
Chapter 10

Entan led states

The possibility to entangle several degrees of freedom is central to quan-
tum mechanics and distinguishes it drastically from classical physics. In
this chapter we shall discuss some aspects and applications of entangle-
ment. A pure quantum state with two sets of degrees of freedom A and 8
is called a }77iod#cf stofe (see also chap. 9) when it is of the form--,,

l'dytotai)    =    lap)A   ®    IX)B

A state is €zgjf¢r!gJ€4 when it is of the form

ldy)   =   Z:  Cm  l¢7.)A   ®   lxn)B

(10.1)

(10.2)

with more fho# o7tc fcr77t !." ffec s#77! that cannot be factorized into the form
of a product state.

In the previous chapter we noticed

we will treat consequences fo

that when one investi
can vanish.

ates onl one of_         __            _                         __    -

In chaps.10.1 and 10.2
rthequintiinriTmT=Eli{inicalm=asurementpro-

££si itself and for macroscopically occuring _decohereE|e. In chap.10.3 we
shall see that one cannot explain certain experimentally verified quantum
mechanical correlations by just using classical phvsics, even when one al-
lows for infinitely many so-called hidden variables. In chap. 10.4 we will
look at ¢ppJ!.cofz.o7ts a/c7tfarigJcmc7tf in the field of quan]tum in±o|matio±±_and
at qu_antum teleportation_?_s an example.
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10.1. The measurement process

10.1    The measurement rocess

We exalnine in more detail what happens during a measurement. Let the
quantum mechanical system S be in a pure state |dy). We measure an ±-
servable A with corresponding operator (analyzer) A. Let the spectnim of
A be discrete, with eigenvectors |7t):

A  |77)    =    CLn  |7})

One can write the state in the eigenbasis of A:

dy,   -  Z:  cn ,7t,  .

(10.3)

(10.4)
7t

As a simplej=±===pLe, we consider the case that only two eigenvectors of
A contribute to |dy) :

lay)    =   Ci|1)    +   C2|2)

The density operator of this pure state is

¢o   =    ldy)(dyl     =      (ci|1)   +   c2|2))(c;(1|   +   cZ(2|)

•     (!c:1!: icl2ii)

(10.5)

(10.6)

During a measurement, the system interacts with a measurement appa-
ratus M. Afterwards, the result of the measurement is read off by an ob-
server. The quantum mechanical postulates stipulate that the result of a

_i:E!f!rf::::EE[:aysbeone,£1±e-eij3qualuelof4£::!=:E±
Numerous difficult questions arise in trying to interprete this statement.
Onej±gLh+_req¢ th_e p_9_sj±±±±±e_such that directly after the interactioi with
the measurement apparatus, the system is in the mixed state

In our example this has a matrix representation

"   -   (,c6,2   ,c:,2)  '
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Chapter 10. Entangled states

When reading off the result, the observer then apparently obtains one of
the possible outcomes with the corresponding probability I c6 I 2, similar to a

probability in classical statistics. The observer then knows that the system
is in the single eigenstate |7t), i.e. A is further reduced to

A)JJ   -    ln)(nl  .

In the uantum mechanical state I dy

(10.9)

), the contributing states I 1) and |2) can
drfcr&c in a suitable
terms  (1|£|2)   =  tr

exFeri-inefiiH
812) (11

Setup (seechap.ri±RIi+
of some observable  8. For interference to

occur, the density operator (10.6) needs to contain off-diagonal terms like
12)(11   a   cI

off-dia
c2.  Note that in classical robabilities remain, the

terms are missin

The transitions from ¢o to ¢r and then to ¢H (or directly ¢o to ¢rr) are very

A

f.
4
J,

One drastic example is Schr6din er's far=ious cat (1935): it is hidden in a
box. During the experiment, the cat is supposed to be killed with proba-
bilty i in the box by some poison (for example triggered by a radioactive
decay). One only knows whether the cat is dead or alive after opening the
box. Immediately before,
cat as

one seems to be forced to specify the state of the

i(|alive)+|dead)).                ?

This is very strange. Is this a macroscopic supeaposition of a live and a
dead cat ? Does that make sense ? Is the fate of the cat decided at the
moment of observation ? Should one also include the observer into the
quantum mechanical system ? Does one have to take account of interac-
tions with the environment ? How does one
turn mechanics to

get from microscopic quan-
macroscopic determinism ? How does one handle the

p\robability interpretation ? These and related questions are known as the"measurement problem''. Despite decades of considerable effort, there isi-
still no generally accepted interpretation.
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10.1. The measurement process

Interestingly, some of the questions can be solved when one also±E££i

:e,#.;#erepe::s=eea:=net:::,ar#ifeoT#=ri¥
meaT5ffementapparatus before the measurement is then

ldy)    ®    Irty/o)      =      I/dy,A`o)   . (10.10)

It factorizes into a part |¢) of the system and the part I jly/o) of the measure-
ment apparatus. Let M be such a measurement apparatus in the following

before a measurement, then afterwards it
EL=

sense: Vvhen S is in th
shall still be in stat
Mk)  (e.g. with a macroscopic

e measurement apparatus gets into a state
pointer position ''k''). We now consider the

EHtum mechanical time evolution of the total system, unitarily via the
time evolution operator:

Idy,Afo)    =   Z=   Cn  |r},Az/o) +      l'dytofo!)   =   Z=  Cn|n,Afn).       (10.11)
7L

Note that the final state is now cM£4« led between s stem and measurement
¢i717¢r¢£us;_it does not factorize anymore. It still is_a pure sta±sf however.

Afterwards, the observer registers (measures) the pointer position of the
measuring apparatus. The obserir-er does r!of have direct access to the sys-

±SLHis/hersituationistern S, but interacts with the measurin
thus described by a reduced densi matrix which contains
of the measuring apparatus..

;in.as     -trsystem  ldytotal)  (dytoto!l

=    trsystem Z:  Cn C;  |7}, A{fn)  (in, Afm|
n'm

=     Z=   |Cn|2  |A/n)  (n{/7t|  .

n        _.   __       _-

This corresponds to a matrix which contains the ex

only the states

(10.12)

robabilites I c
for the individual results on the diagonal, but does not contain interfereng=
±§==E§. The transition from the quantum mechanical situation with inter-
ference to classical robabilites (¢o to ¢r ) therefore happens by focusing

]Moreprecisely,inastatethatisinone-to-onecorrespondencewith|fo).Forsimplicity,

we still use the name I k) .
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Chapter 10. Entangled states

and and interacting with onlv the measurement apparatus2 when reading-_i
off the result, and not with the total system.3

These considerations shed light on how one gets from ® to p® but unfor-
tunately not on how to interprete the T>resence of probabilities instead Qf
classical determinism. In chap. 10.3 we shall see that a seemingly naturali=-

retation as a statistical mixture of individual realizations with
termined results (''hidden variables'')
setup of experiments.

10.2    Decoherence

has been ruled out b
prede-

y an Ingenious

There is another very important mechanism which drastically reduces quan-
tum mechanical interference effects in the macroscopic world, the so-called
decoherence, due to interactions with the man rees of freedom of the
outside world.

For simplicity we again consider a particle (system_i in the pure state

ldy)s   =   Ci  |1)s   +   C2  |2)s  ,

with the density matrix (10.6).

It interacts with the environment for example by scattering of.(usually nu-
merous) photons__from the particle. Let the photon be in state |¢)p before
such a scattering event. The state of the photon after scattering will de-
pend on the state of the particle (e.g.   on its location). Schematically, we

2For  Schr6dinger's  experinent,  one  could  also  consider  the  cat  to  be  a  macro-

scopic  measurement  apparatus  which  detects  whether  the  decay  of  the  atom  has
taken place. Note that for the observer, Schredinger's cat is then cot in the pure state

but in a 7"!.xcd state like e
3There actiually I.s a physical difference between (a) the Kopenhagen view with a COJ-

measurement and a)) the present descripti_gT,With
unitary time evolution and a reduced density matrix, namely that the unitarv time evo-_=-
lution could in principle be inverted after the measurement to re-obtain the initial state,
whereas this is impossible atei art:uapse. An experimental verification or disproof of
the wave function collapse might therefore be possible ! Note however, that surprisingly
a collapse vs. unitary evolution of the wave function has no influence on measurement
outcomes at later times when one considers the joint probabilities with the first measure-
ment outcome (see book by Basdevant and Dalibard, p.110)
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10.2. Decoherence

can write
|7})s   ®   |6)p    +     |fi)s   ®   |7t)p

We have denoted the state of the particle after the scattering by |fi)s. Let
us assume that before the scattering, the particle is in a product state with
the photon. After the scattering we then obtain (com
to the measurement discussed before

lay)s ® I;)p   -

This is
photop_.

anotheriu_re stale, but it is

analo

-    ,dy`ota,,  -Z: cn (,fi,s® ,7},p, .

(10.13)

entangled between article and

If the contributing final states of the photon are orthogonal to each other,
T(1|2)p = 0, then the reduced density matrix of the sysfc7" is

¢s     -trp|dytota,)(dy|o,a,I       - =    ('C6'2     ,c:,2).                    (10.14)

The interference terms aregone+-

More realistically, let us assume that the final states  |7t)p  of the photon

gi::tg::Flo:|oenma|¥e:f::::i;;=ii!f):±;gt:nyL:h::n::ps=esT,::
and  |2)s of the system are macroscopically different (e.g. different loca-
tions). When another Photon  scatters  on  |dytoto!),  with  final  states  |7b£2)),
then the off-diagonal elements of the density matrix contain the product
p(1(1)|2(1))p.p(1(2)|2(2))p<<|.Eachadditionalscatteringeventreducesthe

tons becomes a pure but highly entangled states with many terms in the
sum. With more and more scattering events,the rcc!wced densi matrix, on
the other hand, becomes more and more similar to (10.8):
its coherence.

the system

A real system usually contains macroscoDicallv manv Dho±g!g\§.and other
particles, which interact on very small time scales. Thus one automatically
gets the transition from microscopic to macroscopic physics: the micro-
sc_opic quantum mechanical iriterference effects get lost ¥_£ryT±qu{!:CklyJ9L
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Chapter 10. Entangled states

±c_roscopi_cobiec_ts_io_r which one camot measure all the entangled de-
rees of freedom together. It is therefore usually difficult to keep quan_t±±gL

mechanical coherence in an experiment. However, there are some spec-
articles are in the same

ciuantun state, which is therefore stable, most noteably s±±2=afl±Lui±t¥ a
_ill

suDerconductivitv..

tacular exceptions, where macroscopically
nJ

10.3   EEparadoxon?n_d_B_±±±:±±±±jnfg±±±!i±ie.s

Einstein was always unhappy with the fact that quantum mechanics only
predicts probabilies, as can be seen from his famous quote

I cannot for a moment believe that [god] plays dice and makes
use of 'telepathic' means (as the current quantum theory al-
leges he dues).

gi measurements is actually predetermined by somf
deter-mechanics

be the outcome
hidden parameters ? Then quantum- would actually be

_____                        _              _=-

ministic, like classical mechanics. In 1935, Einstein, Podolsky und Rosen
qpR)  proposed a Gedanken€xperimefiE` on  this issue.  Several  decades
later, in 1964, the theorist John Bell proposed a setup which allows to dis-
tinguish between quantum mechanics and 4JJ such theories with hidden
variables,  even with infinitely  many  (!).  Many subsequent experiments
clearly verified quantum mechanics and ruled out the hidden variables.

We consider a modified version of the EPR experiment which is due to D.
Bohm. Let there be a particle

Quantum

at rest with spin zero,
8, each with spin

which decays into two
1 /2, which move in opposite directions.

A and 8 are entangled (see below).

We ±riLuntil the particles are far from each other and then we measure

#¥±Pc¥:a¥erithde:fff:
find s ins+

edual probabilitv with respect to any direction j}. Similarly when one only
When one onlv examines particle A, one will

4Similar experiments can be done with photons.
5This has indeed become possible experimentally since the 1980s.
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10.3. Epl]-paradoxon and Bell's inequalities

measures particle 8. Because of angular momentum conservation, the !g:
stem of A and 8 still has to have s in zero.

measurement of the s
For example, when a

article A in z-direction results in + then a
measurement of the spin of particle 8 in the s4mc directionmust result in
the value - One can therefore
J±.
Note, however,

redict the result of the second

that such a correlation can also occur classicall for ex-
ample when one distributes a red and a black ball among two containers:
when the first container turns out to contain the red ball, then one can
predict the contents of the second container to be black with certainty.
Different from the classical case, the uantum mechanical case contains
additionalcorrelatior±ysf.g.±r_p±measurements in the

BBell's distinctic)n between quantum mechanics and classical physics with
EEn variables requires measurements of the two particles with respect
to cZ!#ercHf spin-directions, as we shall soon show. We will analvze such
experiments in two different ways, first assuming hidden variables, and
then with the rules of uantum mechanics.

1o.3.1    Locally realist_i__€E±±~=g±i£±(_h=!:B9±±e±i=C±!L

_EPR define a theory to be ''±h:|the fonowing is tnie:

=ewci=#utth;#utheeo:,ast:hm#¥L#
ment of physical reality [i.e. a hid den variable] that corresponds
to this quantity.

We now assume that the correct theor of the world is "realistic" in this
Sense.

In addition we assume ''localitv''. i.e. that there is no interaction faster than
the speed of light.

We analyze thefa=imentioned above, namely that the measurement of Sz
for article A gave the value
8 with certainty,

Then we can predict the result for particle
rbing 8. With the criterion quoted above,

this means that particle 8 indeed possesses a
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Chapter 10. Entangled states

We could also measure at A and then redict S at 8 correctl
of the assumed locality,

Because
the choice of measurement direction6 at A cannot

influence the results at 8. Therefore 8 must flzso have a

The contradiction with ciuantum mechanics, where  [Sz, S£|  i  0 implies
that one cannot have sharp values for both directions, is the "paradox" of
EPR.

The above considerations are valid for any direction f} and for switched
roles of A and 8. In a "local realistic theory" the res= of measurements
must therefore be predetermined after the decay, for every of the

E±=]! directions of measurement (!).
Note that these considerations and experimental results already rule out
the simplest version of a hidden variable, namelythat each of the articles

Possesses a fixed direction of spin after the decay. If this direction was ±€-z
for example, then the measurement results with-respect to e-. would not
be correlated. Measurement results with respect to the same direction at A
and 8 then would not have the experinentally verified perfect correlation.

Bell's inequality

In 1964, John Bell managed to derive an experimentally testable conse-
ciuence of a generic theory with hidden variables.It
He considered measurements of the spin of A and 8 in different direc~
tions. Each individual measurement will produce a result ±2. We define
the correlation function

c±!±,-bD ..--  P++  +  P--  -  P+-  -_ _P-i

where for example P+_ is the
the direction a ELnd to find
same decav.

iv-e will show:

robabili to find +

(10.15)

on measurin
on measurin 8 in the direction b for tl\e

6It was indeed varied very quickly locally and randomly in experiments.
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Bell's inequalities10.3. EPR-paradoxon and

holds local realistic

Proof:     In each of the three directions a, 5, a the result at A can be  ±2
by 7tdr,of these 8 cases 4A, ryA),  with

The assumption of a realistic theory E=E:is
We denote the relative fre
ciA,¢A,ryA  =  ±1.

these 8 numbers has

One can then read

alL,.,inn(.--)a,.)

a _fixed value, with

I      7i(c¥A,¢A,ryA)   =   1.
aA,¢A,ryA

the correlation function as a

EH:ach of

Because
8 in direction gis

lue 4A for measuring at A with respect to the same
the total spin is zero, the value ¢8  for measuring at
the opposite
direction, i. = -¢A.. The correlation {.=4£i) then becomes

C(a,5)   =       Z=~=-n(QA,4A,ryA)
aA 'PA 'ryA

and thus (we omit the index A now):

a(a,a)  -a(a,cl   =   -z=
a.Br/

QA .  (-¢A)  ,

n(a, P,ry)  a(P -ryjl

-Z:  7,(a, ¢,ry)
a,¢'ry

since 42 = 1. Because of cr¢ = ±1 we get

c(a,b)  -c(a,cq

as claimed.

c¥¢(1 -Pry)

S   Z=  n(c¥,4,ry)   (1-Pry)     =    1  +  a(a,c| ,
a.Brl
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Chapter 10. Entangled states

10.3.2    Quantum

Singlet

mechanical analysis A. ,- ® -> E

The two particles A and 8 come from the decay of a particle without spin.
Their total quantum mechanical states must therefore also havej9±a±£p;±
zero, i.e. it must remain constant upon ap_plying the rotation epera±8i__

e-%apfij

-
with j the total operator of angular momentum

=;=J

i  -  §A  +  38 ) (10.17)

-
where jA only acts on particle A and SB only on particle 8.

A±±|for the combined spin state of A and 8 consists of the products of
the individual basis vectors:

lt,t),I+,+),     lt,+),      lJ,1`),

where the first position is for particle A and the second for particle 8, and
I |`) and I +) are, e.g., I+ z) and I -z) . The=jesired
is invariant under rotations is the sin let state

lays)   -

linear combination which

Note that because of this rotation invariance, the singlet state

(10.18)

has an iden-

tical loroking representation with respect to any basis direction fa.-
The rotation invariance can be verified by applying (j)2 and using that A
and 8 each have spin j. = i. For A this implies

and for the total state

(Jr,2ldys)

=  fi2dr,,±z\A  =  fi2i±2\A.

(jA  +  SB)2 ,dys,

( (jA)2  +   (S=B)2  +  2jAjB)  |dys) .L-
269
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10.3. EPF]-paradoxon and Bell's inequalities

By using the Pauli matrices one sees that

sass lays)   =  jxsB lays)  =  jisf lays)  =  -# idys) ,

and the contributions in e .(10.19) add up to zero. Therefore the singlet is

indeed an eigenstate of (j)2, with eigenvalue fi2j (j + 1) = 0, i.e. with 7. = 0,
and thus rotation invariant.

tine can choose the singlet as one basis state for a system of two spin 1 /2
particles. The three other basis states
together from the s®called
in -1,in -0,in --1.
It is important that the sin

t,t),I +,+)  and-,__
EPpr! (j±with total

let is an e7t£¢#

(11., I)  +  I +, t))
spin 1 . fi an

led state. An EPR analysis can
also be done with the in = 0 state of the
photons.

uantum mechanical correlations

or with entangled states of

The calculation of the correlations C(a, a) is easiest when we define a as^_.            .        "Y

± z).~~The basis vectors I ± b) can be written inour z-Achse, i.e.
the z-basis (2.28):

=    cost2j   ,+zj   +  eoapsfntgj   ,_z\

=    sfnt2j   ,+zj   _   ecapcostgj   ,_zj   ,

with a and p the polar coordinates of a. For the state|dys), the probability
p++oteq.(10.15)is    f,,!rfu.4   A    / A   n

i;:+I)rJl„
±(I.z,©i?,®-±(J=-?,+Z,I-Z,+6,

1

7i -B(-ZI+
=1

:  sin2 : ,
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Chapter 10. Entangled states

with only the first term of the singlet contributing.  P__  gives the same
result. For P+_ we obtain similarly

(dys I +a, -a) ±B(-Z|-b)B|2=±cos2£,

and the same for P_+. The complete correlation function is then

+  P--  -  P+-  -  P-+
-  cos2 i

--   - can o   -   - a . -b .

10.3.3    Comparison

We now choose the directions

a-(o-, 5-(o-a-±(o", .
Then the quantum mechanical prediction for

=L,:i.+IntE±L_   ==._     0

ity (10.16) is

the left side of Bell's

(10.21)

inequal-

|c(a,a)-a(a,ci|  =  |O+±|  =0707.           ¢"rfjJa/

This is much 7flrgigz'Lthan the quantum mechanical result for the right side

I+c¢b,I)~_i-I-j=2~_0%f fft.          aJd  raw4/

and therefore co7tfrczd!.cfs Bell's ine which was derived assumin
local realistic theory.

i

Only experiments can decide what is true in nature. The results of nu-
merous experime=ts, with ever increasing accuraey, is very clear: they are
compatible with the quantum mechanical result, but Bell's inequality is
violated. Therefore a local realistic theo

atible with ex
in the sense of EPR is incom-

erimental results !
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10.4. Quantum information

10.4    Quantum information

In recent years, the so-called quantum information theory has been devel-
oping rapidly, partially because of ever improving experimental possibili-
ties.

One aspect of its  applications concern the
redictions on a microsco ic scale, almost

test of uantum mechanical
unimaginable when quantum

mechanics was developed. Other applications are about using quantum-_-_

mechanical effects for new applications. Such effects are strongest with-i-
two-state-s stems, so-calledq±±Ei£± which have a variety of practical real-
isatious.

While a classical bit can only take values 0 and 1,

(Io)    +    QI1))

has a continuous parameter c¥ and therefore contains more information.

Amazing new applications can be
several

reached by entan
many) qubits. It is important and also very difficult tlrd8

the manipulations coherently, stich that e.g. the phase information in the
parameters a of the qubits is notl`ost.
One of the spectacular applications is quantum crvptog::aply, which is al-
ready used commercially. Another one is quantum telepQrtaa±QE (on the
level of a few qubits), which we will discuss below. A still quite distant
goal is a quantum comp¥t.er6 which requires the manipulation of many
qubits over a long time by so-called quantum gates. The idea is to use en-
tanglementinordertoreachatheoreticallvc"o#e7'1finJspccd#pwithrespfs£
±cLthe same number of classical bif= However, it is still not clear whether
decoherence effects can (even in principle) be kept sufficiently small.

10.5    Entanglement m=±La=±±:i

Entanglement between different degrees of freedom is characteristic for
quantum mechanics and essential for applications of quantum informa-
tion. Without entanglement there are only product states, which cannot
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produce interference effects between qubits. It is therefore relevant to ask
how one can uanti entan lement.

10.5.1    Schmidt d€_Cgppg±i!i9±i9£±±±±±±£±±!=e.

Consider any quantum-mechanical system and two arbitraril chosen sub-
svsterns A andji(like "system" and "environment" before).

Le@e orthonormal basis states of subsystem A, and
subsystem
bination

8. Then a eneral
Ohose of

pure state of the total system is a linear com-

(10.22)

where c,.k are coefficients. We now regard c,k as a matrix and look at its
1ar value decom osition:

with J and V unitary.
_                                             __ _____         I: _:__. _  ,

Writteninmatrixcomponents,thisbecopssc,k=£^QJ„
Q=1      _  -

x is the rank of the matrix c,.k, the so called Schmidt-rank. Since J and V
are unitary, it is possible to perform two

(10.23)

qut*-he:e   I
basis transformations:  I A)I__,a             _

Z: a" lj)A  and  |B)a  :=  Z=(Vt)Qk |k)B  and to express the

new basis:

state  |0)  in the

X

19)  =Z=^Q  IA)a  lB)a,     Withx smin(dim(A),dim(B)).
~=1

This Schmidt-decom osition of a eneral state 10) alwa

(10.24)

s exists! The rank
x, i.e. the number of terms in the sum, is at most as large as the Hilbert
space dimension of the smaller subsystem.

The normalization (ty|rty)  =  1 implies
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10.5. Entanglement measure

10.5.2    Reduced Densitv Matrix of a Pure state

The total density matrix of a pwrc state is just   A =  |®) (dy|.-..-
With the Schmidt decomposition, this becomes

A   =   ££   ^Q^¢   lA)a  |B)a  ¢(A|  p(B|  .
a-1 ¢-I

The red"ced dc#s!.ty m4fr!.x for subsystem A is obtained by taking the trace
over subsystem 8:

¢A  = JEE£ =  Z= #' A EL .
1

(10.26)

Since the bases |A) and |8) are orthonormal, only c¥ = ¢ = ry contributes
and one gets:

(10.27)

This is the spectral representation of the reduced  density matrix, with

the Schnddt decom osition immediatel
envectors |A)ry: Thus

lies the reduce
trix !
___

The reduced density matrix for sub-system 8 is defined similarly, with the
same Schmidt rank x, and

¢B -£^?   IB)ry  ry(BI
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10.5.3    Von Neumann entanglement enLL[opy.

The most important measure for the entanglement of two states was al-
ready invented by von Neumann. It is similar in definition to the entropy
ofastatisticalsvstem._TherethedersitvmL±Ltrixis±i±gg:Lnalinthedassi-
cat states. Its entries are the Boltzmann weights pd ~ exp(-Ei/(kBT)). The
classical entropy of a statistical system can be written as

S - -tr (A ln A) . (10.29)

For a quantum mechanical system in a pure state, the von Neu#mann £=
tanglement entroT>v betoec7I two arbitrary subeystems A and P is defined
in a similar way via the reduced density matrix:

SA    :=    -trA  (¢A  ln¢A)

The reduced density matrix fA is diagonal in the basis |A) :

¢A -£^?  ,A,ry  ry(A,.
ry-1

Cue can therefore take the lo arithm for each com

(10.30)

onent and
the von Neumann entropy reduces to

X

sA - - Z: RE =£.-± (10.31)

Thus the entanglement entropy of subsystem A relative to 8 is the same
as that of subsystem 8 relative to A. Note that when the reduced density
matrix corresponds to a pure state (i.e. x =  1 and A =  1), then the entan-

glement entropy is zero, since ln 1 = 0.

2_7_a±oJ

(fc. LL,)
One can show that S takes its rmxz.mwow ossi.bJc u4Jwc when all

#::i:.:I.ir#tns:I;emE#;x3:=[

th,,A-:(111)
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10.6. No-Cloning-Theorem

th:
and SA is given by:

3f~x(i+1-x)--+EL      (nu.  ri;14 VJJ    two.%3h

=E±xrfes:
•  For a prg±±±st sttati=]±j:}=.            ).

A - 1, ln A - 0 an

5 --  ,N>'B> £811,I
we have ¢A  =  |A) (A

Lj

js4io, as expected.
thus x - 1,

•  For afi=g|ej, the expression

dy,   -±(,t,A,+,B  -,+,A,t,B)

is already the Schmidt-decomposition, with ^i  =  ^2  =  ±. The ::
` duced densi matrix is

`pA-

7tof also be entan

-;nA .

led with an other

lt)A A(tl  +.+nI)

riseftanthge]e=:i::otrn°:fy;i:effFbe-It2:3;:nc::{=#o=fEex.ins£;:dxu=
j2arq£±sg  the are wz¢xz.w!¢JJv c7tfftng7cd in a singlet and can therefore----- _-I            _                =J

article.

10.6    No-Cloning-Theorem

Classical bits can be copied and reused with high reliability. Very efficient
error correction algorithms are then possible, which make classical com-
puters largely immune against occasionally occuring bit errors.
However,£Qraubitsareliablecopvofanarbitrarvstateisnotpoifess===i±!g
as we shall show now. Manipulations of any quantum mechanical system
aredon^ebyapplgivunLinoperators(timeevolutionoperato|s).Anop-
erator I/ which would co the state dy) I of a qubit A to a qubit 8, itself
initially in the state |¢), would have to achieve

a(ldy)Ajzi)      =     ldy)Ally)B,
__
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and similarly for a different initial state |¢) A:

a(l¢)ALk)    =    lap)AE.

The scalar product of the two left sides has to be equal to the scalar product
of the two right sides:

(A(dy|B(i|)   ottr(lap)A|6)B)       =       A(dylB(dyl   lap)Alap)B.

Because of Crttr = fi, the left side also has to be e
This implies

A(dylap)A  B(dylap)B      =

to A(dy|  a(6|  |¢)A  |6)8.

E-
=1

|q9)B, |dy)B are to be copies of |p)A, |dy)A. Thus A(dy|ap)A  =  B(dy|ap)B   and

(dylap)2    -    (dyl¢)

with the onl solutions =  lap)) and  (dy|qg)  = 0. Therefore,

in addition to making a copy of some specific state  |¢) one can at most
col]v additional orfhogo"J states I 49), but not arbitrary qubits. One can also
show that mixed states cannot be copied either.

10.7    Quantum tele ortation

A method for ``quantum teleportation" was first proposed by Peres et al.
in 1993. The first experimental realizations were achieved in 1997 in Inns-
bruck by A. Zeilinger and his group, and at about the same time also by
a group in Great Britain. Because of the complexity of the actual experi-
ments, we will concentrate on the basic idea.

TThe basic setup is shown in Fig. 10.7. The goal is to transfer the quantum
mechanical sfflfc

lap)     -cllo)     +    bll),

article ``C" onto a different article ``8„
traditionally

(10.34)

. There are two experimenters,
called  ``Alice" and ``Bob". Alice has the original particle C

whose state shall eventually be transferred to particle 8 at the location of
Bob. Because of the no-cloning theorem, after the
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10.7. Quantum teleportation

ALicE                           Klas919Cner Kanal                                Bo8

Te,#u#caenwh~-`+unneTr-ricrmatonanB
vergerror"rm

Quelle zur Erzeugung
vergcnrankter Teilchen

Figure 10.1.. Basic scheme o uantum tel Ortation  (Cliristlna wetss, Bacl.elor TTiesis 2007)

cannot be in the original state anymore. Note that in this experimentfg:-
firJcs 4rc "of fcJcpo7'£_c±different from science fiction stories. Instead ``only"
a quantum mechanical state is transferred between already existing parti-
cles.

The course of events in quantum teleportation is as follows:  Alice pos-
sesses a ±±±tis±£££±±±±±±n]s±9±±±±£!) state I ¢p) to be t±±sp±±±==d. Now some
soiurce g:errerates a DaL±I_ g±±±2£29|:±|£!e±A and 8 (usually photons) i±±:S.pecif ic e.n=

jgzzg!£ZLS£¢.fe. Particle A is transferred to Alice and particle 8 to Bob. Then
Alice Performs a specific measurement on particles A ¢

T              -    ._ _-    :==
ndc,which Pro-

duces an entangled state of thesej!±±gLpar=ti±l`es. She transmits the result of
this measurement to Bob via a classical channel. In response to the mea-
surement result, Bob now has to do a transformation on particle 8 (like e.g.
|0) #  I 1)). Afterwards, particle 8 will be in the desired state |q9).

We will now discuss the states and operators. We need the so-called Bell
.-i
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4/±forthestateoftwoqubitsAandB:

ltry_)AB

Pal--
(|0)All)B     -|1)A|O)B)

(|0)All)B    +     |1)A|O)B)

(10)Alo)B     -|1)All)B)

(10)Alo)B     +     |1)All)B).

This basis is
===:==:=Dea::c:ri:t8£Lte::==arotiJven#:edtnsp:ettesT:-`

Let the source produce the entangled state  |try+)AB. This can be done for
e-xliri5lt-by generating two entangled photone from a single high energy
photon in a birefringent crystal.
particles A, 8, and C is then

The initial state of the the total system of

Idy)tofai     =     lap)a.     l¢+)AB.                                             (10.35)

One can write this same state in a different way, namely in the Bell-basis
of A and C, multiplied by states of 8. A short calculation shows that

2  ldy)tofa[     =      19+)Ao.                      lap)B~'~

+     |try-)Ac     .               cr3|49)B

+     l®+)AC     .              Cri|P)B

+     l@-)AO     .   (-¢cr2)  lap)B  . (10.36)

Now Alice does a measurement which distinguishes the four Bell states of_                                                                                                                                                                         _                    _                       ___  =

This is very challenging experimentally. According to the pos-A and C.
tulates of quantum mechanics, after the measurement A and C q±± t±±
correDonding state.  They have thus be e22ha7tgJed bir fhe mcdsttririF ds-
we can see from (10.36), this also fixes the state of particle 8. Alice trans-
nits the outcome of her measurement to Bob by classical communication.
Depending on that outcome, Bob either need not do anything (in case of
I a+)Ac) or he still has to suitably manipulate the state of particle 8.
In the first ex eriment in 1997, onl the state |try-)Ao could be detected, by
m`aking use of the antisymmetry of the wave function. Thus a ``teleporta-

tion" was only achieved in a quarter of all cases. Also, the transformation
on particle 8 was actually left out.
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10.7. Quantum teleportation

Nowadays, twenty years later, teleportation in the sense described has
been demonstrated for far more difficult cases,e.g. for entangled pairs of

_                                                                                __           _                            _==__

particles, or for distances of more than 100km, etc. This area of research
is on constant develo ment, similar toI|||||T -
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quantum information theory as a
whole.


