survive):

V(q)V(G2) = cv(Gi)v(G2) op(GL + G2) + -
Self-consistent Born approximation (SCBA) for the self-energy:

= — ¢ [ o7 7P G X)
1z 7 P

E(pX) = [dap [Wp- PP GFLX),  (=rak
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Application: elastic scattering from impurities

Diluted random impurities, concentration ¢, potential V(R) = dom v(R = ¥); impurity average

(linked-cluster argument: only fully connected impurity lines survive):

V(q)V(G2) = cv(Gi)v(G2) op(GL + G2) + -
Self-consistent Born approximation (SCBA) for the self-energy:

— AN o [l o7 7P LX)
p p p

E(pX) = [dap [Wp- PP GFLX),  (=rak

Inserting into the collision term above gives the familiar Fermi’s-golden-rule collision integral

(55), = 2nc [asp! V(5= B)28(:(8) — () [F(5'.X) — £(5. )
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Validity of the gradient expansion

@ impurity-averaged quantities are coarse-grained on a volume AV containing many impurities:
AV > d® > kg (d = mean interimpurity distance)
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Validity of the gradient expansion

@ impurity-averaged quantities are coarse-grained on a volume AV containing many impurities:
AV > d® > kg (d = mean interimpurity distance)

@ consistency of the gradient expansion in v2 and G (wavelength X of the impurity potential):

A AV > dP s k3
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Validity of the gradient expansion

@ impurity-averaged quantities are coarse-grained on a volume AV containing many impurities:
AV > d® > kg (d = mean interimpurity distance)

@ consistency of the gradient expansion in v2 and G (wavelength X of the impurity potential):
A AV > dP s k3

o checked explicitly: the third-order (two-impurity-line) term is already of the same, subleading order
in the gradient expansion as the second-order (SCBA) term — consistent with restricting X to the
SCBA diagram
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Relaxation-time approximation

Linearize around local equilibrium, f = fr(e(p)) + A (P, X), and take the anisotropic part sourced by a
uniform force F: (5, X) ~ B F a(pF).
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Relaxation-time approximation

Linearize around local equilibrium, f = fr(e(p)) + A (P, X), and take the anisotropic part sourced by a

uniform force F: f(p, X) ~ B I:"a(pp). Evaluating the impurity collision integral on the Fermi surface
(spherical average over the angle between p and p'):

(%)s - - [pX) ;jF(g(ﬁ)) ) Til =T7c N(€F)/d(cos 8 |v(cos8')P (1 — cos )

e 7y: the familiar transport relaxation time, weighted by (1 — cos#’) — small-angle scattering is
inefficient at relaxing current
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Relaxation-time approximation

Linearize around local equilibrium, f = fr(e(p)) + A (P, X), and take the anisotropic part sourced by a

uniform force F: f(p, X) ~ B I:"a(pp). Evaluating the impurity collision integral on the Fermi surface
(spherical average over the angle between p and p'):

(%)s - - [pX) ;jF(g(ﬁ)) ) Til =T7c N(€F)/d(cos 8 |v(cos8')P (1 — cos )

e 7y: the familiar transport relaxation time, weighted by (1 — cos#’) — small-angle scattering is
inefficient at relaxing current

@ this justifies the phenomenological relaxation-time approximation, but only for a genuinely external
force driving the system (it does not hold for an arbitrary nonequilibrium f)
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