Advanced Statistical Physics
(preliminary draft)

Univ. Prof. Dr. Wolfgang von der Linden (Stand 6.2.2017)

0.5} ,
AN :

= '
S o
1
B = ! k. T/J=05
051 )/ e T
, - - kg T/3=2
e J kg T/3=10
-1 == ——kg T/3=100H
2 1 0 1 2
w B

_ sinh(uBB)
M(T; N/ B) - N“\/sinhz(uﬁB)%»e*yﬂ

January 31, 2020



Contents

[L Ising Modell 4

(1.1 Exactsolutionin1D|. . . . . . . . . . . . . . . . . . . ..... 6
(I.1.1  Paramagnet| . . . .. ................... 8
........................... 9

(1.1.3° Magnetization|. . . . .. ... ... ... ........ 10

(1.2 Mean field approximation for any dimension| . . . . . .. .. 11
[[21 Magnetization]. . . ... ................. 12
|1.2.2 Magnetic susceptibility] . . ... ... ... ... ... 14

|IZ§ Free energﬂ ........................ 16
[24 Entropy] .................. . ... ... . 19

125 Internalenergy] . ..................... 20
[12.6 Specificheat| . . ... ... ... ... ... .. .. 21
(1.3 Exact solution of the 2d Ising model| . . . .. ... ... ... 24
[1.3.1 Transfermatrix approach|. . . . ......... ... . 24
[1.32  Graphicalapproach] . .................. 25
[1.3.3  Making the graphs unique]. . . . ... ... ...... 27
[1.3.4  Decomposing graphs into Toops| . ... ... ... .. 28
135 Curie-temperature] . . ... ... ............ 38
[13.6 Internalenergy| . ... .................. 40
M37 Entropy] ................... ... .. 41
[1.3.8 Specificheat| . . ... ... ... ... ... ... .. .. 42
[[.3.9 Spontaneous magnetization|. . . . .. ... ... ... 47
............................ 48

(1.3.11 Criticalexponent| . . . . ... ... ... ... ..... 49

Hamiltonian| . . . . . . ... ... ... oL 52
2.1.1 Diamagnetismofatoms| . . ... ... ......... 54
2.2 Density matrix and thermodynamic relations| . . . . . . . .. 56
221 Magnetic response functions| . . . .. ... ... ... 58
222 Internalenergy] . ..................... 58
2.3 Paramagnetism of independent moments| . . . . . ... ... 59

1



2 CONTENTS

2.3.1 Weak spin-orbit coupling| . . ... ... ..... ... 59
232 Strong spin-orbit coupling]. . . . ... ... ... ... 63
2.3.3 Plotof Sand specificheat| . . . . ... ... ...... 68
2.4 Magnetism of the free electronmodell . . . .. ... ... .. 69

.41 Pauli paramagnetism|. . . . ... .... ... ... .. 69
242 TLangevin Diamagnetismus| . ... ........... 74

R5 Collective magnetism| . . . ... ................ 75
251 Heisenberg hamiltonian| . . . . ... ........ .. 75

252  Mermin-Wagner Theorem| . . . . . ... ........ 77

2.5.3  Exact ground-state of the ferromagnetic Heisenberg |

I modell . . ... ... 78

2.5.4  Spin waves in the ferromagnetic Heisenberg model| . 80
255 Mean field approximation of the isotropic Heisen- |

| bergmodel . . ... ... ... o oL 85

. urle temperature] . . .. ... 88

257 Internalenergy] . ... .................. 89
2.5.8 Magnetic susceptibility] . ... ............. 89
3__Phase transitionsl 90
3.1 Phasesl . ... ... ... ... 90
B.1.1 Isolatedsystems . .................... 90
B.1.2  Closed system with p = fixed, T = fixed . . . . . .. 92
B.1.3 Number of degrees of freedom| . . . . ... ... ... 93
B.14 Clausius-Clapeyron| . ... ............... 96
B.I5 Real gases (van der Waals equation)] . . . .. ... .. 99

B 0N . v v v e e e 103
B.2_Phasetransitions|. . . . .. ........... ... .. ... . 107
B.2.1 Free energy for T and N fixed|. . . . . ... ...... 108
B22 FandGasfunctionof T. . ............... 110
B.2.3 FEhrenfest classification] . . . . ... ........... 110

B.3 Criticalexponents|. . . . ... .................. 111
B.3.1 TImportant critical exponents| . ... .......... 113
B32 Scalinglaws| . ... ... ... ... ... ... ... ... . 117
B33 Pottsmodell . ............... ... .... 119
3.3.4 Maxwell Relations| . . . ... ... .. ......... 120
3.3.5 Ehrenfestequations| . ... ............... 122

B4 Isingagain| . ............................ 124
4 Appendix 126
4.1 Sommerfeldexpansion| . . . ... ........ ... .... 126
4.2 FBuler Mac-Taurin formulal . . . ... .............. 128

#.3 One-particle density of states| . . . . . ... ... ... ..., 129




CONTENTS 3

4.4 Eigenvalues of the free electron gas in a homogeneous mag-

| neticfieldl. . .. ... ... .o o o oo 130
4.5 Langevin Diamagnetismus|. . . . .. ... ... ... ... .. 133
4.6 Bogoliubov inequality | . . . .. ... ... o0 0oL 135
4.7 Proof used for the Bogoliubov inequality| . . . . . ... ... 138

[5 Bibliography| 142




Chapter 1
Ising Model

Figure 1.1: Arrangement of Ising-spins in a 1d chain with pbc.

We will now examine collective magnetism. The simplest model for this
purpose is the Ising model, which is described by the following Hamilton
function

H=-]Y SiS;—BM (1.1)
(i.j)
. o ) o _ﬂBge
with M= uzi: S, (u = ) (1.2)
H=-]) SiS;j—uB) S;, (1.3)

)] i

where the spins S; can only take the values S; = £1. ug is the Bohr mag-
neton and g, the electronic Landé factor. | is the exchange coupling and
the sum over sites is restricted to nearest neighbour sites, such that each
neighbouring pairings only counted once! B stands for the magnetic flux
density. The Ising model is also used to describe binary alloys. However,
the parameters then have a different meaning. The Ising model can be
solved exactly in 1d and 2d and in 24 it even has a phase transition. We
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consider periodic boundary conditionsﬂ

In most cases, boundary conditions are irrelevant in the thermodynamic limits.



6 CHAPTER 1. ISING MODEL

1.1 Exact solution in 1D

The Hamilton function of the Ising model in 1D reads

N
1
H=-]Y S$iSi1— LLBE Y (Si+Sii1)
i=1 i
(pbc):  Siyn=S; .
Canonical partition function
The evaluation is particularly simply in the canonical ensemble:

Z(T,N,B)= Y, BT Li SiSis1+H88 ¥i(Si+Si11)

{Si}=+1

N ,
= ) He]sf5i+1+§(5i+si+1).
(S} ==+1 i=1

We introduced the abbreviations j = 3] and b = uBf3. We also define the
Transfermatrix

Toy = ol 5 +3(s+5) (1.4a)
| +1 -1
which has the matrix elements T = +1 et e (1.4b)
-1 e—j ej_b
N
then:  Z(T,N,B)= ) Ts,5i, - (L40)
{Si}::lzl i=1

We first consider the case N = 2, where the partition function reads

Z(T,N=2,B) = Z Z Tsis2 Tsasr = Z (TZ)SLSl =t {7’2}

Slzil Szzil 51
The generalization to N > 2 leads obviously to
Z(T,N,B) = tr {TN} .

The transfer matrix is real-symmetric and can be expressed in the spectral
representation as follows

T =Uubu',
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here U is the unitary matrix of eigenvectors and D the diagoal matrix of
eigenvalues (dy,d;). Hence we have

Z(T,N,B) = tr {TN} = tr {(UDUT)N} - tr{UDNUT} - tr{DN}
=dy +dy .

The eigenvalues of the transfer matrix ate

it 4 pi=b eitb — pj—b\ 2 ,
dip=——F—=x\| —5— —2j
1/2 5 < 5 ) te

= ¢/ ( cosh(b) = \/sinhZ(b) + 341')

We can use d; > d; in the calculation of the partition function in thermo-

dynamic limits
d N
Z(T,N,B) =dN |1+ (d—2>
1

Free energy

The free energy reads

N

E(T,N, B) = —kgTln [Z(T, V)] = —ks TN In(ds) — ksTIn |1+ (%)
Hl/_/

—0

= —NkBTln(dl) .

Magnetization

The mean magnetization is
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The comparison with the partition function immediately shows

-3, @)

B 0B TN
oF
= (@)L,
1
) (280
T,N

. sinh(b) cosh(b)
8d1 Slnh(b) + sinhz(b)+€_4j

cosh(b) + \/sinhz(b) +e 4
cosh(b)
sinh?(b)+e—4

cosh(b) + \/Sinhz(b) +e 4
sinh(b) \/sinhz(b) + ¢4 + cosh(b)
\/sinhz(b) +e % cosh(b) + \/sinhz(b) +e 4

MAGNETIZATION OF THE 1D ISING MODEL

sinh(ufB)
\/sinhz(uBB) + e 4B

M(T,N,B) = Nu

1.1.1 Paramagnet
Without interaction of the magnetic moments (] = 0) we obtgain

sinh(uf3B)
\/sinh?(uBB) + 1

M(T,N,B) = Nu = Nutanh(ufBB),

the well-known result for paramagnetism.
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1.1.2 Limits

It depends on the order of the limits. If we first set B = 0, we obtain for
any finite temperature

M(T,N,B=0)=0

a vanishing magnetization. In the opposite order, i.e. keeping B > 0 finite
and let T go to zero, i.e.f — oo we obtain

sinh(uf3B)
\/sinhz(uﬁB) +€_4]ﬁ

M(T,B #0) = Nu

———— ~—
>1 <1

Nu sign(B) .
—— Nusign(B)

In this limiting case we get perfect alignment of all spins, even if we now
let B go to zero.

The Ising model in one dimension has a "phase transition" at T = 0.
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1.1.3 Magnetization

We use the exchange coupling | as energy unit. Then two independent
parameters remain, kpT and B := uB. We plot magnetization as a function
of B

1 — —
’/
4
/
14
0.5 , 1
]
= 1
S o
1
= /
/ —k,T/J=05
05+t , B ,
, - - kg T/J=2
,'J kg T/3=10
1 - — kg T/3=1001
-2 -1 0 1 2
w B/

Figure 1.2: Magnetization curve of the 1d Ising model.

We can see from the comparison with the result for the paramagnet that
the amount of magnetization increases everywhere due to the influence of
the interaction. For low temperatures, the magnetization abruptly enters
the fully polarized state.
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1.2 Mean field approximation for any dimension

(See Ising Model for Magnetism (Springer))
We will study the concept of the mean-field approximation in terms of the
Ising model. We start out from the Ising model expressed as

H=-]) $Sj—B-M
(i)

We recall that the Ising model describes spin-1/2 objects. The total mag-
netisation M is related to the spins via

M:HZSZ'.
i

Now the Ising model takes only the component along the quantization
axis into account and S7 takes the values %O‘i, with 0; € {—1,+1}. As
before, we introduce the variable

h=uB.

and obtain
H=-]) SS;—h) S;

(i) i
The mean field approximation is defined for any two dynamical variables
A and B by

AB ~ (A)B+ A(B) — (A)(B) .
In our case, assuming translational invariance, we have
SiS;~ (S)S;+ Si(S) — (S)*.

This leads to the mean-field Hamilton function

Hvea = =] Y (S)Si =] Y. (S)S;+ T Y (S)* = hY.S;
(i) (i) (if) i
=-21(S) Y S;i+1Y.(S)>~nY S
(i) (if) i

Since we have used the convention that the sum over nearest neighbours
avoids double counting, each site i has z/2 nearest neighbours, where for
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sc.lattices z = 2d is defined as the total number of nearest neighbours.

Hence:

HMFA:_]ZZ< S +]NZ ]’lZS

This can also be written as

Nz

(52

HMFA——]’Z/ZS + —
with W —h—l—]Z( ).

The canonical partition function is then given by

Z(T,N,B) = ¢~ 7 (S Y PV %iSi
{si}
The partition function can easily be computed
BNJz

Z(T,N,B)=c¢ 2 O] ¥ &
i S=+1

N
= (e_glz<5>22 cosh(ﬁh'))

In (Z(T,N,B)) = N( — %(S)Z +1In(2) +In (cosh([a’h’)))

1.2.1 Magnetization

Next we compute the mean magnetization

—_— = — = — 2 e = ——Z
u PL {g’}{ } Z oh'
M dIn(Z)
- kgT A N tanh(BH) .

We introduce the magnetization per site

M 1
:u_N:N<XI."Si> =(S) .

and obtain the equation of state

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)



1.2. MEAN FIELD APPROXIMATION FOR ANY DIMENSION 13

MAGNETIZATION
(of the Ising model)

m = tanh (ﬁ(]zm + h)) . (1.12)

We are particularly interested in the spontaneous magnetization, i.e. the
magnetization for B — 0. So we seek the solution of

m = tanh (BJzm) . (1.13)
We introduce an auxiliary temperature T*, defined by
kgT* =]z . (1.14)

The condition for the spontaneous magnetization can therefore be expressed
in a form, independent of the dimension

T*
or rather with x = T%m
T*
¥ = = tanh (x) . (1.16)

The function tanh(x) starts at x = 0 with the value 0 and slope 1, then it
increases monotonically with decreasing slope and approaches 1 for x —
co. equation has always the trivial solution M = 0. For the non-
trivial solution, we need % > 1, or rather T < T*. According to the
behaviour of tanh(x), for 7* > 1 there is precisely one non-trivial solution.
So we see that T* is indeed the critical/ Curie temperature, i.e

kBTC = ]Z . (117)

In 2D, we have (S.]) = .25, as compared to the exact value 3.] = 0.4407.
This not so bad, however, for 1D the mean-field result predicts a phase-
transition at (3.J) = .5, while the exact result is co.

In figure([1.3} the magnetization, obtained from equation , is depicted
as function of T. Interestingly, the curve is independent of the spatial di-
mension. The later only enters in the value of T,
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0 0.2 0.4 0.6 0.8 1
T/T.

Figure 1.3: Mean-field result for the Magnetization for arbitrary spatial dimen-
sion d

Critical exponent

For temperatures T slightly below T, the magnetization is very small and
we can use the Taylor expansion with T = T/T¢

m = tanh (%) = (ﬂ_M> :E<1_M>

T 3 T 3
(m/7)?
3

(5) =)

Up to this order we have for T < T¢

T=1-—

m=31V1—71Tx £2 (1.18)
Tc—T
€= Te (1.19)

The critical exponent is therefore § = 1/2.

1.2.2 Magnetic susceptibility
Starting from the definition of the susceptibility via

oM

X e
dB T,h=0
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we obtain with M = mNp and B = h/u the relation

om
2
oh T,h=0

We start out from

T
m = tanh (Bh + Tcm)

The derivative w.r.t. h is

B+ & B+ &

Th=0 "~ cosh? (Bh + T—Tcm) h=0 ~ cosh? (T—Tcm)

_ dm

=90

£ cosh? (Em) =B+ %E

T
2 Tc Tc\
£<cosh <Tm)_T) =f.

Close to T the magnetisation is very small and we can Taylor expand the
magnetisation resulting in

1 1
kp T — T+ Telem?

We can replace T by T in the last term in the denominator, as it already
contains O(m?)

1 1

= e T Tet Tom

For T ™\, T the magnetisation is zero and we have

1

. -1
&= kBTC (E)

with ¢ = (T — TC)/TC
For T /* Tc we use equation (1.18) [previous page] for m and obtain

n¥:3¥O—T%:%ﬂR—J)+OMTUa2
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and have
1 1 L

= — —= E
& kg T—Tc+3(Tc—T) ZkBTc|

According to the definition of the critical exponent of the susceptibility
X~ Aple| T+

wehave AL =2A_andyy =y_ =1

1.2.3 Free energy
Next we compute the free energy based equation [p-

__F __kBT
f= N kBNln(Z)

— _T< - %mz +1In(2) +In (cosh(ﬁh’)))

= ZITZBm2 —TlIn (2) — Tln (cosh(Bh + ki—ZTm)) :

We have seen before that kgT- = ]z so we can express the free energy as

NikB = %Tcm2 — Tln (2) — T cosh(Bh + %m)) :
Along with
cosh(x) = (1 — tanhz(x))_l/2
and the self consistency equation [p.
m = tanh (Bh + %m) (1.20)
we can express the free energy as
NikB — TC;"Z ~TIn (2) + gln (1—m?) (1.21)

Next we compute the Helmholtz free energy, by the following Legendre
transform, i.e. by introducing M as natural variable instead of h:

A(T, M) = F(T,h) + Mh . (1.22)
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Then the total differential reads

dA = dF(T,h) + hdM + Mdh
= —S5dT — Mdh + hdM + Mdh

= —SdT + hdM .
Hence
0A
M : =h (1.23)
d0A
5T y =-S. (1.24)

If we want to have spontaneous magnetisation, i.e. a finite magnetisation
M without external field, then according to equation (1.23) we are looking
for a finite value of the magnetization M for which

IA(M,T)

P =0. (1.25)

T

Before we can exploit this equation, we need to express h in terms of M (or
rather m). To this end we invert

m = tanh (Bh + Em)

T
leading to
Bh + %m = tanh ™! (m) .
Along with
tanh ™1 (b) = %ln (1—1_5)
we obtain

T. 1. (1+4m

pe KB (LEmY
2 1—m
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Then we obtain for the Helmholtz free energy of equation (1.21) [previous
page]

A Tcm? T o, mh
_ZTCm Tln(2)+21n(1 m)+kB( 5 In T m kgT.m
1 2 T o mT 1+m ’
_ZTCm Tln(2)—|—21n(1 m*) + 5 1n(1—m> Tem* .
or rather
A A 1

= —%mz—Tln(Z)Jrg((ler) In(1+m)+ (1—m) 1n(1—m)> ,
(1.26)

—m

with T = T/T,. According to equation (1.25) [previous page] the magne-

0.6

—7=15

05 1 /
~ - =
50.4’ T=0.7f]
&~
+ 03
Q
2 02 1
=
= 01 /
g
E 0
= o~ |

-0.1 mo

o
M)

-1 -0.5 0 0.5 1
m

Figure 1.4: Helmholtz free energy for the Ising model in mean-field approxima-
tion versus order parameter without external field.

tization is given by the points where the slope as function of T vanishes

(see figure [1.4).
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T/T.

Figure 1.5: Entropy of the Ising model in MFA.

1.2.4 Entropy

According to equation (1.23) [p.[17]] along with equation (1.26)) [previous
page] the entropy is

S d 1 5 T
- = —-m?—tIn@2)+-( (1 In (1 1—m)ln(1—
NkpTe 81’( 2" Tn()+2(( +m)In (1+4m)+ (1—m)ln( m)))
Hence
ENTROPY OF THE ISING MODEL
(in MFA for zero field)
S

S - %((1—1—171) In (14 m) + (1—m)In (1 —m)) . 127)

It has the correct limiting behaviour: For T — 0, i.e. m — 1 we obtain

NikB ~ In(2) —%<2<ln(2)+0)) =0,

and for T — oo, i.e. m — 0 the entropy becomes

Nikg =1In(2) — %(ln(l) —I—ln(l)) =1In(2) .

m

dt

T~
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Recall that
S = kg In(number of micro states) .

For T — oo all states can be reach with the same probability. Hence the
number of micro states is 2V and

S = NkB 11’1(2) ’

kin agreement with the above result.
For the entire T dependence of S we have to insert the self-consistent so-

lution for m(T) in equation (I.15) [p.[13].

1.2.5 Internal energy

The internal energy is defined as the expectation value of the hamiltonian.
Using the mean field expression of equation [p.[12] we have

U = (H) =~ T45) + 2m2 = N(—i'm+ )

1

with i/ = Jzm + h we obtain:

NNJ ] 2
z 5, hm

For zero external field it simplifies to (we also use z = 2d)

INTERNAL ENERGY OF THE ISING MODEL
(in MFA for zero field)

(1.28)
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1.2.6 Specific heat

For the specific heat we need

ou d m?
Cimo = 57|, = ~INJ G-
Ch=o _ , d >
Ny - 4 ar™

Above T¢ the magnetization is zero and hence C = 0. Slightly below T¢
we can replace m by equation (L.18) [p.[I4], which gives

Ch=o _  , d 00
N - d—dTBT (1 T)
_ 3 d o 43
a ngT<TTC )
3d
=——T (2T —3T) .

Hence, approaching T¢ from below we obtain
C(Tc)n=o _ 3d _ 3dkp _ 3dkp

NI T Jz _ Jad
C(Tc)n=o _ 3ks
N 2

Therefore, in MFA, the specific heat has no power-law behaviour close at
Tc, but rather a discontinuity from %kB below T to 0 above T-. For the
entire T-dependence below T~ we continue

Ch:() . dm

=2 m (1.29)
First we consider
dm
&= T
Exploiting equation (1.20) [p. yields
£= a tanh (Bh + BkgTcm) (1.30)
daT h—0
 (h+kpTem) % + kpTcé, (1.31)
cosh? (B(h+kgTcm)) ln=o .
T, T,
I L (1.32)

 cosh? (T—T?m) '
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Then
T, T,
2¢1C _ _“c C
& cosh (Tm) T2m+ TE
T, T, T,
2 dc c\ _ Ic
£<COSh (Tm)—T) ——ﬁ
1 m
EZ_T_ hZTm 1
c Tcosh” (Z) —
Finally, we have
Ch=o _
Np D Eme
. m?

Finally, we have

Ch=o
N

B ()
= kg oot (1)~ 17 (1.33)

Together with the self consistent equation for m(T):

m(T) = tanh (T—;m(T)> ,

which have solved numerically before, we can plot the specific heat.
We have seen ’statistical physics I

C= kg% <(AH)2> ,

i.e. C is large when there are pronounced energy fluctuations, which is
the case in the vicinity of T¢. In MFA, above T¢ there are no fluctuations
because H < m and therefore U = 0 aboce T¢. This is an artefact of MFA.
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C/Nkp
[=

0 0.2 0.4 0.6 0.8 1
/T,

Figure 1.6: Specific heat of the Ising model in MFA.
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1.3 Exact solution of the 2d Ising model

1.3.1 Transfermatrix approach

We will first briefly explain how the Transfer matrix approach works in
the 2d case. To this end we will represent the hamiltonian of the 2d Ising
model (Ly X Ly) by writing the two cartesian indices explicitly in the form

Ly Ly

-BH=jY Z SiiSit11 + SiiSijs1 +h22511

I=1i=

Now we combine the spins of column [ of S;; in a vector
,i.e. (8(1))1 = Sil

Then the hamiltonian can be written as

—BH = Z A(SW,si+1) (1.34)

with the definitions

(A(s(l>,8<k>) +AS®, S0 >) (135)

A0, 50) = FE (8Os + (SVUSW) ) +B(E SV,
1 1

(1.36)

A is by construction a real symmetric matrix. Inserting indices yields

Z A(SW, 80y = ]'; (Si1Siv1,1+ SiSips1) +h Zl, Si
/1 1,
Z AT, 80y = fz, (Si141Sit1,0401 + Sij+1Si) + h'zz' Sij1
1
(I+1— 1" plus pbc =) = ]Z i Si, i + SirSijs1) +h2511/
Hence equation is correct. Then

Z 7+1 L A l+l
7 = Z etz 4 H e
s} =1 50

—BH

—BH.
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Now, we introduce the transfer matrix 7 with matrix elements

Al(s®),s)
Tso),sw) =e ( )

Then the partition function can be written as (remember that we use pbc)

z=3 Y Y [170s0m
S1) s(2) )

S(Ly)
=Y Y Y TsosoTsese  Teun ginTgwy su)
S s(2) S(Ly)
= tr {TLY}
L
- Amyax .

This is the straight-forward generalization of equation [p. o]l and is
to be understood as follows: The sum over SU) runs over the 2+ con-
figurations, which the vector S () can assume. We introduce an index I
that enumerates these configurations and instead of summing over S(*),
we could sum over the index I, that enumerates these configurations (the
I-the configuration would be S;). Then we can define the transfer matrix
alternatively by the matrix elements

7} = eA(SIrS[/)

and then we would have

Z=Y X T T e Ty e T
(1) 1(Ly)
= tr {TLY}
= AN

max °

As before, the dominant eigenvector (Amax) predominates in the thermo-
dynamic limit (L, — oo). The eigenvalue problem of the (2Lx x 2Lx)-
dimensional transfer matrix for the 2d case, is much more complicated
than in the 1d case. It can be found in the book of K. Huang (Kerson Huang,
Statistical Mechanics, Wiley and Sons (1963)).

1.3.2 Graphical approach

Here we will present instead the exact solution of the 2d Ising model based
a graphical representation, however, without external field. The ideas go
back to M. Lawrence Glasser, American Journal of Physics 38, 1033 (1970),
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and were didactically improved by W. Noting: Qauntum Therory of Mag-
netism (Springer Verlag).
Starting point is the partition function

z=Y ] . (1.37)
{si} {if)

Next we expand the exponential in a Taylor series
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= cosh(j)(1 + tanh(})S;S;)
Inserted in equation (1.37) results in

Z = cosh?™(j) Y [](1+1s:S)),
{si} (ij)

where t = tanh(j). The power 2N arises as there are 2N terms in the
product in equation . For each factor we have the choice to use the
term 1 or t5;S;. In total there are 2Nz such terms, for which we still have
to sum over all spin configurations. Graphically, we represent the terms
t5;S; as lines on a square lattice connecting site i and j. Such a line can
be considered as edge of a a graph and the sites that are connected by edges
are denoted as vertices. In graph theory the number of edges connected to
a vertex is called order of the vertex. In the present context, it can only be
an integer n € {1,2,3,4}. Each edge, that reaches site (vertex) i carries
a factor S;. Therefore, we obtain a term S!', where n is the order of the
vertex. n € {0,1,2,3,4}. If the order is odd, the sum over S; vanishes,
otherwise it gives 2. Hence, only graphs where all vertices have an even
order (either 2 or 4) are allowed. By now we have

Z =2N costh(j) ZtN"(G) p
G

The sum runs over all possible graphs on a square lattice of given size,
with periodic boundary conditions, with vertices of even order. N.(G) is
the total number of edges of the graph. The elements of the individual
graphs need not to be connected. In figure [1.7] two examples are given,
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(a) Allowed graph with N,(G) = 20. (b) Forbidden graph.

Figure 1.7: Graphical representation of the partition function of the Ising model.

one for an allowed and one for a forbidden graph. We can rewrite the sum
over allowed graphs also in the form

Z=2N cosh®™(j) (14 Y gut"), (1.38)
n=4

where 7 is the number of edges and g, is the number of allowed graphs
with n edges. We have already exploited that the smallest graph (besides
the empty graph) has 4 edges. Since each vertex has even order, the al-
lowed graphs contain closed paths, as can be seen in figure

1.3.3 Making the graphs unique

The figure also contains a node, i.e. a vertex of order 4. Let’s try to draw the
graph with a pencil on a piece of squared paper. We start at an arbitrary
vertex of order 2 and draw a line to one of the two connected vertices. If
the next vertex also has order 2, it is obvious how to continue the drawing.
When we reach a node, however, we have 3 options to continue: turn left,
go straight, turn right. It will turn out to be advantageous, to replace the
graph by objects that allow to draw them in a unique way. Therefore, we
will introduce graphical objects, that make a node unique. To this end
a node is split into the three graphical objects, shown in figure This
splitting results in 3N different new graphs, obtained from a graph with
N, nodes. This would increase g, in a complicated way. To avoid this
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, + N
1

a) b) c)

Figure 1.8: Splitting of a node with corresponding weights.

complication, each new graphical element obtains a weight factor £1, a
shown in figure Now the three contributions of each node add up to
1 again and the total count does not change. The new graphs are denoted
by G. They consist of one or more loops. As a remainder, a loop (with
e.g. n edges) is a simply connected set of edges, i.e. an object that can be
drawn by starting at an arbitrary vortex on the loop, following the edges,
and returning at the starting point after n steps. The shortest loop has 4
edges and the number of edges is always even. In the new graphs G, the
number of edges has not changed, as compared to the original graph, but
it has an extra weight factor

w(G) = (- )N,

where N.(G) stands for the number of crossings ( decomposition c in fig-
ure of a graph G of the new type. By now g, is

N.(G)=n

w= L (-0

G

1.3.4 Decomposing graphs into loops

We are still not able to calculate the sum of all graphs analytically. To this
end we need to transform the graphs further. Each graph G with n edges
consists of one or more loops, which in total have n edges. If a particular
graph G consists of | loops, we can devide the total weight between the
loops. A loop L contributes a factor (—1)Ne(1) | where N, (L) is the num-
ber of crossings in loop L. The total weight is the product of the weights
of the loops of which the graph is formed. Clearly, there is a one-to-one
correspondence between all graphs G with n edges and all sets of loops
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with a total number 7 of edges. We define

{Zloops with / edges ( B 1)NC(L) if 1is even

D, = (1.39)

otherwise

Hence for n > 4 we may think that we can decompose g, into the contri-
bution of the loop decomposition:

~ o0 1
m!

8= Y on,en (1) Z Y Sy [I D, (140)
G m=1 v=1

Iy =4

Here m is the number of loops and [, stands for the number of edges of
loop v and D, is the corresponding weight obtained by summing over all
realizations of a loop with [, edges. The factor 1/m! is required as the right
hand sight creates a particulcar set of m loops in m! different permutations.
We can insert equation in equation [p.27] and obtain

00 m
Yo=Y ¥ Z5z = [] Dt™
n=4 v=1

o L N e

I
1018 108
S| E[-
/N I
I M &:13
S A
= T M
\_/ J
=

Hence according to equation (1.38) [p.[27] we have

In(Z) = NIn(2) + 2N In ( cosh(j)) + Z Dy, t™ . (1.41)

m=1

The sum can start at m = 1 (instead of m = 4) since equation (1.39)
counts loops and the shortest loop has length 4 anyways. However, equa-
tion (1.40) is not really correct. On the rhs the sum runs over all configu-
rations of independently arranged loops. L.e. there will be configurations
where edges occur more than once, like in figure [1.9} Such a configura-
tion is not included in G. However, there is a very simple cure. We allow
such configurations also in G, but in addition to double bonds, say, as in
figure [1.9 a) or schematically depicted in figure a) we also include
configurations that occur if we cross the lines as shown in figure b)
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a) b)

Figure 1.9: Examples of configurations that occur if loops are placed indepen-
dently. Such configurations are no valid graphs G.

and give them a weight —1. The sum of these configurations adds up to
zero. The same holds true, if there are threefold edges as in figure [1.9|b)
or even m-fold edges. Generally, in the case of m-fold edges there are m!
possible connections (permutations) of the incoming and outgoing lines.
The number of crossings is even/odd if the permutation is even/odd. As
the number of even permutations is always equal to the number of odd
permutations, the signs add up to zero. In the case of figure|1.9a) the new
configurations are depicted in figure[I.T1} Now a) represents a double loop
generated by placing loops independently, while b) shows a single loop,
which is passed twice. Including b) in the allowed single loops ensures
the cancelation of forbidden configurations generated by placing loops in-
dependently. The same holds true for even more complex structures, such
as tripple loops.

If we include the new type of crossings in the loops, then the previous
formulas (equation [previous page] and equation [previous
page] ) remain unchanged, with the exception that these crossings also
contribute to the number of crossings.
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+ —_

—

a) )

O/
o)

Figure 1.10: Double occupied edges.

a) b)
Figure 1.11: Double occupied edges.

Counting then number of loops and corresponding crossing

The remaining task is the determination of D;, which includes the task of
counting the crossings. To this end we introduce directed paths. The n-th
step of the path is encoded in

st = (x(,am) (1.42)

where x(") represents the initial site of the n-th step, and d") € {+ey, te,}
the direction of the n-th step. A path from S0 to S(") is defined by the se-
quence

P =500 gm
Clearly, we have the condition

x(1H) = x(m) 4 g(m) (1.43)



32 CHAPTER 1. ISING MODEL

N oy

a) b) c) d)

Figure 1.12: Representative paths and weights.

As the allowed loops do not contain elements that occur when d("*1) =
—d (™, we omit such steps. We define the weight of such a path as

1 1
= [z 4D, (1.44)
=1

where @(d, d’) is the angle between the vectors d and d’, defined as fol-
lows.

0 if d, d’are parallel
E . / . -- .

o(d,d) =12 %f d Ts anti clo.ckw1se rotated from d (1.45)
-Z if d’ is clockwise rotated from d

forbidden ifd,d’ are anti-parallel

In figure[1.12]some examples of allowed loops (paths) are given, for which
we want to compute the weight. We start at the lower left corner and
follow the arrow. We recall that turning left at a vertex gives +7, a right
turn —7 and crossing straight adds zero. In subfigure a) the 4 angles @
encountered during the path are all 77/2. The four angle add up to 27. In
other words we have performed four left turns The weight is then

For example b) the angles are in units of 7: 1,0, -1,-1,-1,0,1,1, with
a sum of 0 and a weight w = +1. In other words the number of left and
right turns is equal. That is also the case in subfigure c). In example d) a
loop is twice passed, so the total angle is 471 and a phase factor +1. We
find in all cases

w(P) = —(-1)N),
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which is the required weight in equation (1.39) [p.[29] apart from a global
minus sign.
Now we define a matrix M with matrix elements

(S'|My,|S) = sum of the weights of all paths from S to S’ in m steps .

The value of the matrix element is zero, if there is no path connecting S
and S’ in m steps. For m = my + m, we have by definition

(S'|Mn|S) = } (S| M, [S")(S" | Mum,|S) ,
S//

which is the common matrix product. Consequently, we have

M has the dimension 4N x 4N, as each step S = (x,d) has N possible
sites x and 4 possible directions d. Most of the matrix elements, however,
are zero. The fact that a path cannot be retraced is also accounted for in
M.

We can now easily express the sought-for weight D,, as

1 1 .
Dy = =5 ZS‘,<S|Mm|S> = 5 tr{M7'}

prove

1. The trace is required to sum over all initial vertices of the loop and
to make sure that the loop is really closed

2. Since each vertex of a loop occurs as initial point in the trace, we have
to divide by m

3. Each loop can be traversed in two direction, which explains the fac-
tor 1/2.

4. The minus sign has been expained before.

ged. v
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In total we therefore have according to equation (1.41) [p.

In(Z) = NIn(2) +2N1In (cosh(j)) + ) Dut"

m=1
= NIn(2) +2N1In ( cosh(j)) — %tr{ ) %}

= NIn(2) + 2N 1In (cosh(j)) + %tr {In(1—-tM;)}
= NIn(2) +2N1In ( cosh(j)) + % Indet[(1—tM;)] .

As said before, the size of the matrix M is 4N X 4N. The matrix elements
are defined via

<X, d‘Ml ’X/, d/> .

Since we use pbg, it is advantageous to perform a Fourier transform with
respect to x and x’. The determinant is invariant against such a unitary
transformation. Moreover, due to translational invariance of the problem,
we obtain

N = — xq XCI) I /
(q,d|M]q,d") NXX" 0d|/\/l1\xA x,d’)

1
= LY e Zelq BX(0, d| M |Ax, d)

-~

:5qq'
= Sqq Y €0, d|M;|Ax,d) .
Ax
According to equation (1.43) [p.[31]] we have the condition

X =x+d
= Ax=x —x=d.

Hence the 4 x 4 matrix M(q) hat the matrix elements

(q,d|My]q,d") = dqq’ ¢'qd (0,d|M]d,d")
= Sqq’ cad ei%d)(d,d’)

:Md,d’
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The inverse transformation is

(x,d|Mq|x/,d") = Z 1(q,d|Mi|q,d'),
q

and, therefore,

(x, dIM"|x’, d’) = Z g, d|(M1)"|q,d)
q

qu () ( (q))n)d’d/-

The remaining 4 x 4 matrix M(q) has the matrix elements

ZIH ZIH

d\d' | ey —ey ey —ey

ey el 0 Aetlt A*elht

M(q):| —ex 0 e M AfeT! AeTM1
e, | A%z Aeth2 el12 0

—ey Ae M2 A*eTH2 0 e 12

7T
with the definition A = ¢'4. This can also be written as

M(q) = D(q)M (1.46a)
D(q) = diag[e'", e "1, ¢!, ¢~ '2] (1.46b)
1 0 AN
. 0 1 A%A
AA 01

Here M is a hermitean matrix bat M is not. As the matrix is blockdiagonal
in q, q' we have

det(1—tM;) = det(tM; —1) = ﬁdet (tM(q) — 1)
q

With Qu = te'= the matrix argument of the determinant reads

Q-1 0 AQr A'Qq
tM(q) —1=—| ., 1 1 1
(9) MQr AQs Q-1 0
/\QE A*Q; 0 Q; —1
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The determinant yields (according to MATHEMATICA)

1bc
In {det(l — tMy) ] Zln [ (1+ 1,‘2 —2t(1 — #*)(cos(q1) + cos(qz)} :
Then the free energy per site is

be
_/3_ = In(2) + 21In(cosh(J) 1Zln { 1+ t2 —2t(1 — tz)(cos(ql) —I—cos(qz)]

(1.47)

We introduce the normalized density of states p(¢) corresponding to the
dispersion

e(q) = —(cos(q1) + cos(g2)) (1.48)
_ L 1le5 (1.49)

Then the free energies reads

_/5§ = In(2) 4 21In(cosh(j)) z/dep YIn[(1+ ) +2(1—2) ] .
(1.50)

Moreover, we use

cosh(j) =

— (t := tanh(j))
21n (cosh(j)) = %ln (1-#)7?) = %/de p(e)In ((1— t2)_2)

to obtain

L fatem[ (HE) - (2) + () el

-~ -~

:(1fsinh(2j))z =sinh(2j)
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prove
2t 2tanh(j)
1—#  1—tanh?(j)
B 2sh/ch
- (@— sh?) /ch?
=1
= 2sinh(j) cosh(j) = sinh(2j)
=cosh(2j)
2 2 2\ 2
L+ [ 4\ [ch?4sh?\T , 2
1—t2 1—2) ch? — sh? 1—t2
N—— D e —
=1 =2sinh(2j)
— cosh?(2j) — 2sinh(2))
— 1+ sinh?(2j) — 2sinh(2))
= (1- sinh(Zj))2 :
ged. v
The final result for the free energy reads thereore
FREE ENERGY OF THE 2D ISING MODEL
(without external field)
IHZ(VZ) _ _/3% —1In(2) + % /dep(e) In {(1 — sinh(2))? + sinh(2}) (2 He)
(1.51)

It is to be remembered that j = JB > 0 for the ferrromagnetic model.
Therefore, sinh(2j) > 0. According to equation (1.48) [previous page] ,
the energies ¢ are restricted to the interval ([—2,2]. The density of states
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F/NJ

T/Te

Figure 1.13: Free energy of the 2D Ising model.

p(e) is that of the 2d tight binding model, which is given by

o(e) = % /c(1 - (%)2> , (1.52)

where /C(x) is the elliptic integral of the first kind

(2 do
K(x) = /0 V(e (1.53)

The free energy is related to the entropy and internal energy through

F=U-TS.

As we will easily see later on, for T — 0 we have U — —2JNand S — 0
(3. law of thermodynamics), hence F — —2]JN; while for kgT/] > 1 we
have U — 0 and S — NkgIn(2), hence F — —NkgT In(2).

1.3.5 Curie-temperature

If we would have computed the free energy in the presence of an external
magnetic field, we could have computed the magnetization and from that
directly the transition temperature. In the absence of an external field, the
magnetization is always zero, due to symmetry. But in order to allow for a
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phase transition the free energy has to have an irregularity. (The argument
will be given later.) The argument of the logarithm is non-negative, but it
can be zero which yields the required irregularity. For the argument to
become zero, both terms (1 — sinh(2;))? and sinh(2j)(2 + ¢) have to be
zero. The first condition yields

sinh(2jc) =1 (1.54)
2jc 4 ¢—2jc
1 — sinh(2}) :1—% =0
= esz + e_sz —2=0

etic —2e%ic +1=0.
This quadratic equation has the solutions

etc =142,

Since e?/ > 0 the only solution is

jc=1]Bc = %m (1+v2) = 0.4407 . (1.55)

The mean field result was [3c = 0.25. The irregularity of the free energy
is a necessary prerequisite for phase transition, but not sufficient for a rig-
orous prove. Nor does it tell us the order of the phase transition. The
rigorous prove requires the dependence of the free energy on the an exter-
nal field.
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1.3.6 Internal energy

U = (H) = ] Y.(5:5))
(if)

Due to the translational invariance all n.n. correlations are the same

u
— =2 .

NJ (5152)
For high temperatures the spins are uncorrelated resulting in

u

N~ —2(51)(52) =0,

while for T = 0, the lowest energy is obtained if all spins are parallel and

u

Nj 2

Now we compute U for arbitrary temperature. To this end, we write In(Z)
in a more compact form

In(Z) = In(2) + % <ln ((1 — k)2 +k(2+ s)) >,

=g(k)

the average here is taken w.r.t. p(¢), and k = sinh(2]). Then

u_ (H) dIn(2)

N N a3
1,0 dk
= —5(&g(:<))% :
with
k 0 )
£ = 55 Sinh(2]B) = 2] cosh(2]) = 2]\/1 +sinh?(2]8)
we have

o= TRV
:_]< 2K + ¢ > Tr e
(1—«

)+ K(2+¢)
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-0.5¢

U/NJ
S/Nkg

-1.571

0 05 1 15 2 0 05 : 15 2
T/Tc T/Tc
(a) Internal energy . (b) Entropy.

Figure 1.14: 2d Ising model for B = 0.

In summary we have

INTERNAL ENERGY

£:_< 2kte >\/1+,<2. (1.56)

NJ (1—k)2+«k(2+¢)

1.3.7 Entropy

From F = U — TS we get

s .u F _[U In(Z)
v~ o= () ()

Hence, we can express the entropy in terms of equation (1.56) and equa-
tion (1.51) [p.[37].
We see no critical behaviour in the entropy, which is the first derivative

of the free energy w.r.t. T. The latter is continuous at T¢. According to
section (3.2.3) [Seite[110] it is therefore not a first order phase transition.
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1.3.8 Specific heat

The order of the phase transition can also be inferred from the specific heat
at B = 0.

C_lou _1au ok 9
N NOJT|y Nok 9f oT
~—

1
=2JV1+k? =2

= {% ( ~Jg'(x) m)} ( - kB/zz(zwm))

The final result reads

?\f(lz;;) =2j? {(1 +x2)g" (k) + Kg/(K)} : (1.57a)
with
/ . 2k 4 ¢
g (k) = < (1—k)2+k(2+¢) > (1.57b)

¢ = (Tarrmera) < (=erreas s))2> (1579

We see in figure that the specific heat diverges at T¢. In order to un-
ravel the type of divergency we perform a Taylor expansion in T about T¢,
i.e. T = Tc + AT. This corresponds to

j=lJc+Aj
k =sinh(2]c + Ak =1+ Ak

In the last step we have used equation (1.54) [p.[39]. The only divergent
behaviour can come from ¢’ or ¢”. The other terms can, therefore, be re-
placed by T = T¢. Le.

C(Tc + AT)

NG = 2e (28" (ke Ak) + g (ke + Ak)]

There is a critical behaviour in the second derivative of F, i.e. the specific
heat. Therefore, the Ising model has a second order phase transition.
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C/Nkg
N

0 0.5 1 15 2
T/Tc

Figure 1.15: Specific heat of the 2d Ising model.

Type of divergency

The divergency originates from the term ﬂ-'@zlm at the vicinity of
¢ = —2. The dos p(¢) in principle also has a divergency at ¢ = 0 but it is
integrable and does not result in a divergence in the specific heat. To study

the divergency at ¢ = —2 we split

p(e) = p(—2) +Ap(e) .
=

Then the expectation values become

(F(e)) = (F(e)),, + (F(€)), -

The second term cause no divergency, hence we merely need to consider
terms of the form

(F(¢)),, - (1.58)

Proof
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Ap(e)(2 + € + 2Ak)
i
e==2 (Ak)2 + (1+ Ax) (e +2)
i Ap(—2+1)(n + 2Ak)
n—0 (Ak)2+ (14 Ak)n
L'Hospital lim AP (=24 1) (n+2Ak) + Ap(—2+ 1)

10 (Ak)? + (14 Ak)n
L (2AKAP (=24 1) +Ap(=2+n)
= lim
n—0 (AK)Z
2 limaA '(—2+ )+LlimA (—2+n)
a Ak n—0 P 1 (AK)Z n—0 b 1
—0 =0
=0.
or for ¢"" we need
2
2 A
lim AP(£>< 2 Lo >
2 (Ak)™ + (14 Ak) (e +2)

i Ae(=24 1) (n+ Ax)?
n—0 ((AK)Z +(1+ AK)n)2
Uospital | Ap'(=2+4m) (1 + AK)? 4 2Ap(~2 4+ 1) (0 + Ax)

n—0 2((A,<)2 + (14 Ax)n) (1 + Ak)
L’H(ipital lim Ap/(—Z + ﬂ) (AK)Z + 2AKAp(—2 + 77)
Y 2((8k)%) (1 + Ak)
_ (AK)Z o . o
R 2((AK)2) (1 + AK) 717*0Ap\(r 2+ n),+2((AK)2) (1 i AK) 717_>0Ap( 2+ T[)
=0 ~

=0.

For the first term in equation (1.57) [p.[2] we need

/ B e+ 2+ Ak
gL+ an) = <(2+e)(1+AK>+(AK)2>po '
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for which we find

"(14 Ax) = LI 4p0 + Akpgln (4) — 2ppAk In (Ak) 4+ O(Ak
& 1+ Ax
— 4pg = O(l) .
Ak—0

Proof
First we will transform the denominator
2
(24 €)(1+ Ak) + (Ak)? = (1 + Ak) (2 +e+ fi'zl()
= (14 Ax) (2 + e+ (Ak)2 + O((AK)3)>
Then
£+ 24 Ak
(24 ¢)(1+ Ak) + (Ak)?
N 1 e+ 2+ Ak
T 14+ Ak 246+ (AK)2+ O((Ak)3
1 e424(Ak)? 4+ O((Ak)?) + Ak (1 — Ak) + O((Ak)?)
T 1+ Ak 2+ ¢+ (Ak)2 + O((Ax)?) '
Le.
e+2+ Ak _ 1ty A= 0((A)%)
(2+¢&)(1+Ak) + (Ax)2 1+ Ax 2+e+ (Ak)2(1+0(AK)) |
(1.59)
So we have
, B e+2+ Ak
$1+89 = (oo ran <AK>2>p0

. 1
_ 1+AK-{<1>DO—|—AK(1O(<AK)2)) <2+£+(AK>2(1—|—O(AK))>pO}
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The definition of the expectation value is

(f(e))p, = /_zzf(E)Pode = Po /if(e)de :
Therefore

<1>p0 = 4p0 .

1
<2 + e+ (Ax)2(1+ O(Ak)) >p0

2 1
- /—2 2+ e+ (Ax)2(1+ O(AK))dE
= poln (2 +2+ (AK)*(1+ O(AK))> — poln (2 — 24 (Ak)?(1+ O(AK)))

=poln (4) — poIn (AK)z) + O(Ak)

In total we have

2+ Ak
"1+ Ak) — &+ >
e <(2+e)(1+AK)+(AK)2 o
1
= T Ac {4Po+ Axpoln (4) —200AxIn (Ak) + O(Ax) }
— 0
Ak—0

ged. v

Similarly, for the second term of ¢’ we find with equation (1.59) [previous
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(i),

i+ ) <<1+2+e+( AK)(ZE iK);))AK))2>pO
O

page]

—

2
= O(1) + O(AkIn(Ak)) + /22+£+ Ax) 7de
= 0O(1) + O(AkIn(Ak)) + (O )2))

= O(AxIn(Ak)) + O(1) + O(((AK) )

Again no divergency. The only divergent term stems from the first part of
¢”, which yields

) 2
<(AK)2 +(1+Ax)(2+¢) >p0 B /2 (Ak)? + (1[—)|E]AK)(2 + e)de

= poIn [(Ak)? + (14 Ak)(2+2)] — po In [(Ak)? + (1 + Ak)(2 — 2)]
= polIn [4+ O(A«)] —2pp In(|Ak]);

= O(1) — 2 In(|Ak]);

The specific heat obviously has a logarithmic divergency, which corre-
sponds to the critical exponent

a=ao =0. (1.60)

For the definition of the critical exponents see section (3.3) [Seite [111]].

1.3.9 Spontaneous magnetization

So far it has not been possible to find the exact solution of the 2d Ising
model in an external magnetic field. This is only doable for infinitesimal B
values, which is enough to determine the spontaneous magnetization. It
amounts to computing the spin-spin correlation (S;S;) and use

Lim (5;Si41) — (<5i>)2 = (%)2

The graphical solution amounts to count all graphs as before but with the
peculiarity that the vertices i and j have an odd order. The result reads
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—— exact result

- - MFA

0 0.5 1 1.5
T/Te

Figure 1.16: Spontaneous magnetization of Ising spins.

SPONTANEOUS MAGNETIZATION OF THE 2D ISING MODEL

M {(1 —sinh *(2))""* for T< T (1.61)
v .

0 otherwise

The order parameter, the magnetization, is continuous, which corrobo-
rates the statement, that it is a second order phase transition.

1.3.10 Proof

We seek the number of paths from the center x = 0 to site x, where the
Manhattan distance is n. We consider only cases with n > 1, actually we
are interested in n — 1 to co. We are interested in the weighted sum over
all paths from the center to site x. Schematically this can be written as

o (m)
ZOX - Z WO,X 7
m=n

where Wé";) stands for the contributions that contain m steps. We will

again use the previous matrix M) Here, however, we are not counting
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loops and therefore the weights are not entirely correct and it is not yet
clear what we have to do with the directions of the last step, which points
from the final point x to an arbitrary direction. It is, therefore, useful, to
split off the last step. Then it seem reasonable to start with the form

Wé,’i) =) ) (M(ml)) (M(l))(x’,d’),(x,d”)
do x,d’ (0,do),(x,d")

There is one constraint:
X =x—d.

The last term adds a factor th(j) plus a phase, that depends on the yet
undefined d”. The phase-factors are only correct in closed loops to add up
to the sign, representing crossings. Therefore, we will add graph elements
to from a closed loop, such that no additional crossings occur. There are
16 possibilities depending on d and

vod’

1.3.11 Critical exponent

For T ™\, Tc we have

1
8

z|=

- (1 — [sinh (2jc +2JAB)] ‘4)

(1 - [sin}@+ cosh (2jc) JAB] ‘4)é .

\—
‘ — 1

In addition, we have

cosh (2jc) = \/1 + sinh?(2jc) = V2.
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Hence

ol—=

z|=

1-[1+V2]AB]~ )

1

42 ]Afs)

(-
(1 —1 -|—4\/_]Aﬁ>
(

F-7)"

®

£
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2.1 Hamiltonian

The hamiltionian reads
2
H = Z (p] + eA(r])> + Heoul — Z m?B(r]) + H,, (2.1)
j j

So far, this hamiltonian describes any arbitrary system, from isolated atoms
up to any crystal. The first term describes the coupling of the electrons
to the electromagnetic field in combination with the kinetic energy of the
electrons, the second contains Coulomb interaction of the electrons to the
atomic core and the electron-electron interaction and last term covers the
interaction of the magnetic moment of the electronic spins to the exter-
nal field. The spin of electron j, denoted by S; corresponds to a magnetic
moment

ms — _8¢%g. _ _gf“Bs]. (2.2)

] 2m h

with g, = 2.0023 being the Landé Factor for the electron, and the Bohr
magneton

eh

UB

The last term in equation covers relativistic effects, such as the spin
orbit coupling, which we will briefly discuss later on. In the hamiltonian
the dipol-dipol interaction of the spins is neglected, as is of minor impor-
tance. First, we transform the first part of the hamiltonian

2
(i eA() ) = b} + epjAlr) + eA(r)p; +2A%w)
We use the Coulomb gauge, in which
divA(r) =0

holds. Moreover, we will only consider a homogeneous magnetic field B,
for which in the Coulomb gauge we can write

A(r):%er.

In this case

1
pjA(rj) = 5p;- (B xTj) .
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We have to take into account that P and r are operators, while B is a clas-
sical vector. Then the spin-term simplifies to

Zm?B(rj) =B Zm? :
] )
Moreover, we need

P (B X I‘) = Pz’gijkBjT’k
= —Bjejikpitk
= B]'ejkirkpi .

IN the last step we have used that r; and p j commute for different indices,
which is guaranteed be the Levi Civita tensor. Hence

Similarly, we find

(B X I‘) ‘P = gijkBkaPi
= Bjejkirkpi .

A%(r) = }L(B X r>2

= ZgijkeimnBiermrn

1
= 4_1 (BZ'I’]'BZ'T’]' — Bii’l’BjI’])

= }L(BZ >—(B-1)?).

We still need

In total we therefore find

1 e e’ B? 20 2
H= ﬁ;p”ﬁB;”*s_m;(B 17 = (B-xj)) + Heow —m*- B,
where m® is the total magnetic moment of all spins. We also relate the
angular momentum with the magnetic moment

L_ ¢y _ HBy.
m; = ZmL]_ hL]

e u
mL: —%;L]: —%;L]
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Then the hamiltonian simplifies to
1
H= %;P? + Hdia +HC0u1 —mP" . B ’

¢*B? 2.2 2

j

Hdia =

with the total permanent magnetic moment defined by

mP"" =m® +ml = —%(L + £S) . (2.5)
It results in paramagnetism.
The permanent moments tend to align in the magnetic field, while ther-
mal fluctuations have the opposite effect. There is yet another term in the
hamiltonian equation [p-[B2]] that contains magnetic moments result-
ing from the electronic motion: the diamagnetic term H;,. One can show
that the total magnetic moment, defined as

m = mPo" + mind
can be obtained by
m — —VBH .

Then we see that the induced magnetic moment is given by

ind e* 2 T
m :_Ej(rj_jrj)B'
W.l.o.g. we can choose B = Be, then
ind 62 2
m = —B EZ(r]‘eZ_Z]'I‘]')

]

2.1.1 Diamagnetism of atoms

We consider atoms or ions with closed shells, e.g. helium or other noble
gases. in this case S = 0, L = 0. Then the only term contribution to a
magnetic moment is the diamagnetic term. We will treat this term in first
order perturbation theory, i.e. we first determine the ground state of the
system for B = 0 and use the corresponding eigenvectors to determine the
tirst order energy correction

AEy = <Hdia> ’
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He  Ne Ar Kr Xe
x per mole in 10~%cm3 /mole | —1.9 —-7.2 —154 -28.0 —43.0

from which we obtain the resulting moment

md
(m™) =~ B o Z —(z)) -
where 7 . is the v-the cartesian component of the vector r;. We consider
(zjrj) = Z ev(zTjy)

For closed atomic shells, the ground state wavefunction is rotational in-
variant, therefore

(2i73) = Sv(2) = vz 1)

So in total , the atomic induced magnetic moment is

2

e
= B — 2
m;,q 61 ;O’;)

The magnetic moment is always in the opposite direction of the applied
magnetic field, i.e. diamagnetic reaction, it reduced the total magnetic field.
It is called Langevin diamagnetism.

From the magnetic moment, we determine the magnetic susceptibility

d(m.,) Hoe® 2

Xvu = Ho =9 (y r5)
v 0B, HY 6m ; J

To estimate the order of magnitude, we replace <r?> by the square of the

Bohr radius. One obtains

3
xper mole =~ —3 x 10~ 6T

mol
For noble gases this value value is This diamagnetic contribution is also
present in in open shell systems, but then it is orders of magnitude smaller
than the contribution of the other term.
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2.2 Density matrix and thermodynamic relations

We consider the canonical ensemble with fixed particle number N, which
we will not explicitly mention as natural variable in the arguments. We

only write T and B

1
p(T,B) = Z(T.B)° pH

Z = tre P
The free energy reads

F(T,B) = —ksTIn(Z(T, B)) .

The internal energy follows from

d
:%(/31:)
0
o 2y 9
= F— B(ksT?) oF

=T

U=F-TS.

This is equivalent to

5= 7 (U~F)
= kg tr {e(fiH) } + kpIn(Z)

= kp ( tr {e(fiH) } + ln(Z)) :

Then we use

(2.6)



2.2. DENSITY MATRIX AND THERMODYNAMIC RELATIONS

Inserting above yields

S =kp ( —tr{a(In(e) +1In(Z)) } + ln(Z))
= kg ( —tr{eeln(ee)} — tr{e}In(Z)) + In(Z) )

=1
N J/
N

=0

= tr {—kpeeln(ee)}
— —kp(In(p))

Hence the entropy is the trace of the quantum entropy operator.
For the total differential of F we have

ar = EIB)| or ver(r,B)| -dB
T |, )

= —SdT —M -dB

Prove of the last step

VBF(T,B) = —kBTVB ln(Z)

Hence

oF

3B -M.

T

57

2.7)

Oftentimes the magnetization is defined as total mean magnetic moment

per volume.
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2.2.1 Magnetic response functions

Specific heat in analogy to the case of gases

ou a5 9%F
Cg==—| =T—| =-T=— (2.8)
oT B oT B oT? B
Derivation as before without magnetic field.
Magnetic susceptibility
oM, 9%F
v = = — 2.9

In many times, the susceptibility is also expressed per volume.

2.2.2 Internal energy

We have defined the internal energy as U = (H), which is the energy of
the material including the interaction of the electro magnetic field. It was
derived from the purely electronic part. However, the field energy itself is
not included. It is common to define a second internal energy U’ that also
includes the field energy

U=U+M-B. (2.10)
resulting in
dU' =TdS+B-dM .

It is the Legendre transformation in the pair (M, B).

With
/
o'l _
3S |y
o’
—| =B.

It results in the Maxwell relation
9| _or
0S|y oM

S
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2.3 Paramagnetism of independent moments

We consider the situation, where the permanent magnetic moments of the
atoms do not interact. Then the hamiltonian has the structure

H=Y H.
i

where i enumerates the atoms. All atoms shall be the same, so all H(?) are
the same. In the following we suppress the index i. The hamiltonian H()
has the form

HY = Hy+  y(LS) +“LB(]Z+SZ> . (2.11)

—_——r . h
spin-orbit coupling

Zeeman term

Here J* = L: + S*. w.l.o.g. we have assumed that B = Be,. In addition we
have used g, ~ 2.

Hy commutes with L2, $2,L%, S*. Which is also true for the total hamil-
tonian without spin-orbit coupling. For the calculation of the partition
function we have, since there is no interaction between the atoms

zN = (zh)Y,

i.e. it suffices to consider a single atom.

2.3.1 Weak spin-orbit coupling
In this case we ignore the spin-orbit term and the eigenvectors are given
by

|KI L/ S/ LZ/ SZ> 7

where y covers all other quantum numbers. The corresponding eigenval-
ues are based on equation (2.11) with J* replaced by L* 4- 5.

B
E(x,L,S, L, S.) = Eo(k, L, S) + %(LZ +25,),
The canonical partition function reads
N N
z=]z" = <Z<1>> (2.12)

i=1

7(1) — Z e*ﬁEQ(K,L,S)*%(L,z‘FZSz) (2.13)
k,L,5,L;,S;

Z0 = Y ¢ FR(sLS) § o 125 (2.14)

k,L,S L;,S;
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Typically, the Zeeman splitting is small compared to the other energy dif-
ferences, when changing «, L, S. For moderate temperature we only need
to consider the ground state quantum numbers (g, Lo, So) (Hund'’s rule)
and obtain (we use L, = hl, and S, = hs,, with [;,s, € N)

Lo So
Z(l) — e_EO(KOILO/SO) Z e—bLz Z e—ZbSZ
l:==Lo s2=—50

-~

=Z(Lo,So)

J

Here b = BBug. If there is a gap between the ground state multiplet and
the first excited one of AE, then the next to leading order contribution

((k1,L1,51)) is
7(1) _ efﬁEO(KO,LO,SO)Z(LO, So) + e*EO(Kllezsl)Z(Lll S1)

_ o~ BEo(xo,Lo,So) (Z(Lo, So) + e—/SAEZ(Ll, 51)>

If |AE| > kpT then we can neglect the higher order terms and
Z(1) = e=BEolxoloSo) z (1,4, 84) (2.15)

The key elements are sums of the form

M oM 1 — —n(2M+1)
zm(n) = ), e ™= e™ Y e = e™ =
m=—M m=0
eN(M+1/2) _ ,—n(M+1/2)
gﬂ/z — 6—77/2
_ sinh(n(M +1/2))
B sinh(n/2)

Then we obtain immediately

% — —kgTIn(Z')

— Eo(ko, Lo, So) — ksT1In (ZLO (b)> —ksTln (zso (2b)) .

Next we compute the magnetisation

oF

M:—E

T



2.3. PARAMAGNETISM OF INDEPENDENT MOMENTS 61

Since B = e, we obtain

oF
M= —e,-
dB |
Ey is independent of the magnetic field. We need

d zp(n) dn
ﬁzM(n) = Zﬁ(n) iB

For the latter derivative we need
db

d_B = Bug
d(2b) B
g~ 2Pus-

Next we compute
, _d sinh(n(M+1/2))
= ™ sinn(n/2)
1, cosh(n(M+1/2)) 1sinh(n(M+1/2))cosh(n/2) .

= (M+ -
(M+3) sinh(n/2) 2 sinh?(n/2)
Then
Zy(n) 1 1
() (M + 5) coth(n(M +1/2)) 5 coth(n/2)
o (2M+1 Mn(2M+1),, 1 Mn
=M ( o O T ) T COth(ZM)) '
Finally we have
zj ()
=M By (Mn), 2.16
2 (1) m(Mm) (2.16)
with
BRILLOUIN FUNCTION
2M+1 x(2M+1 1 X

(2.18)
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Then the final result reads

M

N = e,ugB (L()BLO(bLo) + ZSOBSO (21750)) . (2.19)

Properties of the Brillouin function

For small or large arguments, coth(x) behave like

1 x A 5
x<1: COth(X)—;‘i‘g_EO(X)
X — 00: coth(x) — 1.

Hence, we have for x < 1 (MATHEMATICA)

M+1  2M3+4M?>+3M+1 4
BM(x):—3M X — TIVE x” .

(2.20)

And for x -

2M+1 1
_> —

oM oM

B(x)
In summary

_ M+1
- 3M
n— £oo: By(n) — £1.

n<1l: B (m) n

This yields for the magnetization in equation (2.19)

M Lo+1 So+1
1: — = L L 2 2
b < N ezu3< 0 3L, (bLo) +2So 35 (550))

3B

3kgT

= e, (Lo(L0+1)+4SO(So+1)>

The susceptibility then reads

CURIE LAW

@

Xpy == 5“\/T 7 (2.21)
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with

2
C= ‘;015‘3 (LO(LO 1) +450(So + 1))
B

We still need to consider the large b limit. Here we have

b— oco: %—)iezuB(Lo—f-ZSo) .

Brillouin function for M = 1/2 and M = oo

An important special case is given for spin-1/2, then

B j5(x) = 2 coth(2x) — coth(x)
2(ezx + e’zx) eX+e ™ efte*
e2x _ e—2x - ex _ e*x ) ex _|_ efx
262x + 26—2x o er - e—2x -2
(&) (e +e )
B €2x + e—2x —92
RGETRICET

So we finally have
B j»(x) = tanh(x) (2.22)
For large spin (M > 1) withe = 1/2M < 1 find
Bum(x) = (1+¢) coth (x + ex)) — e coth(ex)
= coth(x) + O(¢) — é + O(e)
Hence

Butsoe(¥) = coth(x) —i : (2.23a)

This is the classical limit.

2.3.2 Strong spin-orbit coupling

To avoid confusion we mark operators by hats. If the spin-orbit coupling
is strong compared to the magnetic field, then we cannot ignore the spin-
orbit term. In this case, H still commutes with L and S, but no longer with
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0.5

BM(I)

-0.51

8

Figure 2.1: .

L* and S%. Instead, based on the relations
(2.24)

+
( i ‘2), (2.25)

H now commutes with L2, S%, J?, J,. The eigenvectors are therefore

<, L,S,],Jz) -

(l)> S~
Il Il
N = ™

The corresponding eigenvalues are given by equation (2.11) [p.59Y] as

E(k,L,S,],J-) = E <KLs>+%(JZ & >).

Here (57) is the expectation value of of 57 in one of the eigenstates |k, L, S, ], J.)
while J, is already the eigenvalue of the operator J*. The computation of

the expectation value ($;) yields eventually
E(k,L,S,],J. = Eo(k, L, §) + *2B (14 JUF D+ S+ —LE+ 1)
b R 27T+ 1) .

=g

= EQ(K, L, S) + uBBg]m ,

with [, =hmandm € {—], -] +1,...,]}

prrof
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To compute the expectation value we proceed as follows. We start out with
the identity

S(L-§)—(L-§)S§=—-inSxL. (2.26)

. Next we multiply equation with x J and obtain
S(E-8xf—(L-8)Sxf=-in(SxL)xJ (2.27)

Now, (L - §) commutes with all components of the Vector operator J, since

according to equation (2.27) L - § is given by 3( e & ) which can
be seen as follows

A

[L-§, )%= —[L%,]%] - [52,1“])

L2 LOC+Soc [52’ LA 4+ S(X])

e
(L2 L] + [S?, 5“])

N —
I\JI>—‘ NI»—\ 7N
:N
-

Then we can move L - § in the first term of equation (2.27) to the right of
J, resulting in

(SxJ)(L-8)—(L-8) (SxJ)=—-in(SxL)xJ

If we now compute expectatlon values in the elgenvectors x,L,S,],Jz),
we can replace the operators (L. - S) by the elgenvalues (JJ+1)—L(L+
1) — S(S+1)) and the remaining expectation value on the left hand side
is zero. Hence, we obtain from the right hand side

(§xL)yxJy=0, (2.28)
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which is valid in the eigenstates. From

(Sxi)yxf=L(5-H-8(E-])
=(J=8) (8- )-8 (L))
=J (7)) -8 (L+8)])

From equation (2.28) [previous page] we therefore obtain
(SxB)yxf=F(5-))-§F=0.

and for the expectation value in the eigenstates \k,L,S, ], ]J*) we have

<iz (gf)>_<§z]2> =0.
Next we use
§j=8-1+¢
:%(fZ_S\Z_iJZ)_’_gZ
1, . A .
:E(]2+SZ—L2)

and obtain

1 .
Jo 5 U+ +8(5+1) = L(L+1)) = ($2) JJ+1) =0.
The expectation value (S;) in the eigenstates |k, L, S, ], J*) is therefore:

JJ+1)+S(S+1)—L(L+1)
2](J+1)

<Sz> — ]z
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Hence, the eigenvalues are

E(x,L,S,],J.) = E()(K,L,S>+HZB <l+;[](]+l)+5(5+1)L(L+1)}> J: .

ged. v

The remaining calculation is similar to the previous one and one obtains

F

ﬁ = EO —kBTln <Z}(b)>
with b = gjuppB. Then

M = e:NJgjugB Bj(b]) .

For high T and small B, the susceptibility yields

CURIE LAw

C
Xuv = v - (2.29)

with

Nuouzg7/(J +1)
C= ,
3kp

and for large b we have

M
— — + .
N ol e;grupJ
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Plot of the Brillouin function
Entropy

For the entropy we obtain

s aEN| z’](b) db
N~ ot |, = ke (@) + kT oy

db

1
i _8]#BBW = —528]HBB = —Bb.

S =kg (ln (zj(b)) — bz/](b))

Along with equation (2.16) [p.[61]] we obtain

S () o)

Forb <« 1 (i.e. T — o0) we find

— kpln (2] +1) .

The argument is the number of eigenvalues of J.

2.3.3 Plot of S and specific heat
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2.4 Magnetism of the free electron model

The free electron gas is based on the following assumptions: no electron-
electron interactions, the electrons experience no potential due to the crys-
tal, they are confined to a box. In addition, we apply a constant homoge-
neous external magnetic field.

2.4.1 Pauli paramagnetism

First, we restrict the discussion to the coupling of the electronic spin to
the magnetic field, i.e. we ignore the angular moment. The energy one-
particle eigenvalues are

h2K2
eolk) =5, T b,
UBSe
b= - B

with the quantized wave vectors k. The mean occupation of the one-
particle orbitals is given by the Fermi-Dirac distribution

nr(eo(K)|T, 1)

The mean total number of electrons in the Zeeman level represented by o
is

Ny = Zk:np(eg(kﬂT, W) = /dep(e)np(e +ob|T, ) .

As derived in appendix the 3D dos is

p(e) = Dv/e, (2.30a)
Vm3/2

with D= ——.
B r2y/2

(2.30b)

Then
Ny=D / dev/e np(e + ob|T, 1) .
0

For small magnetic field we can use a Taylor expansion in b abound b = 0

de
=D /Oo dev/e np(e|T, u) + obD /oo dev/e n(e|T, u) + O(b?)
0 0

Ny, =D /Ooo dev/e (np(£|T, u) +ob inp(f:|T, w) + O(bz))
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The total particle number follows as
N=N;+N_=2D /Ooo dev/e np(e|T, 1) + O(b?)
=2D /OOO dev/e np(e|T, 1) + O(b?) . (2.31)

For small b and low temperature we can use the Sommerfeld expansion,

outlined in appendix (4.1),

SOMMERFELD EXPANSION

I= [ e (el Tde
odd

= [“ree e +2 Y. ( (- ) Cn+ D (kT)" F (), @32)

which reads to leading order

7'(2 2 kBT

I:/O“f(e)der?(kBT) £(k) +O((2- )

For the total particle number we obtain

vew( ey (m)* )

_ 2 3 um12
_2[)(3 + oM (kBT)

N _ a2y, 7 (keT)*
1p =M <1+8 . +... (2.33)

For T = 0 the chemical potential is equivalent to the Fermi energy er and
we have

3N 32

D= (2.34)
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or rather

_(3NRP2n)2\*? (3NA2\PP n?
T \wempz) TV 2m

FERMI ENERGY IN THE FREE ELECTRON GAS

) 2/3 h2
e = | 37m°n o (2.35)

This defines the Fermi wave number kr, through

2/3 12 212
h hk
°F = (37T n) 2m  2m

1/3 o\ 1/3
krp = (37r2n) = (%) ,

where v is the average volume per electron. Hence
1
kF X =,
r

where r is the mean distance between the electrons. Inserting equation (2.34) [pre-
vious page] in equation (2.33) [previous page] yields apart from higher

order terms
2 2\ 2/3
(5
8\ u

2 2\ —2/3
”:£F<1+1(’<B_T)) _
8\ u

We can solve this equation iteratively, starting with u = er. The first itera-

tion yields
2 2\ —2/3
(e E )
8 Er
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For low temperatures T <1 we can as well write

“—EF(l-m("f—f) o))

Further iterations do not change the second order term and we generally
have

CHEMICAL POTENTIAL
(free electron gas)

2 2
(B o) o

The partition function for non-interacting particles has already been de-
rived previously. For one-particle energies ¢, it was

In(Z) =Y In (1 + 6[3(5"“)) :

In the present case the index v stands for the wave vector k and the spin
direction. Hence

= Z/ p(e) In (1 + eﬁ(””b“)) : (2.37)
> /0
The corresponding grand potential reads
Q(T,B) = —kgTIn(Z) = —kBTZ/ ) In <1—|—e Bletob— “>> .
The magnetization in z-direction is obtain via
0Q
M="-3B,

ﬁ(nge / e Bletoby)
= kgT Z ; de p(e) o BT R

o P‘Bge
= - ;U/o de p(e) np(e+ ob|T, 1)

__HBge M(Ny —N_)
h \_2 -

< Sfotal >
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In agreement with equation (2.2) [p.[52]. Again we assume that b is small
and employ a Taylor expansmn

M= B8y 6 [ e ((epnr(eIT, )+ obrf eI, )+ O1?))

= HB8egy /O " dep(e)nl(e]T, ) + O(1?)

— —(“Bzi)zB /OOO dep(e)nf(e|T, 1) + O(b?) .

Then the susceptibility reads

XT = K03y
9B |50

2 roo
= _FLO%/{) dep(e)nk(e|T, 1) .

This can also be written as
;X:—M%( ) /%piﬁﬂTw
= o’ ge 2—/d£p(£)np(£|T u) .
B\ 2 ou ’

Comparison with equation (2.31) [p.[70] yields

e\ ON
XT = HoMHB ( 5 ) m .- (2.38)

We use the Sommerfeld expansion, derived in appendix to expand
the integral in powers of kg T/ .

X = u(%&)/ dep(e)nr(e|T, )
= “Bge / (e|T, 1)

ng " kgT .4
Sl ([ 6&Tf<>+0«iﬂ>)

7l

8 o)+ kn2%>+0«ﬁ5>).
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The final result reads

2

_ (uBge)? 2 p"(n)
=B o) (14 Tt 4 ) 2

Now we recall, that p(e) = D+/e, resulting in p” () /p(u) = —1/(4u?).

MAGNETIC SUSCEPTIBILITY
(free electron gas)

_ (uBge)* 7? (kpT)?
Xp = yoTp(u) (1—ﬂ(T) —I—) . (2.40)

We see that indeed kgT/u is the relevant small parameter. This describes
the Pauli-spin-paramagnetism, which is almost temperature independent
for low T; in strong contrast to the Curie 1/T behaviour. The reason for
the discrepancy lies in the fermi-statistics. Only the spin of the electrons in
the vicinity of u can contribute. The number of thermally excited electrons
is ky Tp(u) which compensates the 1/T behaviour.

2.4.2 Langevin Diamagnetismus

So far we have only considered the spin degrees of freedom of the free
electron gas. The orbital moments also contribute to the magnetization,
which results in the

LANDAU DIAMAGNETISM
(free electron gas)

XL = —5Xp (2.41)

For the derivation see appendix ??
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2.5 Collective magnetism

2.5.1 Heisenberg hamiltonian

In many crystaline systems, the electrons can be split into those that are
localized at the atomic sites and others which can move freely through the
crystal. The former result in localized magnetic moments or spins S;, if
they do not belong to closed shells. We have discussed these local spins
S; before, but there we have focussed on systems where these spins do
not interact. The Coulomb interaction between the electrons can lead to
various types of exchange interactions between these spins. The exchange
can either result from exchange processes of the electrons that form the
local spins on neighboring sites direct exchange or it can be mediated by
additional electrons indirect exchange. In the latter case, the interaction
can be long ranged, like in the case of the so-called RKKY (Ruderman-
Kittel-Kasuya-Yosida). In RKKY the interaction decays like 1/|R; — Rj[?
with the distance between the spins at site R; and R;. In addition, the ex-
change interaction changes sign as function of distance, i.e. depending on
the distance between the localized spins it can be ferromagnetic and anti-
ferromagnetic. In all cases, the interaction can be described by a prominent
model for collective magnetism, the

HEISENBERG MODEL

— zZ zZQz Xy X ox Yoy
H = —% ( 575787+ 17 (S7S) + sjsj,)> +b;S§ : (2.42)

Here ;7 = J((R; — Ry)), with J;; = 0. J; can always be chosen symmet-
ric, since by substituting j <> j/ we find
Hug ==} ) JiSiSj = =LY 17iSiST = = L Y 17iSiS]
*jj *jj * jJ

Hence
H_l _ "SQCS‘X _ ,.qutx — ]]]/—i_]],] SOCsOC

) LY JipSiSy+ - LY Ipisisi ) = ZZ(—z ) 5755 -

x jf x jf x jf
We also introduce the ladder operators
s]ﬂF = ST+ iS]y. . (2.43)
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In these operators, the hamiltonian reads
- 2 g26Z 4 Ygtgo z
H=-) <]]-]-/S]5]/ 5 s].,) bS]
1] ]
The order of the operators S;’S]._, is irrelevant, since j # j' and in that case

they commute. There are three important limiting cases depending on the
anisotropy of the crystal in spin-space.

o (|J*| < |J*Y|) results in the so-called xy- model

XY-MODEL

_ Xy -
H_—§]jj,s].+sj/+b;s§. (2.44)

e (|J%| > |J*Y]) results in the so-called Ising model, which is discussed
in great detail chapter chapter (1)) [page []

e (J* = J'Y) represents the isotropic Heisenberg model

HEISENBERG MODEL
(isotropic case)

H=-Y]jSjSy+b) S;. (2.45)
i j

Very often the exchange coupling J;» = J(|R; — Ry|) decreases very rapidly
with distance and it suffices to take only nearest neighbour (nn) interac-
tions into account, i.e.

i (i
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In general, | can be positive or negative. In the first (second) case, ferro-
magnetic (anti-ferromagnetic) spin alignment is favoured. If the exchange
coupling between localized spins is mediated by itinerant electrons, the so-
called RKKY-interaction (Ruderman-Kittel-Kasuya-Yosida) results, which
is long ranged and oscillating as function of distance, i.e. depending on
the distance between the localized spins it can be ferromagnetic and anti-
ferromagnetic.

2.5.2 Mermin-Wagner Theorem

There are only a few exact results available for the Heisenberg model. Pre-
sumably the most important one is due to Mermin and Wagner and states:
In one and two dimensions, continuous symmetries cannot be broken sponta-
neously at finite temperature in systems with sufficiently short-ranged interac-
tions.

We add an external field

B; = be,e' R

to the isotrop ferromagnetic Heisenberg model. This B-field couples to
different types of magnetic order (e.g. ferro, anti-ferro), depending on the
choice of the wave vector Q. We consider the order parameter

1
" BN
The operator Sg stands for the Fourier transform of Sj, defined in equa-
tion (??) [p. ??].

After a straightforward but tedious calculation, which can be found in
appendix ??, the result reads

So(T,b) (SQ)TY - (2.47)

’bl 1/3
< (12
1D) So(T, b)| < <T2> —0 (2.48a)
2D) So(T,b)] < —=<2st — 0 (2.48b)
T|In (|b])| e
3D) 1So(T,b)| < 22t (2.48¢)

VT

For finite T the rhs in 1D 2D goes to zero for vanishing field (b — 0). Hence
there is no finite order parameter possible, irrespective of the wve vector
Q (order). For 3D, however, the Mermin-Wagner theorem does not rule
out spontaneous magnetization for finite T.
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2.5.3 Exact ground-state of the ferromagnetic Heisenberg
model

Here we consider only the homogeneous ferromagnetic (J;;; > 0) Heisen-
berg model with a homogenous magnetic field pointing in the z-direction.
We readily see that the ground state is given by the state, where all spins
are maximally aligned in the negative z-direction

0) = @] - 9); (2.49)

with
§i|m); = hm|m); (2.50a)
S3|m); = n*S(S+1)|m); . (2.50b)

Applying the hamiltonian to |0) yields
H|0) = — Z]]-j/s;s;,m) — Z]jj/sj 5:10) ) + bZ §310)
i’ i’ H:?)-/ j
=—Y J;#*s%|0) — b} 1S|0)
i’ j
= —h(NZ}(|Rl|)hS2 +bZS) |0)
! j

— _hN (hf(O)s2 + bS) 0)

J(0) = Y J(IRy) -
l
We have introduced the Fourier transform of the exchange coupling.
J() = YT (IRy)e™® . (2.51)
I

Obviously, |0) is an eigenvector. We consider

(S;+S;)% = $?+8% +28;S;
1 1 2
~8,S; = E(s? +85) - E(sj+s]-)

All spins have magnitude S. We consider an arbitrary vector [i), which
is an eigenstate of all S? with eigenvalue S(S + 1) but otherwise arbitrary.

Then

—(Sj)8y =5(5+1) - % ((s;+s))")



2.5. COLLECTIVE MAGNETISM 79

Now S’ := S; + S, is an effective spin where the eigenvalues of S2 are
given bei §'(S' + 1) with ' € #{0, 1, ...,2S}. Consequently,
1

S ((85+8)") <25(25+1) .
Then
—(S;)Sy > S(S+1)S(25+1) =§$?

Finally that means if J;y > 0V, j/
Hp) = Z]jj’ ( —(S)) S]”)
i
> =81 Y Jj

(Ho) > —Nm*J(0) .
For the Zeeman term we see readily
(Hz) > —bSh

Hence in total we have for the energy

E > —Nh?*J(0) — bSh = E

Since there is no energy lower than the ferromagnetic state, it is the ground-
state. Moreover, we see that

fotal = ZS§|O> =nhNS|0) .
J
The groundstate is an eigenstate of 57, , and also of

total Z S]S]/—I—ZSz

totul Z S totul|0 + NhZS(S + 1)|0>
J#T
Shora|0) = Y 178%|0) + S757]0) +NS(S + 1)n?|0)
J#T —

=0
- (N(N —1)n*S* + NS(S + 1)h2> 0)
- <N252 — N§7 4+ NS% + NS) 0)

=1* NS(NS +1)0)

So it |0) an eigenstate of S;,;;; with maximum magnitude N Sh.
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2,54 Spin waves in the ferromagnetic Heisenberg model

Next we study the low-laying excited states. To this end we first consider
the hamiltonian in Fourier space. The details of the Fourier transform as
introduced in equation (??) [p. ??] are

Sp=Y s5M,  ac{xyz} (2.52a)
].
1 1.Bz
=< Z Sge” (2.52b)

We recall the commutation relations

[53S8] = 8yiheapyS] , (2.53a)
] _ e
[S555] = £8;;hST, (2.53b)
S;.5;] = —2n5;;S7, (2.53¢)
S;.Si]=0. (2.53d)
Then
[SESw] = 1S, 1 (2.54a)
(S, S = —2nS5 (2.54b)
S/.s:]=0. (2.54c)

Proof

[S557] = [S7s] £i[S3S)]

\v/

=+1 =

Y QY X

_ x .ol
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[sisi] = Lo ) [sis)
jr
kx kx/
= ihz )85
= th) e (lc+')x XSt
]

= +hS; -

57,571 =[(s] —is), (7 +iS})]
=i[57,53] - [S7, 7]
= 2i6,; (inS7)

= 215,57 .

. i (kxi+K' %, -~
{Sk,sz} = Z,’el( Xt x]) [S]- ,S]ﬂ
! :—27’15]'7/5‘;
]
— _OhSE

ged. v
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and obtain
H= —Z,]j,-/ (SfS? + S]*S].‘,) +b; S
LTI Ry Ry ) (555, )

kK’ jj’

_R,
1 .
+b- Y Y Rk st
N P
———
=Nbyp
= §sz IR;|)e™ (Rjic+(Rj+Rp )k )(szsk, s,js,;)wsi_o
"]
:__kZZ] |R| —1kR,Ze iR; (k+k') < i/_i_sl—cﬁ-sl;) +b5i:o
k/
:Nék/,fk

Eventually, we have with equation (2.51) [p.[78]
1 -
k

There exist exact eigenstates for the low-lying excitations given by
[¥(9)) = 5710) - (2.56)

First we will prove that these states are indeed eigenstates

Hip(q)) = HS,|0)
= SJr H| ) —i—[H,Sﬂ|O>
:Eo\o
— Eolibla)) + [H,5:]10) .

~

For the commutator we first evaluate the Zeeman part of the hamiltonian

[Hz, S7]10) = b[S_, S;110) = bhS . |0) = Tib|ib(q)) -
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For the Heisenberg part of the hamiltonian we obtain
[Hy, S; ] = -~ Zk‘j(k) ([Siszk, Si1+ (S¢S SLﬂ)
1 -
=R ZJ® (s,i[s’ik, Sy1+ (S8 87187+ S [S, Sﬂ)
h
N

- _ Zk:i(k)( SES, k +8, STk — 28] S5 k)
Sq k k [ SJF ]
A/—

—xot
7?15,1

h - -
— R LT (5185 5087250574 ) ~ R (LTS
k k
The last term vanishes because

Zf(k) = Z](|Rl|)Zeile =NJ;=0.
k 1 k

N——
=Né;

We also have

Sil0) = Y™™ Sf10) = —hS(} e R)[0) = —SN5l0) .
~ l

=—1S|0)
Hence

hZSPJ

[Hu, 5710 ; ( 110+ S0 — 251 S q)y())

s (zf<o> ~2](0)) 5710)
= 21%5(J(0) - J(9))[¥(q))
Putting all terms together proves that |{(g)) is an eigen vector
H[%(q)) = (Eo +hwq)[¥(q)) , (2.57)
with eigenvalue

wy =b+21S(J(0) —J(q)) - (2.58)
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For nearest neighbour exchange interactions,

. . D
J(g) =TY efMa=2]} cos(qy) .
ffi v=1
The sum runs over the cartesian coordinates. Hence
J(0) —J(q) = 2] ) (1 —cos(qv)) -

For b = 0 and small values of g4 the leading order of the Taylor expansion
yields

hw, = 202S(J(0) — J(q)) = Dq* .
The excitation has a quadratic dispersion with a spin wave stiffness D =
2h2S]. The excitation energy tends continuously to zero for small g. This

is a typical feature of a Goldstone mode, which tries to restore the broken
symmetry.

Properties of the single magnon state

We will study further properties of the one-magnon excitation. We start
out with the scalar product of one-magnon states for different wavevectors

(P(9)[¥(q')) = (0[SZ,S,0)
= (0[S, $7,10) +{0I[S=,, S,/ ]10)
~——

=0
= —21(0] Si_,[0)

———
=5, (~SNm)|0)

_ 2
= 8,,2SNI? .

The one-magnon states are orthogonal and the correctly normalized vec-
tors are

ONE-MAGNON STATES

1

~ nV/2NS
excitation energy: wy =b+25(J(0) - J(g)) (2.59b)

eigenvector: l¥(q)) S10) . (2.59a)
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The one-magnon vectors are also eigenvectors of
fotul = ZSIZ = Sf]:O
1
The proof is as follows
7=05¢ 10) = S5 S300) + [Sg0,S7] |0)
R/—’ %/—/
=—SNR|0) =hS Sy
=h(—- NS+ 1)5;]0)

The eigenvalue of S7, , has been changed by +7. Now it is interesting to
compare that with the expectation value of S7: of the spin at site R;

(W(a)[Slv(q Ze"k“ Silv(a)) - (2.60)
We need
(0[SZ,SiS,10) = (0|SZ, S SEl0)  +(0]SZ,[SkS,]10)
—— NShsy ]0)
a = —SNhé; g ( |s_qsq+|0>/+ SO|S sk+q|o>
= (q)[¥(q)) —((a)[(q-+k))
= (W(a@)[(q))dkoft (—SN+1) .
Hence
(01S=4S%S¢10)
(SK) = 1 =5k,oh(—SN+1).
< (0s5,5710)
Inserting in equation (2.60) yields
z 1 _KkR, h
(W(@)IS]lb(a)) = (S = ) Ke Mo = —hS + .

The value of S? is increased by 71/ N at each site, irrespective of the index j.

2.5.5 Mean field approximation of the isotropic Heisenberg
model

The derivation of the MFA results is very similar to that in the Ising model.
The hamiltonian in MFA for an homogeneous magnetic field is

1
HMFA___Z]]] PSi+8i(8;)) +5 L Iip(Sp(Sy) —bYLS; .
i’ I

(2.61)
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We consider only the restricted MFA, where we retain the translational
symmetry of the hamiltonian, i.e.

(S;) =S A

It is obvious in an isotropic model to assume that the mean field will point
into the same direction as the external field. Without loss of generality,
we assume that the external field defines the z-direction (b = be;). With
S = (55) Then

1
HYA = — (Y Jj7) SY. S5 +8* S X Jiy —b LS
[ j i’ j

—— N
~j(0) —NT(0)
— —(J(0)S+b) Y57+ %sz

We have employed equation [p- 78] and emphasize that S is an
operator.

The partition function is readily computed in the eigen basis of the S7 op-
erators. Since the spins are no longer interacting and the effective field b’
is translational invariant, the partition function of N spins Zy is simply
the N-th power of Z1, or rather (see also equation [p.[12] of the Ising
model)

ll’l(ZN) = Nln(Zl)

i S
BI(O) g2 :
Zy=e 1S Y (o

0=-S5

F 25

_[5](0) 2 _ Q! /

= PSS Y e
o=0

g _gye 5T —1
=e e
1 7

_sI0) g2 sinh (W(25+1)/2)
sinh(h'/2)

with i’ = Bb’. Hence

@ _ _ﬁ@sz +1In [sinh (K (25 +1)/2)] — In [sinh (1 /2)]

and for the free energy % = —kp T% we obtain
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FREE ENERGY OF THE ISOTROPIC HEISENBERG MODEL
(in mean-field approximation)

F_J0)s* kBT<1n [sinh (25 +1)/2)] — In [ sinh (h’/2>})

N 2
(2.62)

Like in the Ising case, the easiest way to compute the order parameter S is
via

5=+ in(z) = %(m [sinh (1(25 +1)/2)] - In [sinh (h'/z)}>
_ 25; L coth (W25 +1)/2) - %coth (W /2) .

In terms of the Brillouin function, defined in equation (2.17) [p.[61]], we
have

ORDER PARAMETER OF THE ISOTROPIC HEISENBERG MODEL
(in mean-field approximation)

= Bs(SH') (2.63a)
n =pB(J(0)S+b) . (2.63b)

For S = 1/2 we obtain according to equation (2.22) [p.

/ /

This result agrees with that of the MFA result in equation (1.12) [p.|13]] for
the nn Ising model, if we take into account

J(0) = ;I(|Rz|) =zJ.
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Then equation (2.64) becomes
2S = tanh </3(Z] 28 + )) (2.65)

We also have to take into account for the spin-1/2 case

HMA — —J1(0)(Sq) Zsz b ). S; .

If the spin eigenvalues are S; = %O‘i , with o; = £1 then

Mea __ JH(0) by
Hp™* = —T<01>Zi‘,<ff 5 LI
So we have the following relations between the Heisenberg- and the Ising
parameters

Ju by
= —, b =
Jr=7 I

With these parameters equation (2.65) turns into

(01) = tanh (/5(211(01 + b1>)> -

which is identical to that of the Ising modelequation (1.12) [p.[13].

2.5.6 Curie temperature

According to equation (2.20) [p.[62] the equation for the order parameter
without external field reads for T < T

S S
5= Bs(810)S° 5 )
_(x _Vx
_S+1 253+452+35+1(X3 3
3S 905°

J/

fD

Removing the trivial solution (x = 0) we are left with
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There is a temperature (Curie temperature), at which x goes to zero. The
condition for it yields

S(S+1)

kgTc = J(0) >

(2.66)

Then the order parameter slightly below T¢ can also be written as

T,
xoc(TC—l)zsl/z.

Hence the critical exponent for the order parameter is again f = 1/2.

2.5.7 Internal energy

Like in the Ising case we obtain for the internal energy

U= <HMFA> - —@32 , (2.67)

which is zero above T and slighty below T¢ it has the form

u _Jo
N~ 2p (T

resulting in a specific heat close to T

N

c _ Tz(—g)>0 forT < Tc
0 forT > Tc .

Like in the Ising case there is a discontinuous jump the the specific heat,
but no power law behaviour

2.5.8 Magnetic susceptibility

Y

T1h=0

Since the equation has the same structure as in the Ising case, we again
find

)(21‘1:|:|E|_7/jE

with Ay =2A_andy: =vy_ =1.



Chapter 3

Phase transitions

3.1 Phases

We can generalise the formalism introduced in statistical physics I to in-
corporate different coexisting phases.

3.1.1 Isolated systems

We begin with isolated systems, where the total volume, total energy, and
the partical number per component is conserved. Let’s assume that there
are N, coexisting phase, which we enumerate by (v = 1,...,N)) and «
component, enumerated by (j = 1,...,«). The conditions for isolated
systems are therefore

Np

Y vi=V (3.1a)
v=1

Np

Z u,=Uu (3.1b)
v=1

NP

Y Njy=Nj, forj=1,...,a. (3.1¢)
v=1

Here V,, (Uy) is the total volume (energy) of the particles in phase v. N;
is the total number of particles of component j and Nj, the number of
component j that is in phase v. We also introduce the following vectors

N = (Nj=1,Nj—1,...,Na)" (3.2)
N, = (szl,w Nj:l,w SR N(x,v)T . (33)

90
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The entropy as extensive quantity is

NP
S(U,V,N) =Y Sy(Uy,Vy,Ny) (3.4)
v=1
For an isolated system (micro-canonical ensemble) the entropy represents
the thermodynamic potential and in equilibrium it has to be maximal.
So we have to maximize the entropy based on the constraints in equa-
tion (3.1) [previous page] . This is best achieved by Lagrange multipliers,
ie. we defme

L=Y5(Uy, VyNy) =AYV, 2"y U, - Y AVY N, (35)
v v v ] v

and form the differential

1% —AY\du, :
ic = z {auv U veNg| }du (3.6a)
+ Z v(Uy, Vi, Ny) -~ AV] A% (3.6b)
Uy, Ny
+ Z y { V(Uy, Vy, Ny) —Aﬂ dNj, = 0. (3.6¢)
v=1j=1 aN U,,Vy,Njy,i#]j

First of all, the variations in volume, energy, and particle number are inde-
pendent from each other and, therefore, we have the individual conditions

Ny 9
) [au Sy(Uy, Vy,Ny) — AU] dl, =0 (3.7a)
v=1 v u,,N,
NP
isv(uy, Vy,Ny) — AV] dv, =0 (3.7b)
v=1 aVV Vy,Ny

% i { i Sv( )
Sy (Uy, V3, Ny
v=1j=1 aNJ'V

According to the constraints equation (3.1) [previous page] , there is one
condition for the variables U,, i.e. we can choose Uy, forv=1,2,...,N, —

1 as we like and Uy, follows from the constraint. Then we can always
demand that

— Aﬂ dN;, =0. (3.7¢)
uVrVV/NiV/i#j

0
AU auN SNp(uNp/ VNPI NNP) s (38)
P

Un, NNy
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as long as we are eventually able to fulfil the constraint equation (3.7a)) .
Then the remaining constraint reads

Np~1r o u
;1 {a—uvsv(uv, Vy,Ny) — A }duv =0;.

Here all dU, are independent and the square brackets have to vanish in-
dividually. In total we have

0 1
u
= s,(u,,Vv,, N = —. 9
A auv V( v v V) VN, Ty (3 a)
Similarly, we obtain from the other constraints
0 Pv
AV = S, (U,,V,,N =£¥, 3.9b
S V)| = (3.9b)
and
a V I‘L]V .
aN A] — SV(UVI V‘y, N'v) - _T_ 7 for] - 1/ /(X
]V UV/VV/NiVIi#j v

(3.9¢)

So we find that in an isolated system in equilibrium all phases have the
same temperature T, the same pressure p and the same chemical potential
p;j for component j. But in general, we still have p; # ;.

3.1.2 Closed system with p = fixed, T = fixed

Another important system is that where pressure and temperature are
fixed experimentally. In this case the Free Enthalphy G(p, T, N is the rel-
evant thermodynamic potential. The equilibrium condition is G has to be
minimal, or rather dG = 0. Again G is extensive, i.e. additive w.r.t. the
phases

Np
G=) G(T,p,Ny) (3.10)

v=1

Here, we have already exploited that all phases have the same temperature
and pressure, which is given at the outset. So the only d.o.f. that can be
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varied are the particle numbers, still under the constrain, used before. A
similar derivation now yields

0
7\;'\] = WGV(T/ p, Nv) = Hj,v - (3.11)
j Trp/Ni,vri#j

and we find that in closed system, where T and p is fixed, the chemical
potential of component j is the same in all phases.

3.1.3 Number of degrees of freedom

The chemical potentials will depend on T, p, and in principle on the parti-
cle numbers

Hjv = ”jv(T/ p'{va}) (3.12)

Now, the chemical potentials are intensive quantities, i.e. scaling the ex-
tensive quantities in its argument, by a common factor does not change
the chemical potential. Let’s consider an intensive function f that shall
depend on T, p, and some particle numbers N;. Scaling the total size by A
results in particle numbers AN;. As T and p are intensive, we have

f(T,p, {AN1}) = f(T, p, {Ni}) .

This is the case if f only depends on the concentrations ¢; = N;/Y; N,
since scaling all N; by a common factor does not change the concentration.
By phase we mean a spatial area within which no abrupt changes of any
physical quantity occur, but at the boundary of which such changes can
be observed. The system consists of one or more components/ compo-
nent. Component means the minimum number of independent chemical
substances that we need to produce the phase. The stat of the system is
described by a number of state variables depending on the type of sys-
tem. By degrees of freedom F we mean the number of state variables that
we can vary independently of each other without any of the phases dis-
appearing. First of all, we want to assume that no chemical reactions take
place in the system. The state of each phase is clearly defined when we
specify T, p, and the mole fraction of component/component j in phase v.

(v) ._ Niv
i " N,

i.e. the fraction of particles in phase v that belong to component j. Then

(3.13)

y c§v> -1, Vv. (3.14)
7
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Scaling the total size of the system by a common factor A, i.e. in particular
Nj, — AN}y, does not change the phases. So along with the intensitivity
of the chemical potentials, we know by now that the latter depend on the
mole fractions and not the absoluter particle numbers

Hjv = IJ]V(T/ P, {CEV)}> (315)

The number of state variables is Z, = 2 + aN,, but they are not indepen-
dent. According to equation (3.11) [previous page] we have the equilib-
rium conditions, which include the conditions for the particle numbers in

equation [p. 00
i (T, (N D) = (T, p, N ) ¥ # Vand ¥

These are N, — 1 conditions for each component, i.e. in total (N, — 1)
constraints. In addition we have the N, normalization constraints in equa-
tion (3.14) [previous page] . So the total number of constraints is

ZC:(XNP_(X+NPI

and therefore the number of d.o.f. is the number of state variables minus
the number of constraints resulting in

GIBBS’ PHASE RULE

f=24+a-N,. (3.16)

Example: H>O Phase diagram
For water: Ty, = 273,16000K(0,01000C), ptp = 611,657Pa. T, = 647.096K,
pe = 22.064MPa and p, = 356kg/m?>.

solid-liquid: melting, freezing
liquid-gas: condensation, vaporization
solid-gas: sublimation, deposition

Anomaly of water: increasing reduces the volume and the density in-
creases. By increasing pressure, solid water becomes liquid. Hence, the
density of solid water (ice) is smaller than of liquid water. That is the rea-
son why ice floats on water.

What is a one component liquid, i.e. @ = 1.
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Figure 3.1: Phase diagram of water, taken from "wikipedia’. The dashed
green line is the melting-point line of water (negative slope, anoma-

lous). The solid green line is the melting-point line of most other sub-
stances (positive slope, normal).
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Pure phase (solid, liquid,gas), N, = 1
The number of d.o.f. is
f=2+1-1=2,

which means we can vary T and p independently.

Two coexisting phases, N, = 2
e boiling curve (liquid to gas)
e condensation curve (liquid to gas)
e melting curve (solid to liquid)
e solidification curve (liquid to solid)
e sublimation curve (solid to gas)

e resublimation curve (gas to solid)

melting-point line (solid to liquid) Condensation curve () Siedekurve (lig-
uid to gas)

sublimation (solid to gas) resublimation (gas to solid)

The number of d.o.f. is

f=241-2=1,

which means, we have to vary T and p on a curve, p(T), e.g. melting-point
line.

Three coexisting phases, N, = 3, triple point

Here f = 0. There is no degree of freedom.
It also follows, that for a one-component substance there are at most 3
phases, otherwise the number of d.o.f. become negative.

3.1.4 Clausius-Clapeyron

As a further application of the previous discussion, we consider the coexis-
tence line between liquid and gas (Condensation curve) of a one-component
system, such as water.



3.1. PHASES 97
If we choose T and P as the two independent d.o.f. then according to
equation (3.11) [p.O3] we have

This relation allows to determine to condensation curve p(T) on which
the fluid and the gas phase coexist. Away from this curve, only one phase
exists, namely the one where the chemical potential is smaller. This is due
to the Gibbs-Duhem relation

G(T,p,N) = uN .

In the case of a single phase, the system will minimize the Free Enthalpy.
Since N is fiixed, the phase with the smaller chemical potential has a smaller
Free Enthalpy.

The free Enthalpy is related to the free energy F(T,V, N) via a Legendre
transformation, where V is replaced by p. We start out with

d
SyE(TVN) T

This relation can be inverted for given T, N and p we obtain

V=V(p, T N)

G(T,p,N) = F(T,V(p,T,N),N) + pV . (3.18)
Then

dG = dF + pdV + Vdp
= —SdT — pdV + udN + pdV + Vdp
dG = —S5dT + pdN + Vdp .

Furthermore we have seen before
dG = pudN — SdT + Vdp,
or rather
dG — pdN = —SdT + Vdp .
On the other hand the Gibbs-Duhem relation yields
dG = pdN + Ndu = dG — udN = Ndu .
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Combining the two relation yields

—SdT + Vdp = Ndy. .

This is generally valid and it also applies individually to different phases,

i.e.

_SydT + Vydp — Nyd‘liy

——dT + —dp = .
Nyd + Nyd p=duy
We introduce entropy and volume per particle
Sy = N, (3.19)
v,
y=—=, 2
v N, (3.20)
and obtain
—svdT +vdp = du, . (3.21)
Now we consider changes dp,dT along the coexistence line. There we
have due to equation (3.17) [previous page]
Along with equation (3.21) we obtain
—spdT +vpdp = —sodT + vedp
d_p _ Sg—sf1 E
dar N vg—vfl N Av
Finally, we define the molar vaporation enthalpy
q=T(sg—s5)
and find the
CLASIUS-CLAPEYRON RELATION
dp _ 1 (3.22)

dT T(Ug —Ufl) '
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In the derivation of the Clausius-Clapeyron relation we have assumed that
Sg # Spand Vg # Vg, which means, although
ue(T, p) = ua(T, p)

that

Ok
oT
by
dp

bt

”
» oT

diLfr
# =L
T P

p

T
Such a phase transition is a first order phase transition.

The Clausius-Clapeyron relation is only valid for first order phase transi-
tions.

3.1.5 Real gases (van der Waals equation)

In an earlier chapter we have discussed the ideal gas and its equation of
state

pV = NkpT .
We also introduced finite eigen-volumes of the moelcules and obtained
p(V — VQ) = NkBT .

Finally, we also want to include the intermolecular forces. For molecules
in the bulk of the material, these forces vanish on average, as they act with
equal strength in opposite directions. This is not the case in the surface
layer, where the partners outside the surface are missing. This results in
an effective force, pulling the molecules in the surface layer into the bulk.
Le. the intermolecular forces act at the surface like an additional pressure
(internal pressure). It has the form

NZ

V2

resulting in
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VAN DER WAALS EQUATION
(extensive form)
Vo
/ N2 /
p+aw V — Nb" | = NkgT . (3.23)

It can also be expressed in term of molar volume v, pressure and tempera-
ture, i.e. the intensive form

VAN DER WAALS EQUATION
(intensive representation)

(%) (o) =t a1

Here, V' is the eigen-volume of one molecule.
We multiply equation (3.24) by v? and find that it becomes a cubic equa-

tionin v
(pvz + a’) (v — b'> — kgTv* =0

po® +a'v — b'pv® —a't) — kyTo? = 0.

Next we introduce suitable units p., v.r, Ter and the corresponding dimen-
sionless quantities 7, v, t via

P = TtPcr
V= VU4
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resulting in

101

! / 2 11,/ 2
av b'peo a'b kgT;0
v+ C; y = 2P 3 v — = B Cr3cr v =0
Pcrvcr pCTUcr pCT’vcr pCT’vcr
kB Tcr

3 a v » a't!
v+ V| — )™V — 3
PcrV%, Ucr PerUcr
~—— —— ———

N

=T =T =T;

)

v+ Tiv — T27TV2 — T3 — (

=T,

PcrOcr

kB Tcr

PerOcr

)tv2:O
)tv2:0.

Now we have the freedom to choose the parameters p.;, v, and T, suit-

ably. We use
4 1
T = — | = 2
2 () : (3.25)
/bl
ng( 4 ):1 (3.26)
pC?’Ucr
kB Tcr ) 8
Ty = = — 3.27
4 (pcrvcr 3 ( )
then
CRITICAL VALUES
(van der Waals)
Ucr — 3b/ (3-28)
a't! a
Per =3 = 27p2
/ /
-~ T = “2: 7 _ (3.30)
Pcrvcr Z;ZTgb,z
8 8 a 8a’
kBTcr - gpcr’vcr — ! (3.3].)

327p2

Y
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So we have
3 7TV2 8 2
v’ +3v————1=-tv (3.32)
3 3
3 1 8
Solving for 7 yields
8t 3

ﬂ:?)v—l_?

The term (3v — 1) originated from V — Vj, and therefore it is always posi-
tive, as the total volume has to be greater than the eigenvolume.

If we plot 77(v) for fixed ¢ (isotherm) then we find different behaviour for
t<1l,t=1andt > 1.

e For t < 1 the curve has a minimium and a maximum in the physical
interval v > 1/3.

e For t = 1 minimum and maximum coincide at v = 1, with (v =
1) =1.

e Fort > 1 the curve is monotonically decreasing in the physical inter-
val.

As we will see soon, if the curve has a maximum and a minimum then
there is a phase transition. If it is monotonically decreasing, there is no
phase transition. Hence, the parameters p.;, vy, and T, represent the crit-
ical point.

Inserting the critical values into the equation of state for the ideal gas in
form of the following ratio then we obtain

a !
PerOcr 27572 3b 3
7= T _ 2 3.34
kB Tcr % 8 ( )

Experimentally one finds for all real gases am kritischen Punkt Z < 3/8,
while the ideal gas yields Z = 1. In this respect the van der Waals model is
clearly better. Alternatively, equation (3.34) canbe written with p. = 1/v.,
as

3
Per = ng Terper - (3.35)
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3.1.6 Maxwell-Construction

We have just seen that the equation of state for the van der Walls model
read in dimensionless units i

3693

As we have seen, for t < 1 there are regions in the 7 — v-diagramm where
the isotherm compressiblility
) 1 (av
T PerV \ 07T

19V
T < op
becomes negative. This implies that the system is mechanically unstable,
it would shrink by itself. The reason is that the van der Waals model de-
scribes a single phase of a one-component system. It is applicable for large
volume, in the gas phase, and for small volume, in the liquid phase, but in
between there is a phase transition, where 2 phases coexist, which cannot
be described by the vdW equation. What happens in reality is the follow-
ing. We have seen before that generally in the coexistence line between
liquid and gas, the number of d.o.f. is merely 1 and it is describe d by
p = p(T). On isotherms, T is fixed and hence p is fixed.

) <0 (3.36)
T

In the pV-diagram all isotherms for (T < T.) in the two-phase region are
horizontal lines.

We denote the pressure on the coexistece line by pyg.
In the pure phase regions the vdW model is still valid.
we have the condition

na(T,p) = ng(T,p)

i.e. pressure is a function of temperature alone and independent of the vol-
ume. Hence for the isotherm compression, discussed before, the pressure
in when reducing the volume in the two-phase region, does not change
In the coexistence region we have

si(T, Pap) = pg(T, Pup)

In addition, at the points &« and 3, we have pure phases and therefore
Ny = N and Ng = N and consequently

tf1(T, Pxg)No = g (T, Pag) Np
The Gibbs-Duhem relation then yields
Ga = Gg
Fo+ paVa = Fg+pgVp
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Figure 3.2: Maxwell construction.

or rather

P(x — F[; = —p“ﬁ(Va - Vﬁ) . (337)
This is the result, if we assume a coexistence of two phases. Alternatively,
if we stick to one phase then the vdW equation determines the pressure

curve, the one given in figure 3.2 with the wavy look. In that case, the
differential of the free energy is, since N is fixed and T is fixed (isotherm),

dF = SAT — pdV + udN = —pdV ,

and the integral yields

o Va
Fo— Fg = /,3 dF = —/V (T, V', N)dV' .
B

Vv
FoeFy= [ " p(T,V',N)dV’ (3.38)
5 p

By combining equation (3.37) and equation (3.38) we find
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Vv
/V (T, V!, NYAV' = pag(Vs — Vi) (3.39)

Le., the area under the vdW curve p(t,V, N in the interval (V,, V) has
to be same as the area of the p(V) = pup curve in the two-phase region.
Consequently, the subareas A and B have to be same.

Finally, we will show that the pure phase is unstable w.r.t. to the mixed
phase. To this end we compare two states with the same T and V but
different pressures p,g the vdW pressure p(T,V,N). Since T and V is
fixed, we haver to compare the free energies.

In the pure phase compute the free energy for a given V in the interval
(Va, V). To this end we use dF = —pdV and integrate from V, to V

\%
Foawe(V, T) = Fx — / p(V!, TYdV' . (3.40)
Va

In the two-phase region the free energy is the linear combination of the
free energy of the two phases according to there relative size, i.e.

Fmp = Clefl + CgFg (3.41)
= Cleoc + CgFﬁ , (3.42)

with ¢ = Ngj/N and ¢g = Ng/N, hence cs; + cg = 1. Then

Fmp =Fy,+ (Cfl — 1)F(X + Cgpﬁ
= Fy — coFx + ¢4 Fp

Finally, we want to express c, in terms of volume. The total volume is split
accordingly,

V = CflVfl -+ chg = (1 — Cg)V,x -+ CgVﬁ

and we obtain the relative portions of the phases

V - V(X
= 3.44
Cq Vs Va ( a)
VgV
== 3.44b
N, v, (3.44b)
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We then have

V—Vyu

Fpp = Fy+ ——%
mp “+Vﬁ—le

(Fs — Fx) - (3.45)

Here we can also use equation (3.37)) [previous page] resulting in

V-V
Fnp = Fa — paﬁﬁ(vﬁ - V«x) = Fa + Pap (V - Voc) (3.46)

The difference of the free energies is according to equation (3.40) [previous
page] and equation (3.46))

1%
Foaw (V, T) = Fup(V, T) = pag (V — Vi) — / p(V!, TYdV' > 0

24

The reason can be seen in figure Aslong as V € (V,,V,) it is obvi-
ous that the integral over p(V’, T) is smaller than the area of the rectangle
formed obtained if p is replaced by p,3. For V > V,, we can modify the
equation as follows

deW(V/ T) - FmP(V/ T)

v, v
= Pap(Vy = Vi) + pap(V—=V,) — (/V p(V!, T)dV' +

Vy

1% v
= pap(Vy — Vi) — /V k p(V', T)dV' — /V (p(V',T) — pap)dV’
N a , y

-~

For V € (V,, V) the integrand is positive and

1%
/ (p(V',T) — pap)dV’ < B
VY

since B is the value of the integral over the entire interval (V,, Vg. Accord-
ing to the Maxwell construction B = A, hence the integral is les then A so
in total we find

deW(V/ T) - FmP(V/ T) >0,

as we have claimed before.

p(V', T)dV’)
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3.2 Phasetransitions

In case of the liquid-case mixture we haver seen that the transition occurs
at fixed T and fixed p, the latter is

Pa,p(T) : vapor pressure

In the transition region we have a mixture of the liquid and the gas state.
The percentage portion is given by equation (3.44) [previous page] .

The supplied heat leads to transformation of a fraction of the fluid into gas.
This process is isotherm, since heat is only used overcome the binding
energy present in the fluid. Only if the entire fluid is vaporized, further
heat transfer results in a temperature rise. Heat transfer that occurs at a
constant system temperature but changes the state variable is called latent
heat with respect to the variable.

Such phase transitions, that involve latent heat are first order phase transi-
tions. Latent heat in contrast to sensible heat does not lead to a change in
temperature.

Only for first order phase transitions, the Clausius-Claperyron equation is
applicable, as it requires that entropy and volume per particle are different
in the two phases.

We recall that
G
S = 3T (3.47)
p
V= _B_G . (3.48)
dp T

A characteristic feature of first order phase transition is discontinuity of
the first derivative of the thermodynamic potential when crossing the co-
existence line in the phase diagram. Along the line it is continuous.

Next we exploit in addition the following relations

oF

s= (3.49)
ot |,
oF

which allow to compute specific heat and compressibility in term of the
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free enthalpy or free energy

9S 902G 902G
<Cp=Tes| = -Tor < 51
0<GC, TaT‘p TaT2 p = o p_o (3.51)
19V 102G %G
< - | =_-___ — < 52
0= M ==y5,,. = Vo), 7 are| =0 (3:52)
aS d%F 0°F
0<Cy=T—| =-T— = | <0 (3.53)
oT |, oT2 |, oT2 |,
1 op 0°F 0’F
< - = _yVE| =y —| >0. 54
o_KT VaVT V8V2T :asz_o (3.54)
Hence we have
902G 902G
27 <o —| <0 (3.55)
JT? . op? | ¢
0°F 02F
— < — >0. .
73 p_o e T_o (3.56)

Le. G is concave in both variables p and T. Due to F = G — pV, it follows
that F is also concave in T, but convex in p.

3.2.1 Free energy for T and N fixed

Since F > 0 is convex in V and g—é = —p < 0, F(V) is a left curving line
that is always positive and it is strictly monotonically decreasing (slope
zero would mean p = 0).

The Legendre transform of the free energy F(V, T, N) (in the variable V) is
the free enthalpy

G(p,T,N) = F(V(p), GT,N) + pV

oF
=F(V(p),GT,N) — | V
(V(p) GTN) = 55|
For T > T, the second derivative % = —g—"; is greater than zero for all

V. For T < T, however, there is an interval (Vy, V) in which the second
derivative is zero and F(V) is a linear function in V. Hence,

oF

PG - = —p = const = —pug.
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Figure 3.3: Schematic plot of free energy for T > T..

GO \ T < TC
Vo | ,
F — %51 = po
Va Vo Vs v
2k T <Te
|‘\ r Dap
g
Va Vs v

Figure 3.4: Schematic plot of free energy for T < T..
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3.2.2 F and G as function of T
As function of temperature, both F and G behave similarly, since

G| v

S =" ==
an oT

14
At a first order phase transition the entropy S shows a finite jump at T,
which is then associated with

LATENT HEAT

AQ = T,AS . (3.57)

AQ is, however not a material constant, it also depends on the state vari-
ables. E.g. for the liquid-gas system, AQ depends on pressure. On ap-
proaching the critical point, AD vanishes. The definition of the order of
the phase transition has to refined

3.2.3 Ehrenfest classification

N-TH ORDER PHASE TRANSITION

IGy| "G B

ST p_ ST p Vm=1,...n—1, (3.58a)
m G

I i"‘ == F Vm=1,..n—1. (3.58b)
ap™ |p ap" |p

But

"Gy "G

T |, 7’ =7 p (3.58¢)
n ai’l

9"Ga £ Cp| (3.584)
op" [z 9p" Ip
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Of practical importance are first and second order phase transitions. First
order phase transitions have already been discussed in detail. In the case
of a second order phase transition, we have

SECOND ORDER PHASE TRANSITION

G(T, p) continuous (3.59a)
96 , %6 ,(i.e. S(T,p), V(T, p)) continuous (3.59b)
oT . ap |r
9’G 19°G o
Cp= _Tﬁ p KT = _VW : discontinous (3.59¢)

3.3 Critical exponents

Second order phase transitions are of particular interest, as they exhibit
universal behaviour close to the phase transition. Completely different
systems with second order phase transition show a very similar power
law behaviour, which shall be discussed in this section. We define

T —T
E = C
Tc

Very often it is observed that in a close vicinity of T, typically |e| < 1072,
physical observables f(T) show the following behaviour

fle)=ae?(1+be¥+...) >0,
here ¢ and 1 are real valued exponents. This behaviour is abbreviated as
fle) ~e?, (3.60)

One says: f behaves like ¢¥ and ¢ is called the critical exponent. The critical
exponent is more generally defined by

_ Jim ()] (3.61)

e—0 11’1|£|
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In general, the critical exponent depends on whether we compute it below
or above T.. For the order parameter it actually makes only sense below
T¢, as the order parameter by definition is zero above T..

Of course, different observables may have different critical exponents. The
critical observable for one observable, however, is almost universal, it only
depends on

e spatial dimension
e range of the interaction
e spin dimensionality.

This is the so-called universality hypothesis of Griffiths. Te range of the par-
ticle interaction is grouped into three classes:

e short-range, if the interaction decreases like

r*(d+2+0() ; 0< .

Where the details of the interaction are unimportant. One finds a
really universal behaviour.

e long-range, if

d
pldH2te) g < 5 —2 (always negative).
In this case, the classical theories apply (Landau Theory, van der Waals
model, Weififerromagnet). In this case, however, the critical expo-
nents are independent of the spatial dimension.

o Intermediate range, if

p(d+2+a) §—2<(x<0.

The critical exponents depend on «

Magnetic systems are typically discussed as interacting spin-systems. As
spin-dimension (1) we understand the relevant components of the spin
vector. Ising model /Potts model has n = 1 and is considered as one-
dimensional vector, the x — y-model has n = 2 and the vectors are two-
dimensional, and finally the Heisenberg model n = 3 is three-dimensional.
The critical exponents.

Possible behaviour:
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Power law decay f(¢) ~ ¢® with ¢ > 0
ower law divergence f(¢) ~ e? withp <0

garithmic divergence f(e) = a + bIn(|¢|) we obtain by the definition of the critical expo-
nent in equation (3.61) [previous page] ¢ =0

In general, the critical exponent for ¢ > 0 (denoted by ¢) can differ from
that for ¢ < 0 (denoted by ¢')

3.3.1 Important critical exponents

100
9 -
Ppeor
70 -
60 -
Desor
40+

30 -

Figure 3.5: Paths for the definition of the critical exponents.

1. Heat capacity (« :) for real gases

Cy ~ Aple| " : — forpathll,ie. T /T, withp = Py fl
v ' + forpathLie T\ T, withp=p.
(3.62)
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Heat capacity (&, @) for magnets

Gy Aol [ T/ TowithB=0
N ) + forpathlie. T\, T, withB=0 '
(3.63)

The experiment yields a4 ~ 0. Ising 2D, exact solution, logarithmic
divergence, i.e. a+ = 0. Classic theories (i.e. Weififerrro-magnet,
vdW gas) yield discontinuity, which is equivalent to o+ = 0.

2. Order parameter (3 [not inverse temperature!]). A variable that ex-
ists only below T, and which characterises the order of the system.
E.g. magnetization M or the for real gases the density difference
Ap = pg — pg, or rather Ap = pg; o — pe, in the two-phase region

Ap(T)

~ Ble|P ,along path II (3.64)
2pc
M(T)
——= ~Ble|P forB=0. :
M(0) le|P, for 0 (3.65)

The normalizations are introduced to make sure that B is O(1). In
principle, 3 should be f’, as we are below T, but since the order
parameter is only defined below T, it is common to use 3. Typical
experimental values are 0.35 £ 0.02. classical theories yield 3 = 1/2.
2D Ising exact, 3 = 1/8. For the 3D Ising model one finds 8 =
0.325 £ 0.001. While 3D Heisenberg gives 3 = 0.3445 + 0.002.

3. Compressibilities and susceptibilities (y+)

oo _Lov| 100
Voplr  poplr’
oM
XT = 3B .
KTT ~ Cole]* : {— for path II,'i.e. T N TC,V\.fithp = Pgfl
KT, + forpathl ie. T N\, T, with p = p.

(3.66)
Here Y is the compressibility of the ideal gas at T = T, which fol-

lows (due to p = kBLT) from
o1 1 1
pkgT —p~
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Similarly, one uses for the normalization in the magnetic case, the
result of an ideal paramagnet

C*
M=—,
T
with C* being the Curie constant.
_y for pathII,ie. T /" T, with H =0
—0 ~ Cj:’£| + . . . .
XT. + forpathl,ie T\, T, withH =10

(3.67)

Typical experimental values differ somewhat about y ~ ' ~ 1.3.
Model calculations all yield ¥ = /. Classical models y = 1, 2D Ising
exact, Yy = 7/4, 3D Ising v ~ 1.24, 3d Heisenberg y = 1.39.

4. Critical isotherm (6) We define the critical pressure of the ideal gase

as the pressure of the ideal gas at T, and p, via the ideal gas law

(0)

0
pc = kpTepc

which clearly differs from the relation of the vdW model (see equa-
tion (3.35) [p.[102]). For the real gas we define the isothermal critical
exponent as

5
sign(p —pc); (along the pathIII, T = T,) .

(3.68)

P—OPC 2D‘p_pc
Pe

Pc

If we define

o kpT,
Bl — ZBc
HoTn

m

with m being the magnetic moment per particle, then the correspond-
ing relation for magnets reads

B _ | MT=T.,8) >

B .
B0 M(T=0,B=0) “8nM)-

Experimental values are in the range 6 € (4,5). The 2D Ising model
yields 6 = 15, which far off. The 3D Ising and Heisenberg model
yields 6 = 4.9 (much better). Classical theories yield 6 = 3.
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5. Correlation lengths (v, v/, n)

We define a pair-correlation function, e.g. density-density or spn-
spin,

g(r,r') = (Ap(x)Ap(r')) (3.69)
gij = (AS;AS;) . (3.70)
In the critical regions they behave approximately like
ORNSTEIN-ZERNIKE FUNCTION
_ \2(—7{;|
e
g(r, I'/) €o | — I'/’ (371)
gii = 8(ri,15), (3.72)

with &(T) is the correlation length. It diverges on approaching the
critical point. For real gases one defines

£~ Dyle| ™ — onpathll, (3.73)
+ onpathI.
For magnets
£~ Dole| " : — forT T >1T:;,B=0, (3.74)
N ' + forT\T>Tc,B=0. '

Finally, we also introduce the pair-correlation function at the critical
temperature T = T.. According to the Ornstein-Zernike formula
in equation , at T = T, the correlation length is infinite and,
therefore, the pair-correlation would decrease like 1/|r — t/|. This
is, however, not the case for real systems. The behaviour is slightly
different and expressed by

g(rr') =|r— r’|_(d_2+”) {P = pc , real gases ,

B = 0, magnets .
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The Ornstein-Zernike formula would imply n = 3 — d. For the other
critical exponents v, V' the deviation from the 1/r dependence is neg-
ligible, as the the correlation length is obtained from the slope of a fit
of

r

In(g(r)) = co — 21) (d—2+4n)In(r)

versus r. Here the last term enters only logarithmically in 7.

3.3.2 Scaling laws

Generalized homogeneous functions f(x, y,...) in several variables have
the following property for arbitrary real A

fA%x, A"y, . ) = Af(x,y,...), (3.75)
where ay, ay, . .. can be any real numbers. An example would be
flay) =42 +7y°,
with a, = 1/3 and a, = 1/8, while
flr,y) =x+6x" +xy+y°

is no generalized homogeneous function. Next we will define the scaling
hypothesis in the case of the free energy F(T, B) of a magnetic system. We
are only interested in the non-analytic parts of F near T which we denote
by F(e, B).

SCALING HYPOTHESIS

F(A%e, A%B) = A F(e, B) . (3.76)

This is not yet strictly proven in general, but there are many important
cases where the scaling hypothesis is fulfilled.

Now we can use the scaling hypothesis to express the critical exponents in
terms of the scaling parameters a4, and ap. Differentiation w.r.t. B yields

F(A%e, A"8B) = AiF(g,B) .

A“B
0B

0A%B B
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Now we have

JF
0B

and therefore we have
A"BM(A%e, A" B) = AM(¢, B) . (3.77)
1. Exponent 3. We use B = 0 and obtain
M(A%e,0) = AM(g,0) ,
which is valid for any A, also for
A= (—e)7 /e,

resulting in

Hence,

2. Exponent § (critical isotherm) Next we use ¢ = 0 and have
M(0,B) = A%~ M(0,A*8B) .

Here we choose A = B~1/% and obtain

1—!13

M(0,B) ~B %

B~ M' ,
and hence 6 = 123. In summar, we have
)

- 3.78

B =15 (3.78)
1 1

- - 3.79

e B1+46 (379)

(3.80)



3.3. CRITICAL EXPONENTS 119

We can express further critical exponents in terms of the scaling parame-
ters, which then in turn allows to find relations among the critical expo-
nents: From the scaling laws one finds

a=d; yv=v, v=+v. (3.81)
and also
2B +y=2 (3.82)
a+B1+06) =2 (3.83)
B = % (3.84)
y = ﬁ . (3.85)

3.3.3 Pottsmodel

It can be considered as generalisation of the Ising model, where the spin
can take on more than just two values. Usually they are enumerated s €
{1,2,...,q9}. Itis called the g-state Potts model. The Hamiltonian of the
Potts model reads

POTTSMODEL
(g states)

Hp=—]Y b, , (3.86)
ij

i.e. when spins on neighbouring sites are equal, they experience a lower
energy (E = —J) than when the have different spin values (E = 0). The
Potts model is used to study the behaviour of ferromagnets and other phe-
nomena of solid-state physics.

Apart from statistical physics it is also used in computer science (signal
processing) and biology (neural networks).

The strength of the Potts model is not so much that it models these physi-
cal systems well; it is rather that the one-dimensional case is exactly solv-
able, and that it has interesting physical properties. For d > 2 it shows a
phase transition. It is second order for g4 < 4 and first order for g > 4.
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3.3.4 Maxwell Relations

We know
du(S,V,N) = TdS — pdV + udN
Hence
oU(S,V,N) ~ T(S,V,N)
dS V.N
oU(S,V,N) _
7 ix =—p(S,V,N).

From this we obtain

AR N LTI T N T
Wisny IVA\IS|yn/lsn 9S\Visn/lvn IS|y N
In the following we use the convention
’f(x,y,z) _ 9 (of
oxdy @(5 y,z) .
and we can simplify the former equation to
aT| _ dp| _ 2*U(S,V,N)
WVisn IS |y N 0SoV
Similarly we find with
LN sy
—aF(g"‘/f' N) BERAN
the relation
dS(T,V,N) _ 9p(T,V,N) __9*F(T,V,N)
oV TN oT VN oVoT

Based on the free enthalpy G(T, p, N) we obtain with
3G(T, p,N)

oT p,N N _S(T’ P N)
ICLLN)| - y(q,pN) .
dp S,N
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the relation

dS(T,p,N) oV(T,p,N)| _ 9°G(T,p,N)

¥ |y OT opaT

p.N

Finally, we introduce the enthalpy H(S, p, N) via the Legendre transforma-
tion of U(S, V, N) with respect to V, i.e.

H(S,p,N) = U(S,V,N) +pV,

for which we have

aH(S’p,N) = T(S,p,N)
0S N
HELN - —vis,pn).
dp S,N
Then we find
dT(S,p,N) ~ dV(S,p,N) _ 9?H(S,p,N)
ap SN B dS N B apaS
We summaries these results
MAXWELLRELATIONS
dT(S,V,N) __9p(S,V,N) _9%U(S,V,N) (3.872)
oV SN a 0S VN a 0SoV '
9S(T,V,N)| _ ap(T,V,N) _ PELV.N) - gen
A N B oVoT '
_BS(T, P, N) _ 8V(T, P, N) — azG(T’ P N)_ (3 87c)
dp N oT N dpoT '
oT(S,p,N)|  aV(S,p,N) _ 9*H(S,p,N) (3.874)
ap SN 0S PN dpaS '
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3.3.5 Ehrenfest equations

Next we derive the analogue of Clausius-Clapeyron for second order phase
transitions. In this case, S and V are continuous when crossing the phase
boundary. Along a phase boundary between phase o and 3 we therefore

have in the Gibbs ensemble (T, p, N) fixed

Sa(T,p,N) = Sg(T,p,N)
ValT,p,N) = V(T p, N)

and also

dSy = dSg
AV =dVg .

We can use these equations, to obtain dp/dT along the phase boundary.

We combine these equation as

dXo (T, p,N) = dXg(T,p,N),

where X stands either for S or V. Since N is fixed, it will not vary along

the phase boundary. We therefore have

0X 0X
Xl - ypy Xl 9Ky Xl
T |, N I 1N JaT |, N WP N
from which we obtain
0X 0X
(_ﬁ _ 9Xa )dT:—(—ﬁ _ 9 Xa )dp
oT p,N oT p,N o Iy 9P N
9Xg _ 9Xg A%
oT oT oT
d_p - p.N pN p.N
aT aXg Xy IAX,
o T,N o T,N P T,N
If we insert S for X we find
S
dp Aot N
P,
- = — ) (3.88)
P T,N
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We use
dS 1
- — —_C
p s
oT N T
and from the Maxwell relations we use
os| __ov
ap TN oT N
The change in volume w.r.t. temperature is related to the
COEFFICIENT OF THERMAL EXPANSION
(for constant pressure)
19V
Ap = — = (3.89)
VaT N
With these response functions, we find
d 1 AC
S I e (3.90)
dT |y, VT Ay
Alternatively, if we use V as X, we have
AV
ap _ _M (3.91)
Pl
Here we employ the relations
o = 19V
p = ==
VaT N
10V
Kp = __a_ 7
Vapirn
and find
d Ax
ay - (3.92)
dT phb.  DKp
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In summary we have the

EHRENFEST EQUATIONS

A AC
d_p _ 2% _ 1 ) (3.93)
dT phb. Akp VT Aocp

3.4 Ising again

s := sinh(2K)

f:]iN:_K{lnéz)—'—%r/oznmg (1+S4+\/1+s4—252cos(x))dx}

T, from

sc =sinh(2K;) =1

K. = JBe = 0.440687

K8Te _ 5 26919 .
J
2 tanh? (2 /2 1
u:ﬂN:—coth(ZK){l-i— 2(2tan /
] 0 \/1— 1+k251n()

ForT <T,

M(T) = {1 — <sinh—4(21<))]1/8 .
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_OF _ JFdB ] OoF
oT  JBdT  kgT29]p
_KOF _KJNOf
T TOK T oK
S _y, K of
N~ "BkgzT oK
S ,0f
"T kN - N oK
U=F+TS = fJ]N+ TskzgN
Tk
—]N<f+—B)
J
s
Lt—f—i‘E
d 1 2m
_ 3 2 4_ng2
s =Kf — KdK47r ; log(l—l—s ~|—\/1+s 2s cos(x))dx
d 1 27 d
— _x3l L2 - 2 4 _ng2 &
=Kf—K (ds47r/o log (1—|—s —i—\/l—l—s 2s cos(x))dx) szmh(ZK)
d

27
:K(f—Kz(d—S%r/ 10g(1+s +\/1+s4 252 cos(x )dx)'Z\/1+sz)
0

S
M:f—i—f
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Appendix

4.1 Sommerfeld expansion

We are interested in integrals of the form

1= /Ooof(e)np(e|u, T) de

for low temperatures. The function f(¢) is assumed to be independent of
T and regular at ¢ = . First we split the integral as follows

1
I—/f 5H+1d£+/f ﬁd‘?,

and modify the first term using 1/(e* +1) =1—-1/(e™* + 1)

I_/f de—/f de+/f S e

1, I

In I, we use the transformation

x:—ﬁ(e—u),
e=pu—kgT x,
de = —kgTdx ,

and find
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The kernel 1/(e* — 1) decreases rapidly with x and for small values of T
the upper integration limit Bu is much greater than 1, so we can as well
extend the integral all the way up to infinity

_ f u— kBTx
N kBT/ eX +1

For I3 we introduce the substitution

x:B(E—‘LL),
e=p+kpT x,
de = kgTdx ,

and obtain

kgt [ ST
e+ 1

Since 1/(e* + 1) decreases rapidly, x is essentially restricted to x g 1.
Hence kgTx S kgT. So if kgT/u is small, then we can use a Taylor ex-
pansion

e’} X n—1
F(u+ oksTx) = ¥ <o>“+l%ﬂ“><u) .

n=1

We need

Li— L = kBT/OOO dx (f(qukBTx) ~flus kBTx)>

e*+1
odd n
o n+1 1 oo X
— 27;1 (kgT) f ) () /0 dxex+1
odd 71—1—1 1 1
=2 (kgT) f am )(1—2—n)r(n+1)5(n+1)
n=1

= 2°dzd 1 50) dn+ 1) (ks T)" £ )

The final result reads
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SOMMERFELD EXPANSION

odd

[ stemetel e = [ £ +2 X (1 30) €l ) a7 30
4.1)

So the leading order terms in the Sommerfeld expansion are

2

1= [ fepde+ T (1) ) + 012D

"

))

4,2 Euler Mac-Laurin formula

We are interested in sums of the form Y72, f(n + ) We begin with the

integral over f(x), which shall be differentiable at least twice and the inte-
gral over (0, co) shall exist. Then

[7rwa =¥ [ s dx—z/ Fln 3+ £)de

2
(f(”+%)+f’(n+%)£+f”(n+ )‘S +...)d£

N—=

2

| I
D2 Lb1e i
\MIH

2 _

3
Il
o

1
2

I
18

3
I
o

(f( )+t )57 3223 )da

The leading order terms are

o0 1 o0
ngof(n /f x)dx — —42

We can use this formula again to express the sum on the rhs also by an
integral, resulting in

g‘,of(w%):/ooof(x x——(/ ' (x) ff<iv>(n+%>)+...,

n 0

1 1 £ (n + l) 1
(f(n+%)/_21d£+f’(n+%)/_zlédéJr 2 [7 &g
2 2

Jo
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and we obtain

EULER-MACLAURIN FORMULA

(leading order)
e 00 1, 1,
nzof(n—k%):/() F)dx+ oo f'(0) = 5 f(o0) +.o. (42)

These are actually the first terms of the Euler MacLaurin formula formula.

4.3 One-particle density of states
The one-particle density of states in D spatial dimensions is

21,2
P16 = Lale— 5,0

- e [ (755))
_ v (@)D/d’?xé(g —x?)

(27)P
(D) D/2 00
% Qp /o dxxP715(e — x?)
(D) D/2 00 —
— V(2 (??;D — Qp (e > 0) / PRELIC: 2x\/E)
7T 0
vP)(2m)P/2 Qp b
" w2 °7 %620

In appendix C of the statistics I script we have derived the surface Qp of
a a D-dimensional hypersphere of unit radius

27.[D/2
D= 7+ /a\

"D/2)

The D-dimensional dos of the free electron gas is therefore
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DENSITY OF STATES
(D-dimensional free electron gas)
V(D)m% )
P)(e) = T 0(e>0) (4.3a)
p\7 (e € e>0). 3a
I
Lym 1
W(e) = —0(e>0) . 4.3b
2 _ V(z)m
o (e) 7, 0e=0), (4.3¢)
Vm?
Gle) = =
p(¢) /o VeOd(e >0). (4.3d)

4.4 Eigenvalues of the free electron gas in a ho-
mogeneous magnetic field

Here we determine the one-particle eigenvalues of the free electron gas
in a homogeneous magnetic field. Since the electron do not interact with
each other, it suffices to consider the hamiltonian of single electron, which
reads

. A2
(p+eA)
2m
where S is the vector operator of the electronic spin. The direction of the
magnetic field field defines the z-direction. Since there is no spin-orbit cou-
pling, the eigenvector is a tensor product of the orbital and spin degrees

of freedom. For the letter the vector is the eigenvector of the operator S,
ie.

H = + upgeBS ,

) = @) @ |o)

The eigenvalue problem turns into

n A2
i) = o & (P2 8 ) o) = o) o)

=b




4.4. EIGENVALUES OF THE FREE ELECTRON GAS IN A HOMOGENEOUS MAGNETIC FIELDA:

The orbital part of the eigenvalue problem reads

(p+eA)?

Q) =¢£|0
o) = o)

and the the eigenvalues of the entire hamitonian are
e=¢ +bo.

The vector potential for the homogeneous magnetic field in z-direction can
be chosen (Landau gauge) as

A =B(0,x,0) .

We readily see that it gives the correct B field

B=VxA
ayAZ - asz
— azAx - axAZ
0r Ay — dyA,

il

Inserting A into the orbital eigenvalue problem gives

p3 + (py +eBR)* + p2

Q) =¢|D
= ©) =)

The y and z coordinate only enters via the momenta, therefore, the eigen-
vector is a tensor product of the form

(@) = [Qx) @ [py) ® |pz) ,

where |ky) (|ky)) is an eigenvector of the momentum operator p, (p,) with
the corresponding eigenvalue. Then

p3+ (py +eB2)* + p2
2m

p3+ (Py +eB2)* + p2
2m

@) = |py) @ |p2) ® @)

—lp@lp e (¢10)

The remaining 1D problem reads

P2+ (py + eB%)? + p?
2m

|@x) = €'[Qx)
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The electron gas is confined to a box of size Ly x L, X L,. The momentum
eigenvalues are therefore quantized as

2
py=hT-ny,  withn, €N (4.4)
Y
2
Pz = hL—7TnZ , withn, € N 4.5)
V4
(4.6)

The 1D hamiltonian can be rewritten in the form

1 5, eB . Py, P> o
(%pX+2m(x+ eB ) +2m |@x) = &/|Dx)
~

==X

This is the hamiltonian of a harmonic oscillator shifted by xy. The prefactor
of the x2 term corresponds to w./2, hence w, = eB/m. The eigenvalues of
the harmonic oscillator yield

2
P

> +hwe(n+3) .

£
These eigenvalues are independent of p, and, therefore, degenerate. p,,
defines the center xy of the harmonic oscillator, which has to be within
(0, Ly), resulting in the condition

Py
< Z<L
O_eB_ X

The number of allowed p, values defines the degeneracy

LyLyeB
Ndeg = > +1.

This number will be much greater than 1 and we can, therefore, ignore the
fact that it has to be an integer and we simply use

LyLyeB
27th

Nieg = (4.7)
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4.5 Langevin Diamagnetismus

Now we consider the entire free-electron gas model. The single electron
energies are now

enolks) = (k) + hwe(n+ 1)+ ob
W2
- 2m

with b = 8% and the cyclotron frequency w. = %, and up = % The
degeneracy of these levels is

Ndeg — W — BCdeg .

We use again the formula for the grand canonical partition function of
non-interacting particles

In(Z) = Zln (1 +—Blev—p) )

-
Inserting the one particle energies results in

In(Z) = BCypq ¥ Z / dep(' () In (1—|—e Blethawc(nt 3)-+bo— “) . (4.8)

o n=07

/

=F(u —hwc(n +3) —bo)

=fn+7)

Now we invoke the leading Euler-Mac-Laurin formula in equation (4.2) [p.[129]
to leading order and use f'(o0) = 0.

/f dx+— "(0)+...

1
—/ (n— hwcx—bo)dx+—iF(u—hwcx—ba)x:O+...

24 dx
hw, 0
th/O F(p—y—bo)dy — 1 @F(u—bo)vt

Next we expand this expression in terms of B, or rather b, up to second
order. We also include already the sum over the electronic spin, which
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allows to omit term proportional to o™ for odd m.

LYLfn+3) Zh (/ (h—y)dy — %/ 3 (1= )dy+
0 7 aar vy — P2 ) oe)
_ hi (/_“Oo F(z)dz+
[ - way — PR+ o8
- hi (/_“Oo F(z)dz+

b>, 9

y=o0 W 2 9
A I

e gm0y

u Wy 2
— hic</_ool—“(z)dz+%(b2— (hlz) )%P(u)—%(’)(B‘l)) :

Inserting the definition of w, and b yields

The grand potential up to order B reads

Q = —kgTIn(Z)

 2kgTCuegB [ oo W2B2 [ (g.\* 4 9
— e ([T Ry + (%) - 53 5 )
\—,_/

_D/ (h— ydy+1((gze)2—14—2) D%F(u).

For B = 0 we obtain

Q(T,u,B = 0) = D/0 F(u — y)dy
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We can exploit

o " F(z)dz=F
ﬁ/—oo (z)dz = F(u)
J 92 [u

to rewrite the grand potential as

2n2 2 2
_ _ oy MBBT (8" 1) 97 _
Q(T,u,B) =Q(T,u,B=0) + > ((2> 3)8“2Q(T,u,B—O).

The susceptibility is defined as

90 ) ( ( S ) ? 1) 92
X=—"=7 :_‘LLB -— — = —Q(T,’J,B:O),
OB2|, 2) " 3)ou2
Finally, we exploit the equation %—2 = N(T, , B) resulting in
T,B
0Q

(556D )4 (5) sme-0).

According to equation (2.38) [p.[73] the last bracket is equal to the Pauli-
spin susceptibility, i.e.

X="5m;

1<2)2
X=XP_§ — ] Xp
e

The additional term is called Landau Diamagnetism and for g, ~ 2 is is

1
XL = 3XP

The total susceptibility is still positive

2

XNgXP-

4.6 Bogoliubov inequality

Here we will prove the Bogoliubov inequality. To this end we will exploit
the Schwarz inequality

|(A|B)|*> < (A]A)(B|B), (4.9)
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where (X|Y) are scalar products between any vectors A and B. To be able
to use this relation, we have to introduce a suitable scalar product, that
involves the operators A and B

Em#En o —
m n
(AlB) = Z <m|AT|”><”|B|m>ﬁ
n,m n m
with
efﬂEm

o= {e R}
This product fulfils the four defining properties of a scalar product

o (A|B) = (BJA)" This is obviously the case

Enz En Pm — P

ES * m n

(BlA) = Y, ((m|BT|m)(n] Alm))" £"—2"

n,m n m
EmyéE,, .
X (nlAlm)” mBln) g
EmyéE,, -

— Y (m|Al|n) (n|Blm) Em "B
n,m E”_Em

e Linearity (A|aB; + 8By) = a(A|By) + B(A|B,), which follows from
the linearity of the matrix elements 71B|n).

e (AJA) >0, since

Ein?éEn p _p
(AlA) =} !<n!AT\m>)!2%-
n,m i,o_/hn m

> 5

e From A = 0 follows clearly (A|A) = 0, but not conversly

So we can conclude that (A|B) is a semi-definite scalar product, for which
the Schwarz inequality applies. In addition, the product has the special
feature

(H|A) =0, Voperators A . (4.10)

This is easily seen, since 171|H f |n) = Eémn; but m = n is excluded from he
sum.
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Next we exploit it for the prove of the Bogoliubov inequality. To this end,

we first use B = [C', H] in the Schwarz relation. For the lhs we need (A|B)
(A[B) = (Al[CT, H])

Em#En

= X (mlATn) (n[CT,H]|m) 5" —5"

En#E,

— Z (m| AT|n) <Tl\CT’m>(

mn
Eu#En

=% (m|A|n) (n|CTlm) (p

mn

En)

— Pm

Pm)

En#En

=Y. pu(n|Clm) (m|Af[n) —

Y pm{m|AT|n) (n|Cllm) .

In the last step we have omitted the restriction in the sum, since p,, — p, =

0, if E;; = E;. Eventually, we have

(AlB) = ([c',al]_)

(4.11)

If we also choose A = B = [CT, H]_ in equation (4.11) , we obtain

(818) = {[c!, [1,c)) ) = ([[c.H],c]_) >0

Finally, we consider for E, # E,

(4.12)

O<Pm_9n:pm+pn Pm — Pn
E,—Ey E, —Ey Pm + Pn
——
=tanh (g(En—En,))
B
B tanh (5(E, — En)
0< = (om+p .
2 ) e, )
Since tanh(x)/x < 1, we find
Pm — Pn 5
0< E,_E, <2 (om + pn) -
From this relation we obtain
EnZEn ¥ — Pn /3 i +
(Ala) = X nl At ) (m| Ay 2P < BN o 4 ) (| Al (o + 1)
mn E Em 2 mn
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The omitted terms for E,, = E;; are positive, so including them assures the
inequality

(A14) < 5 Y- (n] ATlm) o[ Al) (o + 1) =

mn

N |

([Ah,A],)  @13)

Now return the the Schwarz inequality in equation [p-
|(A|B)|* < (A|A)(B|B), (4.14)

and insert piece by piece the relations we just derived for the various

terms. Beginning with equation (4.11)) [previous page] and equation (4.12) [pre-
vious page] we get

2
([c,A])* < (Al4) ([[c,H],c] ),
Along with equation we finally obtain

([c.a]) <

N[

(4l 4],) ([le.H1.C_) (4.15)

which proves the Bogoliubov inequality.

4.7 Proof used for the Bogoliubov inequality

Here we prove the relation

<{[C,H},CT1> < 4h2N<|bSQ(T,b)| +k2X) . (4.16)

We recall that
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Hence We begin with [S;, H]
(C, Hul - = [{, Hr]

ey ]].].,([s;,s;sj 1+ [s7, sjsj})
= LR (5718757 4 ilsi ) ¢ [57 55 )

= _h;eiRzk Z]]]/ <2SJJ~F(Slj/Sf - 5'17751]'/5?— — 51]5?_5']2/>
i

=Y eREY Ty (251*57 - 535 — sfsj)
! j
=-2nY) MY, (sjslz — sfs;) .
! j

We have used the symmetry J;» = Jy; and S?SZJr = SfS? + [Sij] The
commutator is proportional to 6; and hence to J;;, which is zero. Mean-
while we have

]

We continue with the second commutator

[[C, HH] } — _2% Z ZRI ZR k ]]l lz/eile/ [S;rsz, SIT} )

With
[S7S7, S ] =STISf, Sy ]+ ST, Sy ]S
= —5”,hs].+s; + 208y ;S3 St

we obtain

[[C,Hy]-,Cl]_ = ZhZZ Rk — Rk T ( —e MRistsy +2eikas§s;’>
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In the last step we have substituted j <> | and used the symmetry of Jj;.
Finally, we repeat the calculation for the field term

[C, Hy)— =[S, Hy)— =bY eRike®rQ [sF, S7]
ll/ A/_/

=bh ) Rkt Qgh
I

Then
[[C, Hpl-, CT] = bn ) eTUTQ Y ~kRr [5) 5, ]
] I D
=5,12hS7
=201* ) eRi1Qs7
1
a2
= 2bh 56
= 2bNH*So (T, b) .
Hence for C = Cy we have

< [[Cw, H] -, CL] > — 2bNH2So(T, b)

oY g (1_ei<Rf—Rz>k) (<s].+sl>+<s§slz>+<s§slz>)

l] N - /

=(S;81)

= 2bNH2So(T, b)
+ 202 T (1 — ei<Rf—Rz>k) (<s]- -Sp) + <S§SZZ>) .
lj
From equation 1) [p. we know that [[C, Hy]—, C T] originates from

the scalar product (B|B). It is therefore a real and non-negative function
for all k. Then

([Cw H]-,cl]) < ([ICk H]-, cf] ) + {[[C H]-, T, ] )

< [[Ci, H] -, CL] > < 46 NS (T, b)
+ 4hzlzj ]]'l(l—COS (R]—Rl)k))(<8]Sl>+<SjSZZ>)
< 4NI*|bSq(T, b))

- 4hzlzj: |]ﬂ|(1—cos (R]'—Rl)k)) (|<sj.sl>|+|<5557> |> :

J/

-~

>0
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Finally, we can use the Schwarz inequality for the scalar products (S; - S;)
2
(S8 <(s?)(s}) = <h25(5 + 1))
(S-S | <HS(S+1) .

Moreover, | <s7slz>| < [(S;S;)| <H?S(5 +1). In total we have

<[[C,H]_,CT]> < 4Nh2(\b3Q(T b)| +25(S+1) = Zy]]l\( — cos (Rj—Rl)k)>>

jl

Moreover we use

N[ R,

1—cos(x) <
and obtain

([1c,1)-, 1) < ani? (Joso(r, ) + 1 25D VLS R[))

J/

:XW1th 0<X<o0

Which proves equation (4.16) [p.[138].
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