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Problem 1.1

For the discussion of quantum mechanics of a charged particle in an electro-
magnetic field we will need the following results from electrodynamics.

The equation of motion of a charged particle (charge g, mass m) in an
electromagnetic field is given by:

— —

mit) = qE(Z(t),t) + %a'z(t) x B((t),1) . (1)

The E- and B-fields can be represented by a vector potential ff(a‘c’, t) and a
scalar potential ¢(Z,t):

E(#t) = —igtA( t) — Vo@t) , B@t) =V x AZt). (2

Insert this in (1) and show that the equations of motion assume the form

mislt) = =240 - 052 @00 Q
22t @Qﬁ(ﬁﬂ §i<ux@.

Show that this equation of motion corresponds to the Lagrange function

m -, 1 b = —
L= 250 + q (350 Aa0.0) - o@0.0) . @)
by evaluating the Euler-Lagrange equations
d 0 0
——L - L =
dt 833] 85% 0. <5)
Finally perform the Legendre transformation to the Hamilton function,
H=p%-1L, (6)

where the components of the generalized momentum are given by p; =
OL/0i;. Show that

2
7= 5 (70 - LAG0.0 ) + g0 0.0, (7
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Problem 1.2

A short repetition of calculating with the Pauli matrices and some app-
lication to spin.

Remember/show the following identities of the Pauli matrices:

Tro; =0, 0‘]-2:]1 . oj-0p =d€po (KFJ). (8)

Denote by ¢ the vector of the three Pauli matrices, such that a - & is the
matrix _; ajo;. Using these identities show that

-

(@a-3)> =a*1 , (a-&)(b-d)=a-bl +id-(@xb. (9
Finally, let 77 be an arbitrary vector of length 1 and § € [0, 7] and show
UB,7) = e®P™% = cos(B)1 +isin(B)7i-a . (10)

The identity can be obtained by expanding the exponential in a power se-
ries. Demonstrate that U(S,7) is a unitary matrix with determinant 1, i.e.,
U(B,1) is in the group SU(2) (special unitary 2 x 2 matrices).

. . . . = A= .
The quantum mechanical spin operator is given by S = 3. Consider a
spinor given by

A+ e—iwt ) 9 9
Y(t) = A it with A5 + A2 = 1. (11)

The quantum mechanical expectation value of an operator O is given by

(0) = (t)TO¥(t). Compute
() =[S ] - (12)
Show that <§>2 = (8.)24(8,)?+(5.)? = h?/4 and compare this to <(§)2>

Problem 1.3

Later in the course we will discuss Fock spaces, a useful type of Hilbert
spaces for many particle problems. The Fock space construction makes use
of creation and annihilation operators as you know them from the algebraic
treatment of the harmonic oscillator. We here repeat some basic properties
of the formalism.



The eigenstates [n),n =0,1,2..., are given by
n) = — (@H™|0) , n=012.., (13)

where a' is the creation operator and |0) denotes the ground state (vacuum
state) which is normalized, i.e., (0|0) = 1. Together with its adjoint operator
a, the annihilation operator obeys the commutation operators

[a,a] =0, [a',a'] =0, [a,a']=1. (14)

The annihilation operator a annihilates the vacuum state, i.e., a|0) = 0. Use
these properties of @ and a' to show that the states |n) are orthonormal,

— Tym —

nlm) = 0) = dnm - 15

(nlm) = (0] == \F f (a")™10) (15)
The number operator 7 is defined as 7 = afa. Show that it obeys

iln) = nin), (16)

which implies that the Hamilton operator H = hw (ﬁ + %) has the eigen-
states |n):

A 1

H|n) = E,|n) with E, =hw (n + 2) . (17)
Problem 1.4

Use Rayleigh-Schrodinger perturbation theory (details see below) to compu-
te the first and second order corrections to the energy for an infinitely deep
potential well with a perturbation. The Hamilton operator H=HO4 gD
for this 1-d problem is given by

7(0) ntod o) S0 _ 1)
H = 2m dl’Q +V ( ) , H =V (.%'), (18)
where
) 0 forze(0,L) . \_ ) sin(mz/L) forz e (0,L)
Vi(z) { %) otherwise ’ Vii(z) 0 otherwise
(19)

Equations for first and second order corrections to the energy (you should
already know them):

E, = EO £ XEWD 4+ X2E? 4 O()\3) (20)
_ H (D) [0y 2
m#n — Lm
2 . K2 7r2
W@ = |2 snra/r) . B = m” (22



Two useful integrals:

4n?

/0 dy sin(y) sin(ny)? = 21 (23)

—2mn (14 (-1)™™™)
1—2(m? +n?) + (m? —n?)2 "’

/07r dy sin(y) sin(ny) sin(my) = (24)



