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Results are presented for the masses m H and m w of isoscalar and isovector states in the lattice SU(2) ttiggs model with 
scalar field in the fundamental  representation. The Monte Carlo study is done on a lattice of size 83 × 16 in the vicinity of three 
points of the Higgs-phase-transition sheet. The masses show only weak dependence on the quartic self-coupling )~ and on the 
gauge coupling fl, but an interesting dependence on the hopping parameter r. At the phase transition m H has a sharp dip 
consistent with critical behaviour, whereas m w stays above l / 2 a .  The mass ratio m H / m  w becomes larger than one in the 
Higgs region shortly above the phase transition. 

1. Introduction. Numerical simulations on a lattice 
allow the study of nonperturbative effects in quantum 
field theory. Recently there have been various investi- 
gations of gauge-Higgs systems for non-abelian gauge 
groups with dynamical radial mode of the Higgs fields 
[1-5]  aiming at the nonperturbative aspects of the 
Higgs phenomenon. One of the most remarkable non- 
perturbative properties of  Higgs models is the simul- 
taneous occurrence of the Higgs phenomenon and of 
confinement of fundamental charges in a single phase 
[6]. 

Here we discuss the SU(2) lattice Higgs model with 
scalar field in the fundamental representation of the 
gauge group. In this model both the basic mechanisms 
of confinement and of the Higgs phenomenon occur- 
ring in gauge theories may be readily studied. This 
study should shed light on the nonperturbative reali- 
zation of the electroweak lagrangian in the standard 
model. Alffmugh there the gauge group is SU(2) × 
U(1), the basic properties of the Higgs phenomenon 
should be the same, except that we cannot expect a 
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massless photon and that the massive vector boson 
triplet is degenerate in mass. As usual we assume that 
fermions play no essential role in the Higgs mecha- 
nism and disregard them. 

The central question in the lattice formalism is the 
approach to the continuum theory. This limit has to 
be taken at a critical point where a correlation length 
measured in multiples of the lattice constant diverges. 
This was the motivation in recent work to start with a 
careful search for such points [3]. The next step is to 
study physical quantities in the neighbourhood of the 
critical manifold. 

The most interesting quantities are masses of gauge 
singlet states: isoscalars and isovectors, which are ana- 
logues of Higgs and vector bosons. Their masses will 
be noted by mH and mw, respectively. The final aim 
is to determine the number of relevant couplings at 
the continuum-limit point and the behaviour of the 
mass vahaes when this limit is  appr-o~h~l, 

The SU(2) Higgs model may be formulated on the 
lattice with a minimal set of three couplings: 

S=¼/3 ~ Tr(Up+ Up+')-~ ~(,l,+UxuCbx+u+h.c.) 
p E A  X,/~ 

+ x - i)2+ (I) 
x x 

with the gauge coupling/3 = 4/g 2, the hopping param- 
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eter K (related to the bare qb-mass) and the quartic 
coupling X. As discussed earlier [1,3] the Higgs fields 
may be suitably parametrized by a pair of variables 
(o, p) where o denotes a 2 × 2 SU(2) matrix and p the 
real length of the field. The integration measure for a 
site variable is then p3 d# do, where de is the Haar 
measure over the group SU(2). In this form the Higgs 
part of the action may be written 

+ 

S H = --K ~PxPx+v  Tr(°x Uxu°x+~) 
X,l.t 

+ X ~ (p2 _ i)2 + ~ p2. (2) 
X X 

Other formulations may be transformed into the above 
form by suitable reparametrizations. One advantage of 
this form is its symmetry r ~ -K. 

The phase structure of the model (1) can be sum- 
marized as follows [1-3] :  For positive/3 in the space 
of three couplings there is a Higgs phase-transition 
(PT) sheet which includes the global SU(2) symmetry 
breaking PT of pure SU(2) ~4 theory at/3 --- oo. It was 
found that the Higgs region above this sheet is analyti- 
cally connected to the confinement region below it 
for large ~,. But for small enough ~ and not too large/3 
the Higgs phase transition extends to negative/3. For 
small X the PT is clearly of first order but it weakens 
towards larger X (cf. ref. [3] for further details). 

In this work we determine the behaviour of corre- 
lation lengths for isoscalars and isovectors across the 
Higgs PT for three different combinations of (~,/3): 
(3.0, 2.25), (0.5, 2.25) and (0.5, 2.40). These three 
points on the two-dimensional Higgs PT sheet were 
chosen for the following reasons: 

(1) The calculation at these three points allows to 
estimate the dependence of the data both on ~ and on 

/3. 
(2) Previous investigations showed that the first- 

order Higgs PT weakens with increasing ~. For X ~- 0.5 
the Higgs PT shows signs of critical behaviour. There- 
fore X = 0.5 was chosen for two points. 

(3) The value X = 3.0 is a compromise between the 
need to increase X substantially with respect to X = 0.5 
and the wish to keep the radial mode active. 

(4) The width of the step in/3 from/3 = 2.25 to/3 = 
2.4 was expected to be sufficiently large to cause a 
substantial change of lattice spacing. The basis for the 
estimate was the increase of correlation length by a 

factor of V'2"in pure SU(2). (This estimate turned out 
to be misleading.) 

2. Technical details. The results presented here 
have been obtained for lattice size 83 X 16. The elono 
gated shape was chosen to get a better decay signal for 
the correlation functions. The gauge group SU(2) has 
been approximated by its icosahedral subgroup Y (cf. 
the discussion in ref. [3]). 

In addition to the local gauge symmetry 

ex~gxCbx,  Vxu~gxUxug+x, g x E S U ( 2 ) ,  (3) 

there is also a global SU(2) isospin symmetry 

ex ~ ¢ x A ,  A E S U ( 2 ) .  (4) 

The gauge-invariant physical states are multiplets un- 
der this symmetry operation. 

The isoscalar sector contains a variety of operators 
suitable for studying states with quantum number 
(/) jPC = (0) 0 ++. (Other contributions would come 
from states with spin higher than three.) They can be 
used for the calculation of the Higgs boson mass ~ = 
1 ..... 4 denote unit vectors): 

+ 2 

3 

H2: ¢b x Ux•Cbx+tz + h.c. 

3 

= ~ Px Px+. Tr( °+ Uxuox+~), #=I 

3 

H3: ~:~:i ...... * 
= Tr(G x Uxuax+u) (n0tabl3/f0r x~:~oo) , ...... 

//4: Px,12 + Px,23 + Px,31, 

where Px, 12 is Tr Up for the plaquette at site x 
in direction 12, 

//5: ~+ Ux4qbx+4 + b.c. = PxPx+4 Tr(°x + Ux4°x+4) 

(link in time direction), 

H6: Tr(G+ Ux4ox+4) , 

H7:Px ,14+Px ,24+Px ,34  • 
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In the isovector sector the simplest operators with 
quantum numbers including (1) 1 - -  are 

+ 

WI: PxPx+uTr(oxUxuox+uX) , # =  1 , 2 , 3  , 

W2: Tr(o~Uxuox+.~),  /a= 1 , 2 , 3 ,  

• : Pauli matrices. 

In our investigation we considered all these opera- 
tors except for H3, H6 and W 2. (Montvay [4] consid- 
ered both [4" 1 and W 2 but concludes that WI gives a 
better signal.) The results for different operators with 
the same isospin are compatible but the best signal 
was obtained with W1 and H2, which were then used 
for the final analysis. 

The correlation functions were actually determined 
for each quantity (like e.g. the single link operator in a 
fixed direction) separately and then combined accord- 
ingly. Like in ref. [4] we found no difference in the 
decay properties for a single link versus the correct 
sum in operator H2. This indicates that the states with 
higher spin have a higher mass and cannot be observed 
with our resolution. In the 1 - -  channel we summed 
correlations over space directions of  W1. 

Operators suitable for studying (0) 2 "H" states in- 
clude 

DI :  2~;Ux l~x+  1 - ~;Ux2~x+ 2 -- *+xUx3dPx+3 

and permutations of  1,2,3 as well as corresponding 
combinations o f  plaquettes. We determined correla- 
tions forD1 at some points in the Higgs phase and 
found them to decay rapidly. This further supports 
the tacit assumption that states with higher spins 
which might possibly contribute in any channel are 
very massive. We also calculated correlations for the 
isovector scalar operator 

+ 

Px Px+4 Tr(tTx Ux4Ox+4 I~ ) 

and found no signal for distances greater than zero. 
All operators were summed over all space points 

for given time slice t to project onto the zero-momen- 
tum state, i.e. 

Oi(t) = ~ Oi(x, t ) .  (5) 
$¢ 

The field configurations were obtained by Monte 
Carlo techniques in the usual way (cf. ref. [3] for 
more details). Once the system was in equilibrium we 

determined the correlation functions 

@ ( A t )  = ~ <(Oi(t) - (Oi(t))) 
t 

X (O](t + At)  - (O](t + At ) ) ) )  (6) 

by averaging over an ensemble of  configurations. The 
sum over the time coordinates takes into account 
time-translation invariance and enhances the statistics. 
The error estimates were obtained by constructing 
block correlations 

c~A~t, b) = ~ [(O~(t) - <O;(t)>) 
t 

X (Oj(t + At) -- (Oi(t + At)))] , (7) 

where the square brackets denote the average over 
block b of  consecutive configurations. The variance of  
Ci/(b) with regard to Ci/provided the estimate of  the 
errors. 

For given quantum numbers we expect exponential 
decay of  the connected correlation function, domi. 
nated asumptotically by the state with lowest mass. In 
practice we can resolve only one mass and have to take 
into account the effects of  periodicity of  the lattice. 
For time period N t we thus parametrize 

Ci/(~t) = const. 

X {exp ( -amA t )  + e x p [ - a m ( N  t - At) ]} ,  (8) 

if both operators i and ] support a state with mass m. 

3. Monte Carlo results. For all three (X, fl) combina- 
tions we have found long time correlations in the Higgs 
PT region, with a length of  up to about 8000 sweeps in 
some cases. Specific heat peaks are very narrow and 
large [3]. Their positions and widths correspond to 
the dips we have found in the Higgs boson mass (table 
1). 

Table 1 
Phase transition regions determined from dips in m H. 

h fl ~PT A~ 

3.0 2 . 2 5  0.3610-0.3630 0.0020 
0.5 2 . 2 5  0.2703-0.2707 0.0004 
0.5 2.40 0.2580-0.2595 0.0015 
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At the phase transition for (h,/3) = (0.5, 2.25) we 
have seen an indication of  metastable states. The spe- 
cific heat peak is extremely narrow (see table 1). In 
addition we recently observed, on a 164 lattice, a two- 
state signal between K = 0.2706 and 0.27062 with life- 
time of  metastable states of  the order of  20 000 
sweeps [5]. This is in agreement with recent results by 
Langguth and Montvay who observed double peak dis- 
tributions on a 124 lattice for (X,/3) = (1.0, 2.3) [4]. 
Thus the phase transition appears to be of  first order 
for these values o f  ~ and/3. Nevertheless, for (0.5,2.25) 
the correlation length in the Higgs boson channel 
achieves the size o f  5a, comparable with the size o f  
the lattice we use in this paper. At higher ~ and at 
higher/3 the phase transition becomes weaker [3] and 
broader (table 1). 

The value of  Cii depends sensitively on (Oi(t)) 
which may take several thousand sweeps to adjust it- 
self. Unthermalized (Oi(t)) cause correlations to be 
too strong and their statistical errors to be too small, 
thus leading to artificially low-mass values. With in- 
creasing statistics Cii(At) drops (improving from 
smaller to larger distance At), at first with an increas- 
ing statistical error. 

Therefore the number o f  themmlization s~veeps at 
each K has to be large and the number o f  sweeps used 
for measurements should exceed the length o f  fluctua- 
tions in Monte Carlo time by a fairly large factor. 
Within the limited computer time available (about 380 
CPU hours on a two-pipe Cyber 205) we could only 
partially satisfy these requirements at most K points. 
We controlled the results by performing runs with high 
statistics at some K values for each (X,/3) pair. 

At (~,/3) = (0.5, 2.4) we used about (13 ... 33) + 
(21 ... 31) thousand sweeps at most ~ values (num- 
bers are for thermalization + measurement). High sta- 
tistics runs were done at K = 0.257, 0.2595, 0.269 and 
0.29 with about 50000 and at ~ = 0.259 with 100 000 
measurement sweeps. For both (X,/3) = (0.5, 2.25) and 
(3.0, 2.25) most points represent 2 + (13 ... 32) thou- 
sand sweeps, starting from thermalized configurations 
at nearby values of  K. Long runs with about 5000 + 
50 000 sweeps were done at K = 0.2699, 0.2725, 0.29, 
0.30 and at K = 0.365, 0.38, respectively. Convergence 
of  masses at fl = 2.4 was found to be much slower than 
at fl = 2.25. The signal to noise ratio was considerably 
better in the Higgs than in the confinement region for 
all correlations. 

Data were combined into blocks of  1000 sweeps 
each for an error estimate as described above. The ap- 
pearance of  long fluctuations inside the PT regions 
(table 1) means that there the blocks are too short and 
the errors are probably underestimated. A proper esti- 
mate of  errors would require a much higher statistics 
at each point. We preferred to determine an overall 
picture of  the PT by scanning the corresponding K re- 
gion with more points over getting more precise re- 
suits at only a few points. 

Self correlations of  site operatorsH 1 and of  link op- 
erators/'/5 give almost identical masses as/-/2, well 
within the (somewhat larger) errors. Plaquette-pla- 
quette correlations, on the other hand, show higher 
noise levels. Outside the critical region they allow only 
less reliable fits at small At. We also measured some 
non-diagonal correlations in the (0) 0 ++ channel. They 
again give the same masses, but with larger noise. 

Fig. 1 shows correlations o f  H2 and of  I¢ 1 versus K 
in both channels for (X,/3) = (0.5, 2.4). For K well 
above KIT (Higgs region) the asymptotic behaviour 
seems to set in already at At = 1. Fig. 2 displays our 
results for the masses. To minimize systematical er- 
rors, masses are obtained by fits to correlations start- 
ing with ~ t  = 2 for ~ abow thevaluesO.26;O.269-and 
0.36 in figs. 2a, 2b and 2c, respectively. At much tow- 
er K in the confinement region the correlations drop 
very fast with At and stable fits are possible only when 
At = 1 points are included. To allow a smooth transi- 
tion to the fits starting with At = 2 we adopt a more 
elaborate procedure below the mentioned K values. 
Here we average mass values from both fits, adding to 
the statistical errors also systematic errors obtained 
from the difference o f  the masses in both fits. The 
maximal At included in any fit is determined by re- 
quiring correlations at all lower At to lie at least 1.5 
standard deviations above zero. In all cases we fit at 
least up to At = 4. Within the critical region and in 
part of  the Higgs region correlations have small errors 
up to the maximal At = 8. 

Fig. 2 shows the resulting Higgs boson and vector 
boson masses as functions of  K. The behaviour is quali- 
tatively similar in all three cases when the PT regions 
are superposed. In the confinement region mw ex- 
ceeds mH, whereas it is smaller than mH in the Higgs 
region. The Higgs mass mH shows a dip in the critical 
region for all three (~,/3), down to at least 0.3[a. At 
(0.5, 2.25) l/mH reaches 5a and thus becomes com- 
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Fig. 2. Isovector (triangles) and isoscalar masses (circles) for (a) h = 3.0,/3 --- 2.25, (b) h = 0.5,/3 = 2.25, and (c) h = 0.5, ~ = 2.40. 

patible with the size of  our lattice. On the other hand 
mw does not show critical behaviour, though it drops 

( 

very fast at rPT. In the Higgs region both  mH and mw 
increase steadily, mw with a small constant slope (see 
the inset in fig. 2c). 

Fig. 3 gives the ratio mH/mW for (X, 13) = (0.5, 2.4), 
again exhibiting a sharp dip at the transition. Corre- 
sponding pictures for (0.5, 2.25) and (3.0, 2.25) are 
statistically compatible with fig. 3. 

4. Conclusions. 
(1) Mass curves at different X are compatible with 

each other (except for the phase transition regions 
which have different widths). In scalar ~4 theory X ap- 
pears to be an irrelevant coupling [7] and it may well 
be irrelevant in the gauge-Higgs system too [4]. It is 
remarkable that this might be realized in such a sim- 
ple way, i.e. that it suffices to renormalize ~ for con- 

stant 13 in order to get X independent results. 
(2) Outside the immediate PT region mass curves 

at different/3 are compatible with each other, too. In 
the Higgs region the values of  mw might be slightly 
lower at/3 --- 2.4 than at/3 = 2.25 at the same distance 
from the Higgs PT. The very weak/3-dependence of  the 
masses on lines parallel to the PT sheet is a consider- 
able surprise when compared with the decrease of  the 
lattice constant by a factor of  x/-2 in pure SU(2) for 
the same change in/3. Larger steps in 13 will be neces- 
sary in order to see a substantial/3-dependence. The 
small/3-dependence observed may also explain why 
curves for different X look similar at constant/3. 

(3) At the Higgs PT the Higgs boson and vector bo- 
son masses behave in a qualitatively different way. 
The Higgs mass has a dip indicating criticality. On the 
other hand the vector boson mass does not decrease 
below the value 0.5[a, though it drops rapidly from 
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the large values in the confinement region. It might 
even be discontinuous. The simultaneous occurrence 
of signals for criticality and for first order discontinu- 
ity is usually encountered in the vicinity of tricritical 
points. It  remains an open question whether the Higgs 
PT is of  first order for all/~ or whether there is a line 
of tricritical points within the PT sheet behind which 
the transition is of second order. In the second case 
the continuum limit taken on the tricritical line would 
correspond to a theory with one more relevant param- 
eter. 

(4) The lattice constant a cancels in the ratio 
amH/amw which can therefore in principle be com- 
paredwith experiment. Interestingly, this ratio shows 
a minimum at the PT. Its value lies between 0.2 and 2 
in the K ranges studied. The mH/mW curves at all three 
(>,,/3) points are very similar. Thus curves of  "constant 
physics" for all these values of mH/mW run approxi- 
mately parallel to the Higgs PT sheet in the range of 

couplings we examined, both in the confinement and 
in the I-Iiggs phase. (The indicated slight decrease of  
rn w would mean that these lines slowly approach the 
PT sheet from above with growing/L) 

(5) The fact that mw does not show any sign of 
criticality means that a continuum limit with finite 
mw would not be possible in the region of coupling 
parameters we have studied. Presumably it will be nee- 
essary to increase/~ in order to find a qualitative differ- 
ent picture. 

The calculations have been performed on the CY- 
BER 205 in Bochum and we want to thank the com- 
puter centers of  the University of  Bochum and of the 
Technische Hochschule Aachen for their support. We 
also thank G. Vones for many discussions in the early 
stage of our work. 
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