Chapter 10

Entangled states

The possibility to entangle several degrees of freedom is central to quan-
tum mechanics and distinguishes it drastically from classical physics. In
this chapter we shall discuss some aspects and applications of entangle-
ment. A pure quantum state with two sets of degrees of freedom A and B
is called a product state'(see also chap. 9) when it is of the form

[Ytotat) = |¥)a ® |X)B - (10.1)

A state is entangled_ when it is of the form

) = Y cnlena ® |Xn)s (10.2)

™ L3

with more than one term in the sum that cannot be factorized into the form
of a product state.

In the previous chapter we noticed that when one investigates only one of

two entangled subsystems, interference can vanish. In chaps. 10.1 and 10.2
we will treat consequences for the quantum mechanical measurement pro-
gess itself and for macroscopically occuring decoherence. In chap. 10.3 we
shall see that one cannot explain certain experimentally verified quantum
mechanical correlations by just_using classical physics, even when one al-
lows for infinitely many so-called hidden variables. In chap. 10.4 we will
look at applications of entanglement in the field of quantum information, and
at guantum teleportation as an example.
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10.1. The measurement process

10.1 The measurement process

We examine in more detail what happens during a measurement. Let the
quantum mechanical system S be in a pure state [¢)). We measure an ob-
servable A with corresponding operator (analyzer) A. Let the spectrum of
A be discrete, with eigenvectors |n):

Aln) = an|n) . (10.3)

One can write the state in the eigenbasis of A:

) = cnln). (10.4)

n

As a simple example, we consider the case that only two eigenvectors of
A contribute to |v):

[¥) = ai|l) + c2(2) . (10.5)

The density operator of this pure state is
po =10 (Wl = (all) + e2(2)) (i (1] + 3 (2])
2 o X
<|Cl‘ “‘C?) . (10.6)

cica |cof?

[

During a measurement, the system interacts with a measurement appa-
ratus M. Afterwards, the result of the measurement is read off by an ob-
server. The quantum mechanical postulates stipulate that the result of a
measurement of A will aways be one of the eigenvalues of A, each with

Erobability |(n|v)|? =dcn|2:’

Numerous difficult questions arise in trying to interprete this statement.
One might read the postulate such that directly after the interaction with
the measurement apparatus, the system is in the mixed state

o= 3 Galdn)inl . 107) g Delow

In our example this has a matrix representation

oy B ('i‘)'z . ) . (10.8)

|02|2
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Chapter 10. Entangled states

When reading off the result, the observer then apparently obtains one of
the possible outcomes with the corresponding probability |c;|?, similar to a
probability in classical statistics. The observer then knows that the system
is in the single eigenstate |n), i.e. p is further reduced to

prr = |n)(n|. (10.9)

In the quantum mechanical state |¢), the contributing states |1) and |2) can
interfere in a suitable experimental setup (see chap. 9.1) via off-d1agona1
terms (1|B[2) = tr ( B|2) 1Jl of some observable B. For interference to
occur, the density operator (10.6) needs to contain off-diagonal terms like
|2)(1] = cjez. Note that in (10.8), only classical probabilities remain, the
off-diagonal terms are missing.

The transitions from p, to p; and then to p;; (or directly j, to j;/) are very
difficult to interprete. The so-called Kopenhagen interpretation of quan-

tum mechanics ta bout the ,collapse of the wave functiog” (o to pr1,
or equivalently(|v) to |n)))as opposed to the otherwise unitary time evo-
lution according to the odinger equation (footnote p.263).

One drastic example is Schrodinger’s famous cat (1935): it is hidden in a
box. During the experiment, the cat is supposed to be killed with proba-
bilty % in the box by some poison (for example triggered by a radioactive
decay). One only knows whether the cat is dead or alive after opening the
box. Immediately before, one seems to be forced to specify the state of the
cat as

\—j—i (lalive) + |dead) ) . 2
This is very strange. Is this a macroscopic superposition of a live and a
dead cat ? Does that make sense ? Is the fate of the cat decided at the
moment of observation ? Should one also include the observer into the
quantum mechanical system ? Does one have to take account of interac-
tions with the environment ? How does one get from microscopic quan-

r

tum mechanics to macroscopic determinism ? How does one handle the
probability interpretation ? These and related questions are known as the
"measurement problem”. Despite decades of considerable effort, there is
still no generally accepted interpretation.
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10.1. The measurement process

Interestingly, some of the questions can be solved when one also treats
TE—

the time gyolution of the measurement apparatus quantum mechanically.
Let | M) be its state before the measurement. The total state of system an

measurement apparatus before the measurement is then

It factorizes into a part |v') of the system and the part | M) of the measure-
ment apparatus. Let M be such a measurement apparatus in the following
sense: When S is in the state/ Iﬂ before a measurement, then afterwards it
shall still be in state((k and The measurement apparatus gets into a state
| M) (e.g. with a macroscopic pointer position “k”). We now consider the
“quantum mechanical time evolution of the total system, unitarily via the
time evolution operator:

¥, Mo) = Y cnln, Mo) —  [Vtotat) = > caln, M) . (10.11)

—
n n

Note that the final state is now entangled between system and measurement
apparatus; it does not factorize anymore. It still is a pure state, however.

Afterwards, the observer registers (measures) the pointer position of the
measuring apparatus. The observer does not have direct access to the sys-
tem S, but just interacts with the measuring apparatus. His/her situation is
thus described by a reduced density matrix which contains only the states
of the measuring apparatus:

/:)meas = t’Jrsystem |wtotal > <wtotal|

= tleystem Z Cn Cpy |1y M) (M, M|

= > leal |My) (My] - (10.12)

diagonal because <nl m> = delta_nm

This corresponds to a matrix which contains the expected probabilites |cp|?
for the individual results on the diagonal, but does not contain interference
terms. The transition from the quantum mechanical situation with inter-

ference to classical probabilites (5, to p; ) therefore happens by focusing

'More precisely, in a state that is in one-to-one correspondence with |k). For simplicity,
we still use the name k).
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Chapter 10. Entangled states

and and interacting with only the measurement apparatus” when reading

off the result, and not with the total system.’

These considerations shed light on how one gets from gg to pg, but unfor-
tunately not on how to interprete the presence of probabilities instead of
classical determinism. In chap. 10.3 we shall see that a seemingly natural
interpretation as a statistical mixture of individual realizations with prede-
termined results (“hidden variables”) has been ruled out by an ingenious
setup of experiments.

10.2 Decoherence

There is another very important mechanism which drastically reduces quan-
tum mechanical interference effects in the macroscopic world, the so-called
decoherence, due to interactions with the many degrees of freedom of the
outside world. T

For simplicity we again consider a particle (system) in the pure state

[¥)s = c1|1)s +~02|2>s,

with the density matrix (10.6).

It interacts with the environment for example by scattering of (usually nu-
merous) photons from the particle. Let the photon be in state |i) » before
such a scattering event. The state of the photon after scattering will de-
pend on the state of the particle (e.g. on its location). Schematically, we

2For Schrodinger’s experiment, one could also consider the cat to be a macro-
scopic measurement apparatus which detects whether the decay of the atom has
taken place. Note that for the observer, Schrodinger’s cat is then not in the pure state

- (|alive) + |dead) ) butin a mixed state like eq.(10.12)

" 3There actiually is a physical difference between (a) the Kopenhagen view with a col-
lapse of the wave function at every measurement and (b) the present description with
unitary time evolution and a reduced density matrix, namely that the unitary time evo-
lution could in ErinciEle be invertg_d_ after the measurement to re-obtain the initial state,
whereas this is impossible after a collapse. An experimental verification or disproof of
the wave function collapse might therefore be possible ! Note however, that surprisingly
a collapse vs. unitary evolution of the wave function has no influence on measurement
outcomes at later times when one considers the joint probabilities with the first measure-
ment outcome (see book by Basdevant and Dalibard, p.110)
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10.2. Decoherence

can write
In)s ® li)p — [|fi)s ® |n)p.

We have denoted the state of the particle after the scattering by |72) . Let

us assume that before the scattering, the particle is in a product state with

the photon. After the scattering we then obtain (completely analogously
_to the measurement discussed before)

[)s ®li)p = (Z |n>s) 2li)e — o) = 3 n (1i)s @ [n)p)

T

(10.13)

This is another pure state, but it is now entangled between particle and

Ehoton.

If the contributing final states of the photon are orthogonal to each other,
p(1]2) p = 0, then the reduced density matxix of the system is

= ‘ -~ |Cl|2 0
ps = trp [Wtotat) <wtotal| == 2 . (1014)
0 e

The interference terms are gone-~

More realistically, let us assume that the final states |n)p of the photon
are not orthogonal. Their overlap »(1/2)p, which will then appear in the
off-diagonal elements, is usually small, especially when the states |1)g
and [2)g of the system are macroscopically different (e.g. different loca-
tions). When another photon scatters on |¢y.), with final states |n'>)),
then the off-diagonal elements of the density matrix contain the product
p(112) p.p (1|2 p < 1. Each additional scattering event reduces the
size of the off-diagonal elements. The total system of particles and all pho-
tons becomes a pure but hEhFentangled states with many terms in the
sum. With more and more scattering events, the reduced density matrix, on
the other hand, becomes more and more similar to (10.8): the system loses i
its coherence.

A real system usually contains macroscopically many photons and other
particles, which interact on very small time scales. Thus one automatically
gets the transition from microscopic to macroscopic physics: the micro-
scopic quantum mechanical interference effects get lost very quickly for
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Chapter 10. Entangled states

macroscopic objects for which one cannot measure all the entangled de-

grees of freedom together. It is therefore usually difficult to keep quantum
_mechanical coherence in an experiment. However, there are some spec-
tacular gxceptions, where macroscopically many particles are in the same
quantum state, which is therefore stable, most noteably sugraﬂuldlty and

gypgrconductwqy _

10.3 EPR-paradoxon and Bell’s inequalities

Einstein was always unhappy with the fact that quantum mechanics only
predicts probabilies, as can be seen from his famous quote

I cannot for a moment believe that [god] plays dice and makes
use of “telepathic’ means (as the current quantum theory al-
leges he does).

Maybe the outcome of measurements is actually predetermined by some
hidden parameters ? Then quantum mechanics would actually be deter-
ministic, like classical mechanics. In 1935, Einstein, Podolsky und Rosen
(EPR) proposed a Gedanken-experiment on this issue. Several decades
later, in 1964, the theorist John Bell proposed a setup which allows to dis-
tinguish between quantum mechanics and all such theories with hidden
variables, even with infinitely many (!). Many subsequent experiments
clearly verified quantum mechanics and ruled out the hidden variables.

We consider a modified version of the EPR experiment which is due to D.
Bohm. Let there be a particle at rest with spin zero, which decays into two

particles A and B, each with spin 1/2, ‘which move in opposite dlrectlons
Quantum mechanically, A and B are entangled (see below).

We wait until the particles are far from each other and then we measure
their spin. The measurements shall be so close in time that they cannot
influence each other by any interaction not faster than the speed of hght 5

When one only examines particle A, one will find spins +2 und - with
équal probability with respect to any direction 7. Similarly when one only

4Similar experiments can be done with photons.
5This has indeed become possible experimentally since the 1980s.
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10.3. EPR-paradoxon and Bell’s inequalities

measures particle B. Because of angular momentum conservation, the to-
tal system of A and B still has to have spin zero. For example, when a
measurement of the spin of partlcle A in z-direction results in +%, then a
measurement of the spin of particle B in the same direction must result in
the value —2. One can therefore predict the result of the second measure-

ment.

Note, however, that such a correlation can also occur classically, for ex-
ample when one distributes a red and a black ball among two containers:
when the first container turns out to contain the red ball, then one can
predict the contents of the second container to be black with certainty.
Different from the classical case, the quantum mechanical case contains
additional correlations, e.g. for measurements in the x-direction of spin.

Bell’s distinction between quantum mechanics and classical physics with
‘hidden variables requires measurements of the two particles with respect
to different spin-directions, as we shall soon show. We will analyze such
experiments in two different ways, first assumingrhidden variables, angl
then with the rules of quantum mechanics.

10.3.1 Locally realistic theories (hypothetical)

EPR define a theory to be "“realistic” when the following is true:
JiE—— il

When one can predict the value of a physical observable with
certainty, without disturbing the system, then there is an ele-

ment of physical reality [i.e. afidden variable] that corresponds
to this quantity.

We now assume that the correct theory of the world is “realistic” in this
sense.

In addition we assume ”localitz". i.e. that there is no interaction faster than
the speed of light.

We analyze the gs&mentioned above, namely that the measurement of S.
for particle A  gave the value . Then we can predict the result for particle
B with certamty without dlsturbmg B. With the criterion quoted above,
this means that particle B indeed possesses a property ”S, = —ﬁz wt
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Chapter 10. Entangled states

We could also measure S, at A and then predict S, at B correctly. Because
of the assumed locality, the choice of measurement direction® at A cannot
influence the results at B. Therefore B must also have a property ”S.".

The contradiction with quantum mechanics, where Siz S, # 0 implies
that one cannot have sharp values for both directions, is the “paradox” of
EPR.

The above considerations are valid for any direction 7 and for switched
roles of A and B. In a ”local realistic theory” the results of measurements
must therefore be predetermined after the decay, for every of the infinitely
‘many directions of measurement M.

Note that these considerations and experimental results already rule out

the simplest version of a hidden variable, namely that each of the particles
possesses a fixed direction of spin after the decay If this direction was iez
for example, then the measurement results with respect to €, would not
be correlated. Measurement results with respect to the same direction at A
and B then would not have the experimentally verified perfect correlation.

Bell’s inequality

In 1964, John Bell managed to derive an experimentally testable conse-
quence of a generic theory with hidden variables.

He considered measurements of the spin of A and B in different direc-
tions. Each individual measurement will produce a result +%. We define
the correlation function

C@8 = Py + P — P — Py, (10.15)

where for example P, _ is the probability to find +2% upon measuring A in
the direction @ and to find —2 upon measuring B in the direction b for the

same decax.

We will show:

61t was indeed varied very quickly locally and randomly in experiments.
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10.3. EPR-paradoxon and Bell’s inequalities

BELL’S INEQUALITY

-

IC(a, B - c@ol< 1+ @9 (10.16)

holds for a local realistic theory.

Proof: In each of the three directions da, b ¢ the result at A can be i'i.

We denote the relative frequency of these 8 cases by n(a A Ba,va), W1th
aa,Ba,va = +1. The assumption of a realistic theory means that each of

these 8 numbers has a fixed value, with

Z n(aa, Ba,va) = 1.

aa,Ba7A

One can then read the correlation function as C'(a, b (a A 63l Because
the total spin is zero, the value (3p for measuring at B in direction b is

the opposite o e 34 for measuring at A with respect to the same
direction, i.f 35 = —34. The correlation (o Ap ) then becomes

Cc@b) = Y " n(aa Ba7) aa-(=Ba),

as,BA74

and thus (we omit the index 4 now):

C@b - c@d = -y nlapb) aB=7)

since 32 = 1. Because of o = =1 we get

c@h - c@a| < Y nlapy) @-p) = 1+ C(Ea,

aﬂw

as claimed.

268



Chapter 10. Entangled states

10.3.2 Quantum mechanical analysis

A—o—4
Singlet

The two particles A and B come from the decay of a particle without spin.

Their total quantum mechanical states must therefore also have total spin

zero, i.e. it must remain constant upon applying the rotation operator

e’%"’ﬁ'i

with J the total operator of angular momentum

|

-
~

e e S (10.17)

where § 4 only acts on particle A and 3 5 only on particle B.

A basis for the combined spin state of A and B consists of the products of
the individual basis vectors:

1) 1L, I T8,

where the first position is for particle A and the second for particle B, and
|1) and |]) are, e.g., |+ 2) and |- 2). The<iesired linear combination which
is invariant under rotations is the singlet state

1
/2

lvs) = (|M> ~ |M>). (10.18)

Note that because of this rotation invariance, the singlet state has an iden-
tical looking representation with respect to any basis direction .

-

The rotation invariance can be verified by applying (/)? and using that A
and B each have spin j = 3. For A this implies

i i | 3
!SA! | £ 2)a RP-(=+1)|£2)a = hzﬂ.iz),‘.

and for the total state

@rws) = (5a+ 55) 1ws)
= ((5a) + (36) + 28a35) lus). (1019)

269



10.3. EPR-paradoxon and Bell’s inequalities

By using the Pauli matrices one sees that

SR QY Q / Qz Q2 h2
5253\w5> — S%S%lws> = SASB|l/)S> = —I|ws>,

" and the contributions in eq.(10.19) add up to zero. Therefore the singlet is

indeed an eigenstate of (.]7)2, with eigenvalue h%j(j+1) = 0,i.e. with j = 0,
and thus rotation invariant.

One can choose the singlet as one basis state for a system of two spin 1/2
particles. The three other basis states | 1.1). [1.{) and Z=(| 1,{) +|1.1))
together from the so-called sgiﬁfﬁ‘f'tt plett (j=1) with total spin 1 - h and with

m=1m=0m=-—1.

It is important that the singlet is an entangled state. An EPR analysis can
also be done with the m = 0 state of the triplett or with entangled states of
photons.

Quantum mechanical correlations

The calculation of the correlations C'(a, 5) is easiest when we define a as
our z-Achse, ie. [ £a) = |+ z)7The basis vectors | £ b) can be written in
the z-basis (2.28):

‘+5> = cos(§) |[+2) + e’ sin(%) |-z)
l—5> = sin(%) [+2) — e¥cos(§) |-2) ,

with # and ¢ the polar coordinates of b. For the state|is), the probability

P.iof eq(1015)is A A
'3

Peo = |(s| +a,+b)]
) 1 1 2
= | —=(+2.&2) + =, — —=(—z,+z| +2,+b
75 (12 €D) 126D J(om el bz |
i 2
I ELY PO W e 0 S S B(—z|+b>3}
1,0
= Zsin"g, (10.20)
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Chapter 10. Entangled states

with only the first term of the singlet contributing. P__ gives the same
result. For P, _ we obtain similarly

(s | +a, —b) ‘2 - ‘i<+z i r " )L (—zj-8)s| = L cos??
S ’ - \/§ ’ 3 S— \/5 B ~ B — 2 2 )
and the same for P_.. The complete correlation function is then
C(ﬁ:,g) = P+++P__“P+_—P_+
0
= sin? 3~ cos?g ,
= —cosf = —a-b. (10.21)

10.3.3 Comparison

We now choose the directions

% 1
@=(0,0,1), b=(0,1,0), #=—(0,1,1).
(0,0,1) (0,1,0) \/5( )

Then the qguantum mechanical prediction for the left side of Bell’s inequal-
ity (10.16) is

x5 =3 = 1
C(@b) - C@a| =0+ e

This is guch Jarger than the quantum mechanical result for the right side

£ 1
1 +C(E.8) =1 - — =~ 0.203.
(b, ) % R re lf

| ~ 0.707. DM rslf

and therefore contradicts Bell’s inequality, which was derived assuming a
local realistic theory.

Only experiments can decide what is true in nature. The results of nu-

merous experiments, with ever increasing accuracy, is very clear: they are

compatible with the quantum mechanical result, but Bell’s inequality is

violated. Therefore a local realistic theory in the sense of EPR is incom-
_patible with experimental results !
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10.4. Quantum information

10.4 Quantum information

In recent years, the so-called quantum information theory has been devel-
oping rapidly, partially because of ever improving experimental possibili-
ties.

One aspect of its applications concern the test of quantum mechanical
predictions on a microscopic scale, almost unimaginable when quantum
mechanics was developed. Other applications are about using quantum
mechanical effects for new applications. Such effects are strongest with
two-state-systems, so-called qubits, which have a variety of practical real-
isations.

While a classical bit can only take values 0 and 1, @

1

e (10) + all))

has a continuous parameter o and therefore contains more information.

Amazing new applications can be reached by entangling and manipulatin
several (ideally many) qubits. It is important and also very difficult to do
the manipulations coherently, such that e.g. the phase information in the
parameters o of the qubits is not lost.

One of the spectacular applications is guantum cryptography, which is al-
ready used commercially. Another one is quantum teleportation (on the
level of a few qubits), which we will discuss below. A still quite distant
goal is a guantum computer, which requires the manipulation of many
qubits over a long time by so-called quantum gates. The idea is to use en-
tanglement in order to reach a theoretically exponential speedup with respect
to the same number of classical bits. However, it is still not clear whether
decoherence effects can (even in principle) be kept sufficiently small.

10.5 Entanglement measure

Entanglement between different degrees of freedom is characteristic for
quantum mechanics and essential for applications of quantum informa-
tion. Without entanglement there are only product states, which cannot
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produce interference effects between qubits. It is therefore relevant to ask
how one can guantify entanglement.

10.5.1 Schmidt decomposition of a pure state

Consider any quantum-mechanical system and two arbitrarily chosen sub-
systems A and B (like "system" and "environment" before).

Le@e orthonormal basis states of subsystem A, and (|k)z those of
subsystem B. Then a general pure state of the total system is a linear com-
bination

VEDD cj (10.22)
ik

where c¢;;. are coefficients. We now regard c;; as a matrix and look at its
singular value decomposition:

(cjx) = UDV?', with U and V unitary. (10.23)

Written in matrix components, this becomes ¢, = Z N U]a V,;, where (

x is the rank of the matrix c;;, the so called Schdet-rank. Since [/ and 1%
are unitary, it is possible to perform two basis transformations: [A) =
Y- Ujalj) 4 and |B), := Y(V')ak k) 5 and to express the state |¥) in the

J
new basis:

= EX: Ao |A), |B),, withy < min(dim(A),dim(B)).| (10.24)
a:l

This Schmidt-decomposition of a general state |¥) always exists! The rank

X, i.e. the number of terms in the sum, is at most as large as the Hilbert
space dimension of the smaller subsystem.

The normalization (¥|¥) = 1 implies

> XN=1. (10.25)
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10.5. Entanglement measure

10.5.2 Reduced Density Matrix of a pure state

The total density matrix of a pure state is just p = |¥) (U

bl

With the Schmidt decomposition, this becomes

5 = 30 ks 14), 1B), 5(A] 5(B| .

a=1 B=1

The reduced density matrix for subsystem A is obtained by taking the trace
over subsystem B:

pa =ttsp =3 «BljIB), . (10.26)

y

Since the bases |A) and |B) are orthonormal, only a = 3 = ~ contributes
and one gets:

X
=" 2 |4, MJ (10.27)
=1

This is the spectral representation of the reduced density matrix, with

eigenvalues (weights, probabilities) p, = A2 and eigenvectors |A),. Thus

the Schmidt decomposition unmedlately 1mphes the reduced Hensﬁy ma-
trix !

The reduced density matrix for sub-system B is defined similarly, with the
same Schmidt rank y, and

X
ps =2 XN} |B), »(B| (10.28)

=1
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10.5.3 Von Neumann entanglement entroez

The most important measure for the entanglement of two states was al-
ready invented by von Neumann. It is similar in definition to the entropy
of a statistical system. There the density matrix is diagonal in the classi-
cal states. Its entries are the Boltzmann weights p; ~ exp(—FE;/(kgT)). The
classical entropy of a statistical system can be written as

S =—tr(plnp). (10.29)

For a quantum mechanical system in a pure state, the von Neuffmann en-
tanglement entropy between two arbitrary subsystems A and B is defined
in a similar way via the reduced density matrix:

SA = —try (ﬁA lnﬁA) (1030)

The reduced density matrix pa is diagonal in the basis | A):

X

pa=3Y 2 14), (Al

=1

One can therefore take the logarithm serarately for each component and
the von Neumann entropy reduces to

X
Sa=-Y MInX=Sp. (10.31)
a— :1— —

Thus the entanglement entropy of subsystem A relative to B is the same

as that of subsystem B relative to A. Note that when the reduced density

matrix corresponds to a pure state (i.e. x = 1 and A = 1), then the entan- /)-Q &[w )
glement entropy is zero, since In 1 = 0.

One can show that S, takes its maximum possible value when all A, are of
equal value, i.e. \ = + (since }_ A2 = 1). Then the reduced density matrix
is just a normalized identity matrix:

1

5 1
Theat 74=7 . (1032)

275



10.6. No-Cloning-Theorem

and S, is given by:
i :
T}Lﬁ\g S_A= —-X (; In ;) =Iny (MI. ,d’o“ Vg‘(/ (10.33)
Examples: 5“ 2 JANTBD <8l LA/

e For a product state |¢) = |A) |B) we have po = |A)(A|, thus x =1,
A=1,InA=0 and Sa = 0, as expected.

e For a singlet, the expression

¥ = Z5(1Ma14 = 1Dal1s)

is already the Schmidt-decomposition, with \; = Ay = % The re-
-duced density matrix is

pa= 3 1A, oAl = (M4t + 104 a)

2
A1(10> 1
- =-1,4.
2\0 1/, 2

The entanglement entropy is S4 = —-2(3In3) =In2=Iny.Since x =
2 is also the dimension of the Hilbert spaces {1, ]} of the individual
particles, the are maximally entangled in a singlet and can therefore
not also be entangled with any other parﬁaé; LTS

10.6 No-Cloning-Theorem

Classical bits can be copied and reused with high reliability. Very efficient
error correction algorithms are then possible, which make classical com-
puters largely immune against occasionally occuring bit errors.

However, bits a reliable copy of an arbitrary state is not possible
as we shall show now. Manipulations of any quantum mechanical system
are done by applying unitary operators (time evolution operators). An op-
erator [/ which would copy the state |¢)| of a qubit A to a qubit B, itself
initially in the state |i), would have to achieve

U(1)alis) = [¥)al¥)s,
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and similarly for a different initial state |©) 4:

0 (10)alids) = I¢)alo)s.

The scalar product of the two left sides has to be equal to the scalar product
of the two right sides:

(awl sl ) 010 (19)alids) = 4wl slle)ale)s.

Because of U0/ = 1, the left side also has to be equal to (| (i| |¢) 4 |i) 5
= a(¥ly) 1)
N e’

Alo)a B(Ule)e = a(¥lp)a B(ili)8 .
=]

l¢) B, [¥) B are to be copies of ) , [) 4. Thus A(¥|¢)a = B(¢¥|¢)s and
Wlp)’ = (Wlp)

with the only solutions (¢|¢) = 1 (i.e. |¥) = |¢)) and (¢|p) = 0. Therefore,
in addition to making a copy of some specific state [¢)) one can at most

copy additional orthogonal states | ), but not arbitrary qubits. One can also

show that mixed states cannot be copied either.

10.7 Quantum teleportation

A method for “quantum teleportation” was first proposed by Peres et al.
in 1993. The first experimental realizations were achieved in 1997 in Inns-
bruck by A. Zeilinger and his group, and at about the same time also by
a group in Great Britain. Because of the complexity of the actual experi-
ments, we will concentrate on the basic idea.

The basic setup is shown in Fig. 10.7. The goal is to transfer the quantum
mechanical state
q

@) = alo) + b|1), (10.34)

of a particle “C” onto a different particle “B”. There are two experimenters,
traditionally called “Alice” and “Bob”. Alice has the original particle C
whose state shall eventually be transferred to particle B at the location of
Bob. Because of the no-cloning theorem, after the experiment particle C
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10.7. Quantum teleportation

Figure 10.1: Basic scheme of quantum teleportation (curisina weiss, sacheior Tiesis 2007

cannot be in the original state anymore. Note that in this experiment par-
ticles are not teleported, different from science fiction stories. Instead “only”
a quantum mechanical state is transferred between already existing parti-
cles.

The course of events in quantum teleportation is as follows: Alice pos-
sesses a particle C, in an unknown (!) state |¢) to be teleported. Now some
source generates a pair of particles A and B (usually photons) in a specific en-
tangled state. Particle A is transferred to Alice and particle B to Bob. Then
Alice Eerforms a specific measurement on particles A and C, which pro-
duces an entangled state of these two partlcles She transmits the result of
this measurement to Bob via a classical channel In response to the mea-
surement result, Bob now has to do a transformation on particle B (like e.g.
|0) « [1)). Afterwards, particle B will be in the desired state |¢).

We will now discuss the states and operators. We need the so-called Bell
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4/ / basis for the state of two qubits A and B:
—

¥ as = =5 (104105 ~ 1D410)5)
49 = =5 (104105 + 1D410)5)
a5 = == (1041005 ~ D415
)00 = —= (1041005 + D415

This basis is similar to the basis of singlet (similar to V™)) and triplet dis-
cussed before,_with the difference that it contains oEIy entang[ea states.

Let the source produce the entangled state |¥") 45. This can be done for
example by generating two entangled photons from a single high energy

photon in a birefringent crystal. The initial state of the the total system of
particles A, B, and C is then

[Vttt = |0)c - ¥ )as - (10.35)

One can write this same state in a different way, namely in the Bell-basis
of A and C, multiplied by states of B. A short calculation shows that

2 [W)totar = [¥H)ac - mrs
+ ¥ )ac - o3 |¢)B
+ @) ac - o1 |e)B
+ |7 )ac - (—io2) |¥)B - (10.36)

Now Alice does a measurement which distinguishes the four Bell states of

A and C. This is very challenging experimentally. According to the pos-

tulates of quantum mechanics, gfter the measurement A and C are in the

correponding state. They have thus be gutgngled by the measuremeyt. As

we can see from (10.36) this also fixes the state of particle B. Alice trans-
mits the outcome of her measurement to Bob by classical communication.
Depending on that outcome, Bob either need not do anything (in case of
|UT) 4c) or he still has to suitably manipulate the state of particle B.

In the first experiment in 1997, only the state |V ™) 4 could be detected, by
making use of the antisymmetry of the wave function. Thus a “teleporta-
tion” was only achieved in a quarter of all cases. Also, the transformation
on particle B was actually left out.
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10.7. Quantum teleportation

Nowadays, twenty years later, teleportation in the sense described has
been demonstrated for far more difficult cases, e.g. for entangled pairs of
particles, or for distances of more than 100km, etc. This area of research
is on_constant development, similar to quantum information theory as a
whole.
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