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Abstract. We prove holomorphy of the scattering matrix at fixed energy with 
respect to c -2 for abstract Dirac operators. Relativistic corrections of order c -2 
to the nonrelativistic limit scattering matrix (associated with an abstract Pauli 
Hamiltonian) are explicitly determined. As applications of our abstract approach 
we discuss concrete realizations of the Dirac operator in one and three dimensions 
and explicitly compute relativistic corrections of order c -2 of the reflection and 
transmission coefficients in one dimension and of the scattering matrix in three 
dimensions. Moreover, we give a comparison between our approach and the first- 
order relativistic corrections according to Foldy-Wouthuysen scattering theory 
and show complete agreement of the two methods. 

1. Introduction 

We provide a general framework for the nonrelativistic limit of scattering theory 
for general Dirac operators. Our treatment is based on an abstract approach 
employed in [10, 11] to obtain explicit expressions for first order corrections of 
bound state energies with respect to c -2. 

Historically, the first rigorous treatment of the nonrelativistic limit of Dirac 
Hamiltonians seems to go back Titchmarsh [36] who proved holomorphy of 
the Dirac eigenvalues (rest energy subtracted) with respect to c -2 for spheri- 
cally symmetric potentials and obtained explicit formulas for relativistic bound 
state corrections of order O(c -2) (formally derived in [32]). Holomorphy of the 
Dirac resolvent in three dimensions in c -1 for electrostatic interactions were first 
obtained by Veselic [38] and then extended to electromagnetic interactions by 
Hunziker [16]. An entirely different approach, based on an abstract set up, has 
been used in [6] to prove strong convergence of the unitary groups as c -1 ~ oe. 
Employing this abstract framework, holomorphy of the Dirac resolvent in c -I 
under general conditions on the electromagnetic interaction potentials has been 
obtained in [10, 11]. Moreover, this approach led to the first rigorous derivation 
of explicit formulas for relativistic corrections of order O(c -2) to bound state 
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energies. (Earlier, a justification of the fact that formal perturbation theory ac- 
cording to Foldy and Wouthuysen yields correct results has been given in terms 
of spectral concentration in [12, 37].) In the case of eigenvalue degeneracies of the 
unperturbed Pauli Hamiltonian, an extension of the results in [10, 11] appeared 
in [41] (see also [14]). Relativistic corrections for energy bands and correspond- 
ing corrections for impurity bound states for one-dimensional periodic systems 
were treated in [5]. Convergence of solutions of the Dirac equation based on 
semi-group methods have also been obtained in [31]. 

Much less activity has been devoted to the nonrelativistic limit of the Dirac 
scattering theory. In fact, we are only aware of the proof of strong convergence 
of wave and scattering operators as c - i  ~ oo in [39] and [42] and a recent 
treatment of the scattering amplitude in [14] based on a different approach. 

I n  Sect. 2, based on the abstract approach of [6], we summarize the main 
results of [10, 11] concerning the holomorphy of the Dirac resolvent operator 
with respect to c -2 near c -2 = 0. In Sect. 3 we review some of the results of 
[22] on abstract scattering theory needed in Sects. 4 and 5. Our main result on 
the holomorphic expansion of the abstract scattering matrix in c -2 around its 
nonrelativistic counterpart at c -2 = 0 is established in Sect. 4. We also provide 
an explicit formula for the correction term of order c -2 of the scattering matrix 
in terms of nonrelativistic scattering quantities (see Theorem 4.2). Concrete 
realizations of our abstract approach in Sect. 4 in one and three dimensions are 
presented in Sect. 5. In particular, we explicitly compute relativistic corrections of 
order c -2 of the reflection and transmission coefficients in one dimension and of 
the scattering matrix in three dimensions. Finally we compare our approach and 
the first order relativistic corrections according to Foldy-Wouthuysen scattering 
theory and show complete agreement of the two methods in Appendix A. 

2. The Abstract Approach 

The aim of this section is to summarize the main results obtained in [10, 11] (based 
on the abstract approach of [6]) concerning holomorphy of the Dirac resolvent 
operator with respect to c -2 near c -2 = 0. Let 2~ 2, j = 1, 2 be separable, complex 
Hilbert spaces and introduce self-adjoint operators ~, 1~ in ~ = ~ 1  �9 YF2 of the 
type 

~---- A 0 ' f l =  0 -- ' 

where A is a densely defined, closed operator from J/f1 into ~f2. Next, we 
introduce the abstract free Dirac operator H~ by 

H~ = co~ + mc2fl, .@(H~ = _@(o0, c E l~\{O}, rn > 0 (2.2) 

and the interaction V by 

V=( VIO V20) , (2.3) 

where Vj denotes self-adjoint operators in a(fj, j = 1, 2, respectively. Assuming 
V1 (respectively V2) to be bounded with respect to A (respectively A*), i.e., 

~(A) _~ ~(Vl), ~(A*) g ~(V2), (2.4) 

the abstract Dirac operator H(c) reads 

H(c) = H~ + V,  ~ (H(c ) )  = ~(~). (2.5) 
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Obviously H(c) is self-adjoint for ]c[ large enough. The corresponding self-adjoint 
(free) Pauli operators in ~ j ,  j = 1, 2 are then defind by 

H ~ = (2m)-IA*A,  H ~ = (2m)- IAA *, (2.6) 

HI = H ~ + V1, ~(H1) = ~(A*A) ,  (2.7) 

H2 = H ~ + V2, ~(H2) = @(AA*). (2.8) 

Introducing in Jg the operator B(c) [16] 

B ( c ) = ( 1  0)c ' (2.9) 

we recall [10, 11]. 

Theorem 2.1. Let  H(c) be defined as above and f ix  z c (12\]R. Then 
(i) (H(c) - mc 2 - z) -1 is holomorphic with respect to c -a around c -1 = O, 

(H(c)  -- mc 2 -- z) -1 

(2mc) -1 (H1 -- z)- lA * (112 - z) -1 
= { 1 - - } -  (2rrtc)_lA(Oo z ) _ i v 1  ( 2 m c 2 ) _ i a ( H O 2 _ z ) _ 1 ( V 2 _ 7 , ) ) }  

• ( (H1 -- z) -1 (2mc)-l(H1 -- z)-IA * 
(2.10) (2mc)- iA(H ~ -- z) -1 (2me2)-lz(U ~ -- Z) -1 ,]" 

N 

(ii) B(c) (H (c)--mc2--z)-l  B(c) - I  is holomorphic with respect to c -2 around c -2 = O, 

B(c) (H (c) -- mc 2 - z ) - l  B(c) -1 

{ ( 0  ( 2 m c 2 ) - l ( H l - z ) - l A * ( V 2 - z )  ) } -1  
= 1 + 0 (2mc2)-l[(2m)-*A(H1 - z ) - l A  * - 1] (V2--z) 

( ( H i - z ) - 1  ( 2 m c 2 ) - l ( H l - z ) - l A *  ) ( 2 . 1 1 )  
X (2m)-IA(H1 --z) -1 (2mc2)-l[(2m)-lA(H1 - -z ) - lA * - 1] " 

First order expansions in (2.10) and (2.11) yield 

( n ( c )  -- mc 2 -- z) -1 

= ((/-/1oZ)--1 0 )  

(2m)-1 (H1 - z)-1 A* 
+ c - l ( ( 2 m ) - l A ( O i - z )  -1 0 ) "~ O(C-2) 

(clearly illustrating the nonrelativistic limit [el + m) and 

B(c) (H (c) - me 2 - z ) - l  B(c) -1 

{ (H1--Z) -1 0 )  ( g 1 1 ( z )  g 1 2 ( z ) )  
= ~ ( 2 m ) - I A ( H 1 - - z )  -1 + c  -2 ~kR21(z) R22(Z) -J[-O(c-4) 

(2.12) 

:~-- R(O)(z) + c-2R(1)(z)  ~- O(c-4), (2.13) 

Rll (z) = (2m)-2(H1 - z ) - l A  * (z -- V2)A(H1 - -  Z) -1, 
R12(z) = (2m) -1 (H1 -- z ) - t A  *, 

(2.14) 
R21(z ) ---- (2m)-2[(2m)-lA(Hi -- z)-IA * -- 1] (z -- V2)A(H1 -- z) -1, 
R22(z) = (2m) -1 [(2m)-IA(H, -- z)-IA * -- 1]. 
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3. On Abstract Scattering Theory 

In this section we summarize some of the results on abstract scattering theory 
obtained by Kuroda [22] which are most relevant to us in Sects. 4 and 5. For 
additional material on scattering theory in the present context we refer to [1-4, 
7, 17, 19, 23-25, 28]. 

We define in the Hilbert space ~ -- ~ 1  @ oct~ 

/)1 := H~ - mc2, /)2 := H(c) - mc 2 (3.1) 

and introduce the following factorisation of V : 

Vj = vJ/2lvj 11/2, j = 1, 2, (3.2) 

where 
1/2 j := UjIVjl 1/2, Ivjl 1/2 := IVj[ 1/2, j = 1,2 (3.3) 

with Vj = UjlVjl the polar decomposition of Vj, 

u := B(c)-l ( lVl~ 1/2 0 ) = ( Ivl~ 1/2 1 0 ) 
] vz[ 1/2 7 [V211/2 ' (3.4) 

( ) . 1 / 2  0 D 0 
Z ;= B(r /)1 (3.5) _ 1 /2  ~ 1 /2  , 

0 v 2 CV 2 

Rj(z) := (/)j --z) -1, z 6 0(/)j), j = 1,2. (3.6) 

The following assumptions 3.1-3.3 and 3.5-3.8 are basic in the approach of  [22]: 

Assumption 3.1. Y and Z are closed operators from Y to another Hilbert space 
~r = Jr1 ~ Y 2  with @(/)1) - ~ (Y)  and ~(/)1) _c ~(Z) .  
(This implies that YRl(z),  ZRI(Z) E ,~(Jt~ see [18, p. 191].) 

Assumption 3.2. ZRI(Z)Y* is closable and the closure of ZRI ( z )Y*  E ~(Sf )  for 
one (or equivalently for all) z c 0(/)1), 

Ql(z,c) := [ZRI(z)Y*] (a), Gl(z,c) := 1-t-Ql(Z,C), (3.7) 

where (a) denotes the closure. 

Assumption 3.3. Let z E 0(-01) C? 0(/)2). Then Gl(z,c) -1 E ~ ( Y )  and 

R2(z) = R1 (z) -- [R1 (z) Y *]aG 1 ( z ) - I Z R 1  (Z). (3.8) 

Thus Propositions 2.6 and 2.7 in [22] hold: Define 

Q2(z,c) := [ZR2(z) Y*] (~), G2(z,c) := 1 - O2(z,c), z E ~(/)2). (3.9) 

Then 
G2(z,c) = Gl(Z,C) -1, z ~ 0(/)2). (3.10) 

Remark 3.4. From our assumptions on H~ and V in Chapter 2 we infer that 

(i) V 1/2 is /)~ bounded with bound 0 and hence Assumption 3.1 is fulfilled. 

(ii) V 1/2 is/)~ bounded implying that Assumption 3.2 is fulfilled. 
(iii) The second resolvent equation gives 

(1 q- [ZRI(Z)Y*] (a)) (1 - -  [ZR2(z)Y*] (a)) = 1, 
(3.11) 

(1 --  [ZR2(2)Y*] (a)) (1 + [ZRI(Z)Y*] (a)) = 1 

(see e.g. [1, p. 369]) and thus Assumption 3.3 is fulfilled. 
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Next let E] denote the spectral measures associated wi th / ) ] ,  j = 1, 2. 

Assumption 3.5. There exists a Hilbert space cg, a non-empty open set I ___ IR, and 
a unitary operator F from EI(I)2/f onto L2(I;C~) such that for every Borel set 
I '  _~ I one has FEI (I')F -1 = XI', where )O, denotes the operator of multiplication 
by the characteristic function of I'. 

Assumption 3.6. There exist B(J~ff, cg)-valued functions T(2, c, Y) and T(2, c, Z), 
2 E I, such that 
(i) T(.,c, Y) and T(. ,c ,Z)  are locally HSlder continuous in I with respect to the 

operator norm. 
(ii) There exist dense subsets D _~ N(Y*) and D' ~ ~(Z*)  such that for any 
u E D a n d v ~ D ' o n e h a s  

T(2, c, Y)u = (FEI(I) Y*u) (2), 
for a.e. 2 E I .  (3.12) 

r (2, c, Z)v = (FEI(I)Z* v) (2), 

Assumption 3.7. For one (or equivalently all) z E ~(/)1) either 

YRI(z) C Boo(ocf, J~f) or ZRl(Z) E Boo(Yf,~f'). 

Here Boo(W, oU) denotes the set of compact operators from W to oU. 

Assumption 3.8. The subspace generated by {Ej(I ' )Y*u [ u E ~(Y*) ,  I' ~ I a 
Borel set} is dense in E] (I)W, j = 1, 2. 

Remark 3.9 [22]. Since Yf is separable, Assumption 3.5 is equivalent to assuming 
that t)1 has absolutely continuous spectrum in I with constant multiplicity. 
Moreover, cg is determined uniquely up to unitary equivalence and F is uniquely 
determined up to unitary equivalence with decomposable, unitary operators on 
L 2 (I; ~). 

Since these assumptions are identical with the ones in [22] we have all the 
results of [22, Sect. 3 and 4] at our disposal; e.g., the norm limits 

G1+(2, c) :=n- l imGl(2+_ia ,  c), Q1+(2,c) : = n - l i m Q l ( 2 •  c) (3.13) 
~{0 ~$0 

exist (see [22, Theorem 3.9]) and introducing 

e+(c) := {2 e I I Gl• c) is not one to one}, e(c) := e+(c) U e_(c) (3.14) 

(e(c) is a closed set of Lebesgue measure zero [22]) we get for 2 r I\e• the 
existence of the boundary values 

G2• c) = n -- lim G2(2 -I- ia, c) (3.15) 
~{0 

and 
G2• c) = G1• c) -1 (3.16) 

(see [22, Theorem 3.10]). 
Also Theorems 3.11-3.13 and 6.3 of [22] are valid. In particular, we obtain 

for the fibers of the scattering operator 

Theorem 3.10 [22]. For 2 e l"ke(e) the scattering matrix S(2, c) in cs associated 
with the pair (H a , /)1) is given by 

S (2, c) = 1 - 2~iT(2, c, Y) G 2 + (2, c) T(2, c, Z)*.  (3.17) 

S(', c) is unitary in cg and locally H6lder continuous on l"ke(c) with respect to the 
norm in N(cg). 
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4. Holomorphy of the Scattering Matrix in c -2 and Relativistic Corrections 

In this section we combine Sects. 2 and 3 and establish a holomorphic expansion 
of the abstract scattering matrix with respect to c -2 around its nonrelativistic 
counterpart at c -2 = 0. Moreover, we explicitly determine the first correction of 
the scattering matrix of order e -2 in terms of nonrelativistic scattering quantities 
in Theorem 4.2. 

Let 1 c_ N.+ := (0, oo) and define 

I+0 := {2 [ 2 e I\e+(c -2 = 0)}, I0 = I+00 I-0.  (4.1) 

In addition we strengthen Assumptions 3.2 and 3.6 by introducing 

Assumption 4.1. (i) For 2 E I, T(2,c, Y) and T(2,c,Z)  are holomorphic in c -2 
around c -2 = 0 and 

(ii) for 2 6 I+0 

Q1+(2, c) = fi~ Q1+(2 -% is, c) (4.2) 

is holomorphic in c -2 around C -2  = 0. 
Based on Theorem 2.1 we now turn to the expansion of G2+(2, c), )]. E I+0, 

G2+ (2, c) = (GI+ (2, c)) -1 = (1 -% Q t+ (2, c))-1 = lim (1 -% Z R1 (2 -% i8) Y *)-1 
650 

= l i m  I + Z  cA* - ( 2 + i s )  Y* 
e+o --2mc 2 

�9 = G~(2)  + ~2 G~(2)  + 0(c-4), (4.3) 

where (n), n 6 No denotes the order of the expansion involved. [Since G2+ (2, c) -= 
lim G2(2 q-is, c) is continuous in z -- 2 + is, and holomorphic in c -2 we may 
650 
interchange the limits.] 

Next define 

g2(Z) i =  (1 "-~ 1)~ /2(H 0 - -  z ) - l l v l [ 1 / 2 )  -1 ,  

g2+(2) := lim g2(2 + is). 
- 8J .O - -  

z = 2 + i s ,  s > 0, 
(4.4) 

We then get 

g2 (z) 0 ) 
G~~ 0 1/2 A (HO z)_llVlll/2g2(z) 1 ' z = 2 + is (4.5) 

and 

= (bll(z)b12(z)'  
b21(z) b22(z),]' z = 2 + is, (4.6) 
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with 

bn (z) = - g2(z)v~/2 Rn  (z)[ol ll/2 g2(Z) 
A 

+ g2(z)v~/ZR12(z)[v211/2v~/2 -~m (H~ -- z)-I  ]Vl 11/292(z)' 

bl2(Z) -~ - g2(z)v~/2R12(z)]v2] 1/2, 
A 

b21 (z) = v~/2 Fm (H~ - z)-I  IVl]l/Zg2(z)v~/ZRll (z)]vll'/2gz(z) 

. 1 / 2 .  .1/2 A 
- -  tJ2 l'21(z)[vl]1/2g2(z) -- 02 ~m (H~ --z)-l[v111/2g2(z) 

A (H 0 _ z)_ 1[/31 [1 /2g2(z)  •   /2R12(z) l 211/2  /2 

A 0 + v /2R22(z) lv21V2v /2 (HI - z) -ll 111/292(z), 

1/2 A bz2(z) = v 2 ~ ( H  0 - z ) - l [ v l l l / Z g 2 ( z ) v ~ / 2 R l z ( z ) ] v 2 [  1/2 

1/2 1/2 
- -  V 2 R22(Z)IV2[ , 

where (cf. 2.14) 

(4.7) 

Rll (z) = (2m)-2z (H~ --  z ) -1  A* A ( H  ~ - z ) - l ,  

R12(z) = (2m) -1 (H ~ - z ) - lA *, 

R21(z) = (2m)-2z2(H~ - z ) - IA(H ~ -- z) -1, 

R22(z) = (2m)-lz(H ~ -- z) -1. 

(4.8) 

Next we turn to the operators T(2, c, Y) and T(2, c, Z)*,  2 c 1. We introduce 
the abbreviations 

ckd(2, c) 2 > 0. (4.9) 
ko (2, c) . -  2 + 2me 2' 

I f 2  E (21,22) = I, then kd()~,c) E l + 2 - - ~ j  ~ = :  i .  

(Especially in the ease I = (0, ~ )  we have 1 = i = i 2 = (0, oo).) 

By Assumption 3.5, ~2 and hence A*A, AA* are absolutely continuous in i 2 
with constant  multiplicity. 

Now we consider the analogs U0, M of  F and T when A*A replaces /41. 
Let U0 be the unitary operator that  diagonalizes A*A on i z. For h 6 E0ff2)Yfl 
(where E0(') denotes the spectral measure for A ' A )  Uo yields 

Uo : Eo(IZ)3(t~ -+ L2(IZ, d#;C~), (UoA*Ah) (I ~) = #(Uoh) (#), # E i 2 . (4.10) 

In addition we need the operator M(k,D)  " ~(D) ~ c~, where D �9 ~(D) ~ ~ 1 ,  
@(D) ___ ~(1 or •2,  D closed 

M(k,D)h  = (UoEo(I2)Dh) (k2), h E ~(D), k := v/fi, for a.e. k E 7. (4.11) 
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In concrete applications the closure of M (k, D) will be a Hilbert Schmidt operator. 
This closure is then denoted by M (k, D), too. 

Now we are in position to construct the unitary operator F that diagonalizes 
H~ - mc 2 on I _ ~+ .  For f E El(I,c)~ (where Eff.,c) denotes the spectral 
measure for H ~ (c) - me 2) F yields 

F : E~(I,c)J~f = EI(I,c) (~fl @ .~2) --> LZ(I, d2;Cg), 

v / k d (  kO ) ( f ~ )  (4.12) (F f)(2) = ~-~ (Uofl) + ~ (UoA*f2) ((kd)2), f = f2 ' 

(F [H ~ (c) -- mc2]f) (2) = 2(F/)  (2), 2 ~ I ___ IR +. (4.13) 

We note that on the subspace of positive energies the abstract Foldy-Wouthuysen 
transformation coincides with the abstract spectral transformation (see [33, 34]). 
The representation (4.12), (4.13) is due to the supersymmetric structure of ~. 

Given these facts we can now express T(2, c, Y) : Y ~ ~f, 2 E I in terms of 
M from (4.11) in the form 

k~[ kOM(kd, A,]v2[l/2)f2], T(2,c, Y)f = M(kd'lvall/Z)fl + -~ (4.14) 

(,,) f =  f2 eft{'. 

For T(2, c, Z)* : cg ~ ~,U, 2 E I, we get 

*h= ~/ kd ( M(kd'v~/2)*h , 
T(2, c,Z) c k o  . . . .  d - - *  1/2 �9 h E cg. (4.15) 

~ -  IVl(K ,A  V 2 ) h i  ' 

Now we can expand T(2,c, Y) and T(2,c,Z)*, 2 c I with respect to c -2 as 
follows: Define 

k ~ := ~ (4.16) 

then, for Ic-2l small enough, 
oo 

T(2, c, Y) = Z c-2j T(j) (2, Y), (4.17) 
j=0 

co 

T(2, c, Z)* = Z c-21 T(j) (2, Z)*, (4.18) 
j = 0  

where 

T(~ Y) = v/2m(M(k s, Ivll 1/2) 0), (4.19) 

T(~ Z) * = 2 ~  1 M(k~,A,v~/2), , (4.20) 

r(1)(2, Y) = v / ~  (M(k s, IVll 1/2) 0) 

/ tks~3 
-[- v /~  i ~ 2  M'(ks,,vl[l/2) ~--~ M(kS, A*,v2,1/2)) (4.21) 
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where M'(kS,[vll 1/2) denotes the derivative of  M(k, JVll 1/2) with respect to k at 
k = k s and 

,U)2 [" M(kS, v~/2) * ) 

/ 

(kS)3 M'(U, v~/2) * ) 

8m2 ~kS~ 3 . (4.22) 
+ ~ / ~  (kS) 2 M(kS, A,v~/2)* + t ) ,,,,~s -*  V2,* 

-~5-m3 ~ 1vl ~ ,  ~a v 2 ) 
We can now state the following result for the fibers of the scattering operator. 

Theorem 4.2. For 2 E Io, the scattering matrix S(2,c) associated with the pair 
(H(c) - m c  2, H~ - m c  2) is holomorphic in c -2 around c -2 = 0 and we get the 

following expansion: 

S(2, c) = 1 - 2rciT(2, c, Y)G2+(2, c)T(2, c, Z)* = ~ c-2Js (j) (2) 
j=0 

1 2~zi{T(1)(2, y)G~O)+(2)T(O)(2, Z ) ,  = - 7 

+ T(~ Y)G~(2)T(~ Z) * + T(~ Y)G~~ *} 

+ 0(c-4).  (4.23) 

We therefore get 

S(~ = 1 - 2rci{2mM(k s, IVl ]t/2)g2+()OM(kS, v~/2)*}, )[ E I0, (4.24) 

the scattering matrix for the associated pair of  Pauli operators (H1, H ~ (illustrating 
the non-relativistic limit) and the explicit correction term of  order c -2, 

(kS)2 (S(~ (2) - 1) - 2~i M'(k s, tvlll/2)g2+(A)M(k s, V~/2) * s/l  = 

1 M (k s, A*lv2l V2 ) [v~/2A(H ~ - 2 - i0)-1 Iv111/2 ] g2+ (2)M (k s , V~/2 ) * 
2m 

1 M(kS, A ,  lv211/2)M(kS, A,v~/2), 

( k ' )  3 s + ~ M ( k ,  Ivlll/2)g2+(2)M'(k ~, v~/2) * (kS)2 M(k s, IVl]1/2)g2+()O 
(2m) 2 

1/2~* • [v~/2(H~ 1 - 2 - iO)-IA*A(H ~ - 2 - i0) -1Iv111/2]g2+(2)M(k s, Vl ) 

1 + ~m M(kS' Iv111/2)g2+(2)[v~/2(H~ - 2 - io)-lA*[v2[ 1/2] 

• [v~/2A(H 0 - 2 -- i0) -1 IV111/2]g2+(2)M(k ", v~/2) * 

-- ~ M (k s, Iv111/2)g2+(2)[v~/2 (H ~ - 2 -iO)-lA*lv2[1/2]M(kS, A *v~/2) * } 
% 

2m 
2 E I0. (4.25) 

Remark 4.3. Even though we may take • j  = ~ j ,  j = 1, 2, ~ (  = )'t ~ for the 
applications we have in mind in Sect. 5, generalizations to singular interactions 
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(of Yukawa-type) usually require the introduction of weighted L2-spaces or 
certain Sobolev spaces, where s f j  ~ ~ j ,  j = 1, 2 (see e.g. [2, 19, 20, 26]). For 
completeness we included this generalization in Sects. 3 and 4. 

Remark 4.4. Following the usual convention we have subtracted the rest energy 
mc 2 from H~ and then studied I c_ IR +. Similarly one could add the rest energy 
and consider I _ (-0% 0). 

Remark 4.5. For later purpose [see e.g. (5.40)] we note that Assumption 4.1 (ii) 
implies that 

_ )~ _ i0)_21v111/2 d w2~,_ ,o  _ X - i O ) - l l v l l  1/2.  (4.26) v~/2(H o 

5. Applications 

Finally, we illustrate the abstract result of Theorem 4.2 with the help of two 
concrete realizations: One-dimensional Dirac operators in Sect. 5.1 and three- 
dimensional ones in Sect. 5.2. General references on relativistic spectral and 
scattering theory relevant in the present context are [8, 15, 21, 25-27, 30, 34, 35, 
39, 43]. 

5.I. The Dirac Operator in L2(~) 2 

The free Dirac operator H~ in L2(IR) 2 is defined by 

HO(c) := cpffl -t- mcZa3, m,e  C ~-+, ~@(H~ = H2'l(~-) 2, 

O- 1 = (~ ~ ) ,  0_2 = (0  ; i ) ,  0_3 = (~ 7 1 ) '  

d 
p := - i dxx' N(P) -= H2'1 (1R). 

(5.1) 

(5.2) 

Let V be the maximal multiplication operator with the real-valued function 
v = v(x), and for some c~ > 0 assume 

e<lv(.) E L10R) VI L2(IR). (5.3) 

The Dirac operator H(c) in L2(IR) 2 is then defined as 

H(c) := H~ § V, N(H(c)) = N(H~ (5.4) 

H(c) is self-adjoint and 

aess(H (c)) = (--o%--mc 2] U [mc 2, oo). (5.5) 
In order to prove this statement we note that f E H2,1(•) implies f E L~176 
and thus 

Ilvfllz -< Ilvl12 Ilfll~ < oo implying ~(p) __ @(V). (5.6) 

The integral kernel k(x, y) of V (H~ - z )  -1 is given by (see e.g. [13]) 

�9 _ ) 
k(x, y) = v(x)ei~[~-Yl ~c ( k~ sgn(x_ - y) 

\ sgn(x - y) k0 ' (5.7) 
z c r  _ ~ 2 ]  u [mc 2, ~)}, 

Jc(z) = (z 2 --raZe4)�89 Im ~:(z) > 0, lc0(z) -- c~:(z) 
Z -t- mc 2 " (5.8) 
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This integral kernel is in L2(R x IR) 2 and therefore the potential V is relatively 
compact with respect to H~ Weyl's theorem [29, p. 112] then yields (5.5). 

Subtracting the rest energy according to (3.1) we therefore identify 

~ 1  = J/t'~ "~ "-YC1 ~-~ JC2 = L20R), I = IR +, e = 0, cg = C2, (5.9) 

A A* --d ~@(A) = H2'l  0R ) , (5.10) 
= = p  = - i  dx' 

g l  =" 1/2 =" V ,  g = 121/21121172, /21/2 = Ivl 1/2 sgn(v), 
(5.11) 

Y = Y *  -= B (c ) - l l v ]  1/2, Z = Z *  -.-= B(c )v  1/2. 

Then clearly Assumptions 3.1-3.3, 3.5, and 3.7 are satisfied. Assumption 3.6 
follows from the explicit expression (5.18) and Assumption 3.7. Assumption 3.8 
is clearly satisfied if Ran(Iv] 1/2) is dense in L2(lt). This in turn is satisfied if 
supp(lvt 1/2) = •. If supp(lv] 1/2) ~ IR one simply replaces 1/311/2 by 1/~11/2, where 

Iv(x)1172, x C supp(v) 
I~(x)l 1/2 := _x 2 (5.12) 

e , x ~ supp(v), 

since then V = va/2lvi 1/2 = vl/21~l 1/2. Hence we always may assume supp(tv] 1/2) = 
IR without loss of generality. 

It remains to verify Assumption 4.1. 
(i) Holomorphy of Q1+(2,c), 2 > 0. 

The integral kernel q(x, y, 2, c) of 

Ql+(2,  c) = v l /2B(c)  (H~ - mc  2 - 2 - i o ) - l  B(c)  -1 ]v[ 1/2 (5.13) 

reads 
( 1 1  ) 

i c-~ c~- sgn(x -- y) 
q(x,y, 2, c) = v(x)l/2eiklx-yl -~ sgn(x -- y) ~ tv(Y)]l/2' 

c 
2 > 0 ,  

,~ 1/2 (5.14) 

ka(2,c)=kS(2)(l + 2---m~c2 ) , kS(2) = ~ ,  

kS(k) ( ;  -i/2 
ko(2, c) = ~ ,  1 + 2--~5c2 j . 

Define the compact set M g C 

{ 2o } 
M := c - 2 c C ] l c - 2 l _ < l c o z l < ~ -  and 2llmkd(2,c)l_<k s ~ 2  < e  . (5.15) 

Using 

,ka, <_ kS(l + ~ )  1/2, 

ks ( 1  ~ ,, --1/2 (5. 1 6) 
c <- ~ 2m~-co 2 ] J ' 

2 m (  2 ,~1/2 
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and a matrix norm [1. [I in (1~2 w e  get for c -2 E M the bound 

]lq(x, y, 2, c)II <- const(2, ~) Iv(x)[l/2[v(y)ll/2 e ~ IXle} lyl (5.17) 

For c -2 E M and fixed 2 we have a family of uniformly bounded Hilbert Schmidt 
operators. Since the integral kernel q(x,y, 2,c) is a holomorphic function of c -2 
around c -2 = 0 we get holomorphy of Q1+(2, c) by (5.3) and (5.t3). 
(ii) Holomorphy of T()~, c, Y), 2 > 0. 

The integral kernel t(x, 2, c) of T(2, c, Y) : L2(IR) 2 --* (I; 2, is explicitly given by 
(see [30] and (4.12)) 

1 1 ( e-ikdx k~ 0 
t(x,2,c) , ( 5 . 1 8 )  V/~ %/~  [V(N)[1/2 ~k eikd x eit,~x 

c 
lit(x, 2, c)11 < const(2, cOlv(x)11/2e~ I~1. (5.19) 

(We note that F maps L2(]R) 2 -~ L2((0,oo);C2), see [30].) 
For c -2 E M this is also a family of uniformly bounded Hilbert Schmidt 

operators, with integral kernel holomorphic in c -2 and therefore T(2,c, Y) is 
holomorphic in c -2 around c -2 = 0. The holomorphy of T()c,c,Z)* follows 
analogously. 

The operator Uo that diagonalizes A*A = p2 is given by Uo : L20R) 
L2((O, oo), d#; 1~2), 

1 fl-1/4 f (UFf) (V/-U)) f E L2(]~) (5.20) 
(VoS)  (- ' 

with 
(k) := s -  lim [ dxe-ik~f(x), f E L2(R) (5.21) (UFf) R-.~ oo J 

Ixl<_R 

the Fourier transform in L2(N.). Thus we get M(k d, Iv] 1/2) : L2(N) --* t13 2, 

1 ( (UF,@/2f)(U) ) 
M(I?, Ivl*/2)f = ~ (I?) -1/a (UFIvI1/2f) (_kd) 

where 

1 (/oo e-ik Xlv(x)ll/2f (x)dx 

f eikdxlv(x) ll/2 f (x)dx 

l(([v[1/2~Pol(kd),f)) 
= (U) -1/2 v / ~  (iv]a/2~o2(U),f) , f E L20R), (5.22) 

~r (k d, x) := e ~ikex, e := (-1)  j+l, j = 1, 2, (5.23) 

(., .) denotes the scalar product in L2(R), and M(k d, A* Ivl 1/2) : Lz(N) ~ C 2, 

1 ( ( Iv l l / 2 tpo l (kd ) , f ) )  M (kd, A*[vll/z)f = (kd) 1/2 ~ _(l@/2~poz(U),f) , f ~ L2(N), (5.24) 

For the adjoint operators we get M(U, vl/2) * : 1122 ~ L2(IR), 

1 e_iUXh2) (M (k d, vl/2)*h) (x) = (kd) -1/2 v ~  V(X)l/2(eikdXhl q- (5.25) 
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and M(k ~, A*vl/2) * �9 ~2 __+ L2(~), 

1 e_ikdXh2), (M (k a, A*vl/2) *h) (x) = (ka) 1/2 - ~  v(x)l/2(eikeXhl -- 

h =  h2 

(5.26) 

The physical solutions ~ps_+j of the Schr/Sdinger equation are defined by the 
Fredholm (respectively Lippmann-Sehwinger) equation 

1)1/2~_j : =  g2+0~)vl/21p~j , 

k ~ = V /~ -~ ,  e = ( - - 1 / + 1 ,  

~p~j (k s, x) := e "ik'~ , 

j =  1,2, 2 > 0 ,  
(5.27) 

where g2+(2) has been defined in (4.4). From Jost function techniques we know 
that e• = 0, implying that g2_+(2) in invertible for all 2 6 IR + (see e.g. [9, 28]). 

For the nonrelativistic limit we get from (4.24) the well known formula 

Tl(~ Rr(~ ) 
S(~ ) = Rt(O)(2) Tr(o)(2) = 1 -- 2rci2mM (k s, [v[1/2)g2+(2)M (kS, vl/2) * 

2m (' (Iv11/2~0~ (ks), vl /2/ /)~1 (ks)) (Ivl 1/21,081 (kS), vl/21ps__+_N(kS)) ) 
= 1 + ~ \ (ivll/2q)~2(k~),v~/2~S+l(kS)) (ivl~/2~p~2(kS),vl/2W~+2(kS)) . , 

2 > 0, (5.28) 

where T l(~ R t(~ T r(~ R r(~ denote the transmission and reflection coefficients 
from the left respectively right incidence. 

We note that ~P~-I T(O)f~, ~s = T(~ s, where f~  are the Jost solutions in +2 _ 
the notation of [9]. We also note that ~p~_z(k S, x) = ~p~_l(-U, x) and tOSl(U, x) = 
~p~2(-k s, x). One has e.g., 

1 2m f e_ik,~v(x)f~_(kS, x)dx, 
T/(O)(2~ -- 1 2iks 

1 2m [ 1 
Tr(O)(2) - 1 - ~ J eik~v(x)ff_(kS, x)dx - Tt(O)(2), 

N. 

Rt(~ _ 2m J eik~v(x)f~_(kS, x)dx, 
r l(o) (30 2ik~ 

N. 

R~(~ _ 2m j e_ieXv(x)f~_(kS, x)dx" 
r~(~ (2) 2ik s 

]R 

Calculating the remaining terms on the right-hand side of (4.25) yields" 

2 nd term 
ik s { (Ivll/2~p~l(kS),vl/2q~q(kS)) ([vll/2tp~)l(kS), vl/2tps+z(kS)) "~ 

16m ~, (Ivll/2N~)2(kS),vl/2~)s+l(kS)) \1 1/11-)11/2'"s '/~02 t [ks'~), vl/2""s~+2 ~,(ks'~\ J/ ; 
{ -(xlvll/2~l(kS), v l / 2 ~ $ 1 ( k ' ) )  

8m (xr~,[a/2~2(kS), #z~_l (ks)) 

(5.29) 

-(xlvll/2~a(kS)'vl/2~2(kS))'~ (5.30) 
/XIt)I1/2,,~,s [ks'~ ' vl /2 , , ,  s [kS)\ ] �9 
\ I I he02t / ~ + 2  ~, / /  
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3 rd term 

- i  { (Ivll/2to61(k~),,~l/2p,p$~(k~l) (lvl~/2~6~(k~),v~/2p~'+2(ks)) "~ 
4m ~ -(]vll/21p~2(kS), vl/2ptpS+l (kS) } -([v]l/21p~2(kS), vl/2plpS+2(kS) ) ; 

iks (([t)11/21p61(kS)'vl/21p61(ks)) -(Iv]l/2~61(ks)'vl/2~62(ks)) ) (5.31) 
+ -~m -(Iv]l/2~p~2(kS),vl/2~p~l(kS)) (IwL!/2~p~2(kS), v1/2~P02s (kS)) �9 

We remark that the integral kernel of  vl/2A(H ~ - 2 -  i0) -llvl 1/2 is given by 

i 
x)  e Iv(x) . (5.32) Vl/2A(HO__,~__iO)-IIvlU2(X,X,) = _~v(x ) l /2sgn(x_  , ikqx-xl , 1/2 

4 th t e r m  

ikS ((11)[1/21p~l(kS)'l)l/211)~l(kS)) --(Iv[1/21D~1(kS)'vl/2113~i(ks)) ) (5.33) 
4m -(]vll/2~p~2(kS),vl/2p6l(kS)) ([v[1/2~p~2(kS),vl/2~p~2(kS)) " 

5 th term 
ik s ( (,vll/2iP~l(Igs),v1/21pS+l(kS)) (]v]1/2~l(k,S),vl/21p~_2(ks)) ) 

16m ([vll/21p~2(kS),vl/2tpS+l(kS)) ([v[1/21p~2(JcS),vl/2ws+2(kS)) 

_+_(k~) 2 (Iv[1/2~o ~ l(kS),xvl/21p~l(kS)) { - --(lv[1/21ps_l(kS),xvl/2wg2(kS)) 
(5.34) ([vll/21ps 2(kS),xvl/21p~l(kS)) 1/2 s s 1/21ps s ) 8m _ --(IV I lp_2(k ), XV o2(k )) " 

6 th t e r m  
iks ( m l l  m12"~ (5.35) 

8m 2 \ m 2 1  m22 , , / '  

where 

ml1 -= ([vll/2tf_l (kS), vl/2 (H~ - 2  - i o ) - l p 2 ( H  ~ - 2 - iO)  -1 ]@ /2vV2~y+ l (ks)), 

mi2 = (Iv[ 1/2~o~_ 1 (k~), v 1/2 (H ~ -- 2 - iO)-lp2(H~ -- 2 -- iO) -1 tv 11/2v1/2~p~ 2 (kS)), 
(5.36) 

m21 = ([v]l/21ps2(ks), vl/2(H~ - )~ --iO)-lp2(H~ - 2 - i0) -11v]l/2v1/21ps+l (kS)), 

m22 = {Ivlt/Nws2(kS), v 172(H ~ -- 2- -  iO)-lp2(H ~ - -  2--  iO) -llvll/2vl/21ps+2(ks)). 

7 th term 
- - i ( n ~ l  n12) (5.37) 

4ink" n21 H22 

where 
//11 = ([vl I /2p( Ips l  (k s) - -  IP61 (ks)), vl/2p(lpS+I (k s) -- lP~I (ks))), 

s ks n12 -- (]vll/2pOpLl(k s) - ~;61(k~)), vl/2p(tps+2(kS) - ~P02())), 
(5.38) 

S kS n21 (Iv] t/2p(lps_2(kS) -- 1,002()) ,  vl/2pOps+l (k s) - lp61 (kS))), 

n22 = (IvI1/2p(tl)s2(ks) s k s s k s - -  ~P02( ) ) ,  vl/2p(lps+2(kS) -- lP02( ))}, 

8 th term 
( s s l/2 s s 1/2 s s s s l/2 s s ) --i ([v[V2pOpS_,(k s) - l p o l ( k  ) ) ,v  l P o t ( k ) ) ) - ( l v  [ pOp_l(k ) - l P o l ( k  ) ) ,v  lPo2(k ))) 

4---m (Ivll/2p(tpS2(kS) tps tkS~),vl/2,,,s lkS~)\ IIvI1/2.[,,,s ~kS~ .... (kS~,vl/2,,,s rkS~\ . 
0 2 t  ! ' V O l t  ! / - - \ 1  I F t ~ - 2  ~, ] - -  7 '021 . ) )  " ~ 0 2 t  J ) /  

(5.39) 
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Using (4.26) we get 

ikS(lvll/2wS_l(kS), [vl/2(H~ -- ~ -- iO)-21vll/2]vl/21ps+l(ks)) 

= - mKIvl 1/2Ws-1 (ks), x/)l/21p~l (kS)) -t- m(xlvl 1/2ll)81 (ks), vl/21p~_I (ks)) 

-- ikS ff--~ (Iv]l/21p~l (kS), V1/21p~-I (ks)). (5.40) 

Summing up we get for the first order correction term of  order e -2 of  the 
scattering matrix (in terms of  transmission and reflection coefficients) 

/"T/(1)(2) Rr0)()~)') (kS) 4 dS(~ 
S0)(2) = :  ~Rl(1)(2) Tr(t)(2)/ = 8m 3 d2 

1 (([vll/2p~ps_l(kS),vl/2p~ps+l(kS)) ([vll/2plpSl(kS),vl/2plpS+2(kS))" ~ 
+ ~ - ~  ([v[1/2ptpS2(U),vt/2p~oS+l(kS)) ([v[X/2ptpS_2(kS),vV2p~pS+2(kS)) ,] 

k s {([v[1/21pSl(kS),vl/21pS+l(kS)) (Ivll/2wSl(kS),vl/2W~+2(kS))) 
+~m k Klvll/2~pS_z(kS),vl/NwS+l(Id)) /Iv] 1/2,,,s tkS~,vl/2,,,s tks~\ ' 2 > 0 .  (5.41) \ '/~-2 ~, l W+2 ~, 1/ 

5.2. The Dirac Operator in L20R3) 4 

The free Dirac operator H~ in L2(~3) 4 is defined by: 

H~ := cap + fllq'lc 2, m, c E 11+, ~(H~ = H2'1 (JR3) 4, 

where 

al = 0 ' a2 = i , a3 = 0 

(0 o,) (: 0) O~i~ , f l ~  , O- i 

O" = (0-1, 0"2, 0"3), s ~- (~1, ~2, Cg3), 

~ 
(5.42) 

(5.43) 

p : =  - iV,  ~ ( p )  = H 2,1 (R3). 

Define (cf. e.g. [40, p. 305]) 

Mo,Q(x) :={ f<d3ylv(y)12ix-y[~-3} a/2, vmeasurable,  Q < 3 ,  (5.44) 

[x--yl_l 

Me0R 3) := {v I Mo,~(') bounded},  

/ No(x) := d3ylv(y)l 2 for all x E 11t 3, and v E loct~- ), 

Ix- _1 

and let V be the maximal operator of  multiplication with the real-valued function 
v = v(x) where 

v c M e ( ~  3) for some Q < 2. (5.46) 

v E L 1 (1t3). (5.47) 

ve ~1"1 fullfills (5.46) and (5.47) for some ~ > 0. (5.48) 
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The Dirac operator H(c) in L 2 0 R 3 )  4 is now defined as 

n(c)  := H~ + V, @(H(c)) = @(H~ (5.49) 

The hypotheses (5.46)-(5.48) then imply 
(i) V is H~ bounded with relative bound 0 by (5.46) (see [40, Theorem 10.18]). 

(ii) Since v E MQ(~ 3) with 0 < 2 it follows that v 1/2 E M~r(~ 3) with a < 1 and 
MG(IR 3) ~ M ~ 0 R 3 ) ,  tr < 0. 

Since V 1/2 E L2(IR 3) we have N~,l/2(x) ~ 0 for Ixl ~ oo. 
Thus V 1/2 is H~ compact (cf. [40, Auxiliary Theorem 10.24 and Theorem 

10.21]). 
Subtracting the rest energy according to (3.1) we therefore identify: 

~~176 = ~/~2 ~ J ' (1  = JC2 = L 2 0 R 3 )  2, 

I = N. +, I+0 = I\e+(c -2 = 0), ~ = L2($2)2, (5.50) 

A = A *  = ( p l  § pl--ip2)_p3 ' ~ ( A )  ----- H2 ' 1 ( ' ~ 3 )2 '  

(5.51) 
pj = - i dxj j 1, 2, 3 

g 1 = V 2 = V ,  V = vl/Zlvll/2, V 1/2 =- l@/2 sgn(v), 
(5.52) 

Y = Y* = B(c)-llvl 1/2, Z = Z*  = B(c)v 1/2. 

(Here S 2 denotes the unit sphere in IR3.) Due to our hypothesis (5.48), e(c) is a 
discrete set [26]. 

Clearly Assumptions 3.1-3.3, 3.5 and 3.7 are satisfied. Assumption 3.6 follows 
from the explicit expression (5.60) and Assumption 3.7. Assumption 3.8 can be 
dealt with in exactly the same way as in Sect. 5.1. It remains to verify Assumption 
4.1. 
(i) Holomorphy of  Ql+(2,c), 2 E I+0. 

The integral kernel q(x, y, 2, c) of 

Q I + ( 2 , c )  = v l / 2 B ( c )  ( H ~  - m e  2 - 2 - iO) - l  B ( c ) - l l v l  1/2 (5.53) 

is given by 

e ikdlx-yl 1 
q(x,y ,2 ,c)  = v(x) 1/2 I x -  yl 4re 

a l l  a12 a13 a 1 4 )  

a21 a22 a23 a24 , , ,,Ivty~ll/2, 
a31 a32 a33 a34 
a41 a42 a43 a44 

2 2 
an = a22 = _ ~ + 2m, a33 = a44 = c2, 

a a 
a13 = ~ (x3 - Y3), a t4  =- ~ [(Xl - Yl) - i (x2 - Y2)], 

a12 -= a21 = a34 = a43 = O, 

a a 
a23 = ~ [(Xl - -  Yl) + i (x2 - -  Y2)] a24 = - -  ~ (x3 - -  Y3), 

a31 = a (x3  - -  Y3), a32 = a[(xl - -  Yl) - -  i (x2 - -  Y2)], 

a41 = a [ ( x l  - -  Yl) + i (x2 - -  Y2)], a42 = - -  a(x3  - -  Y3), 

2 ,1/2 ks= 
2 E I+o, ka(2,c) = k s 1+  2~-~c2 ] , 

(5.54) 

(5.55) 
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where 
a(x, y) := Ix - yl-2(kdlx - Yl + i), x, y E ~3, x # y.  (5.56) 

• (10 0 ko --/q) co3c --k~176 --ico2)) , 

1 - -  (COl + i o 2 )  __k~ (-03 
c c 

V/ 2 $2 
ko = 2 + 2me 2' (-0 E (5.60) 

(We note that F maps L2(]R3) 4 + L2((O, oo);L2(S2)2) (see [34]).) For 2 E I we get 

rl t(co, x, 2, c)11 -< const(2, c0 [v(x) l 1/2 e} Ixl (5.61) 

For c -2 E M this is also a family of uniformly bounded Hilbert Schmidt operators 
(since ve ~11 E LI(IR3), with integral kernel holomorphic in c -2 and therefore 
T(2, c, Y) is holomorphic in c-2 around c -2 = 0. 

The holomorphy of T(2,c, Z)* follows similarly. 
In particular, S(2, c) - 1 is a trace class operator, i.e., 

[S(2, c) - 1] c ~1(L2($2)2), 2 E I\e+(c). (5.62) 

The operator Uo that diagonalizes A*A is given by U0:L20R3)2--+ 
L2 ((0, o0), d#; L2 ($2)2), 

1 
(Uof) (#, co))j = ~ tzl/4(UFf j) (V/rico), 

j ---- 1, 2, (-0 E S 2, f E L20R3) 2, (5.63) 

Define the compact set M __ tE 

{ C_2 E l~ 2m and 2 } M := Ic-2l < Ico21 < ~ - 2]Imka(2, c ) l < k  s _ _ m~02 I _<a . (5.57) 

Using 
/ 2 ~ 1/2 

Ikdl _< kS~l + ~ j  (5.58) 

and a matrix norm [1' II in 1124 we get for c -2 E M the bound (cf. [8]) 

tlq(x'Y'R'c)l[<c~ 1 -  Ix y---~l + @ ) . ( 5 . 5 9 ) 1 x  

For c -2 E M and fixed 2 we have a family of uniformly bounded operators (using 
[40, Theorem 6.24], the fact that vl/2e~ IJ E M~, a < 1 and vU2e~ I1 E L20R3)). 
Since the integral kernel q(x,y,2,c) is a holomorphic function of c -2 around 
c -2 = 0 we get holomorphy of  Q1+(2, c). 
(ii) Holomorphy of T(2, c, Y), 2 > 0. 

The integral kernel t(x, 2, c, (-0) of T(2, c, Y) : L2(]R3) 4 --~ L2($2) 2 is given by 
(see [34] and (4.12)) 

t(X, 2, C, (-0) = (2~z) -3/2 )~ + 2mc e_ikd~xlv(x)ll/2 
c 2 
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with 

(UFf) (k0)) := s - lim 
R--+oo 

Ixl_<R 
f E L2(R3), k = V/fi, 

the Fourier transform in L2(]R3). 
Thus we get M(U, Iv[ 1/2) : L2(~3) 2 ~ L2($2) 2, 

(M (k d, [vll/2)f) (0))j 
1 = - ~  (kd)l/2(UFlvll/2fj)(kd0)) 

_ 1 (kd)1/2(270_3/2/d3xe_ikeO~Xlv(x)ll/2fj(x) 
, / i  

/ d3xe-ik~~ 

k > 0 ,  (5.64) 

~3 

1 = --~ (kd)l/2(2~c)-3/21lvll/2~o(kd0)),fi), f j  E L2(IR3), j = 1,2, (5.65) 

where ~p0(U0), x) := e ik%x and (-, ") now denotes the scalar product in L2(~3). 
Similarly we have M(k d, A* Ivl 1/2) : L2(]R3) 2 ~ L2($2) 2, 

(M (k a, Z* lvll/2) f )  (0)) 

-- v~l(kd)3/2(2~)-3/2( 0)1 0)3_]_ i0)2 0)1 -- i0)2 ) _ _ 0 ) 3  

(('vll/2tpo(Uoo),f3)) L20R3)2 
x (iv11/21po(kd~o),f4) , f ~ . (5.66) 

For the corresponding adjoint operators we obtain M(kd, vl/2) * :L2($2)2~ 
L20R3) 2, 

1 (kd)l/2(27.C)_3/2V(X)l/2 J do9 eik%Xhy (0)), (M(k d, vX/2)*h) (x)j ..= 
s 2 

hj ~ L2($2), j = 1, 2, (5.67) 

and M(kd, A*vl/2) * : L2($2) 2 ~ L2(]R3) 2, 

(M (k d, A*vl/2) *h) (x) 

1 (kd)Z/2(27.c)_3/2v(x)l/2fd0)Q((,ol_lr_i0)2) ) 
S 2 

(h1(0)) ) eikdo)x, x ~, h2(0)) h E L2($2) 2. (5.68) 

The physical solutions ~ps_+ of the SchrSdinger (Pauli) equation are defined by the 
Fredholm (respectively Lippmann-Schwinger) equation (see e.g. [1, 28]) 

vl/21p~_(ks0)) := g2+_(2)vl/2~(ks0)), ~p~(ks0), x) = e il~~ 

k s = ~ ,  2 E I+o, 0) E S 2. (5.69) 
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For the nonrelativistic limit S(~ we get from (4.24) the well known result [1, 
3, 4, 22, 24, 28] 

(S (0) (Z) h) (co)j = ([1 - 2rEi2mM (k s, I vl 1/2)g2+ (,~) M (k s, v 1/2)* ] h) (og)j 
ks / 

= hj (o9) - 2~i ~ 2m(2~) -3 d3xe-ik~~ 1/2 

R3 

x g2+(2)va/2(.) / dco' e~k~'()h; (o9') 
S 2 

= hj (o9) -- irnkS(2rc) -2 / dog'hj (co')<Ivlz/z~(k~og), vl/21PS+(kSog')), 

S 2 

hj E L2($2), j = 1, 2, a.e. 2 E I .  (5.70) 

Calculating the remaining terms on the right-hand side of (4.25) yields: 

2 nd term 

i(kS)316m (2zc)-2 / dco'(Ivl ~/2q'~(kS og), vl/2~pS+ (kS co') ) hj (co') 

s2 (5.71) 

(ks)4 (2re) -2 / dco'(Ivla/2(o9 " x)~p~(k~co), vl/2tpS+(kSog'))hj (o9'), j = 1, 2 
8m 

S 2 

3 rd term 
i(ks)2 (2~)-2 / dog, {" bi(co, o-") ) 
4m ~, b2(co, co') ' (5.72) 

S 2 

where 

bl (co, og') = (Ivll/2~(kS og), co3vl/2[p3(~(kSo9 ') 
-- ~PS+ (kS og') )hl (co) + (Pl - i p 2 )  Op~(kSco ') - tp~+ (kS co') )h2(og') ]) 

+ ([v[ 1/2~p~ (kSog), (cot - io92)v 1/2 [(pl + ip2) (F~(kSo9 ') 
. s lkSco~ h ,'corm 

b2(o9, cot) = (lvl 1/21p~(kSco), (col + ico2)v 1/2 [!93 (IP~(kSco ') (5.73) 

- ~Ps+(ksco'))hl(J) + (Pl - ip2) (tp~(kSco ') - w~(kSd))h2(co')]) 
-- ([vl l /2~(Um),  o93vl/2[(pl + ip2) (~(kSo9 ') 

tp~+(k, og,))ht(co,) _ p3Op~(kSco,) _ .  s tk~og,,, h ,co,,,, - -  ~ + t  1) 2t )12. 

4 th t e rm 

i(ks)34m (2~z)-2 / do9' (]vll/2lp~(kSco)' vl/21p~(kSog')) 

s 2 

{' c03o9~ + (cot -- io92) (o9~ + io9;) c03(o91 -- iof 2) -- (091 -- io92)o9; ) 
• \ (o91 + io92)co; - co3(o91 +iog;)  (o91 + ico2) (o9~ - io9;) + o93o9; 

[" hl(og') 
x ~. h2(o9') ) "  (5.74) 
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5 th term 
i(kS)316m (2~z)-2 f dco'<lvl 1/2w~(kSco), vl/Rlps+(kscot))hj (cot) 

52 (5.75) 
s4  

+ ( k s )  ~ (27r)-2 f dco,(lv]l/2~pS(kSco),/)1/2(co, . x)~p~(kSco,))hj (co,), j = 1,2.  
~ m  d 

s 2 

6 th term 

i(ks)34m (2~z)-2 / d~ Klvll/2(w~(kS~ - Ws-(ksc~ vl/21pS+ (kSco') >hJ (co`) 

s 2 

i(U)5 (2n) -2 f dco'<lvll/2~p s (kSco), [va/2(H ~ -- 2 -- i0)-2lv] 1/2] (5.76) 
+ ~ - m  2 

S 2 

x vl/2~pS+(kSco'))hj (co'), 

7 th term 

where 

j =  1 ,2 .  

ik ~ (2~)_2 / dco, (d~(co, co') ) 
4m d2(co, co' )  ' 

S 2 

dl (co, co') = <lvll/2p3(w~(Uco) - WS_(kSco)), v 1/2 [P3(tp~(k sco') 
- ~PS+(kSco'))hl(co') + (Pl - ip2)Op~(kSco ') - ~f+(kSco'))h2(co')]) 

+ <lvla/2(pl + ip2) Op~(kSco) - 1/)s(ksco)), /)1/2 [(Pl + ip2) Op~(k~co ') 
__ ~ps+ (kSco t) )hl (cot) _ P3 (~P~ (ksco,) - ws+ (kScot))h2 (co,)]), 

d2(co, co') = ( l@/2(pl  - ip2) (w~(k~co) - ~PS-(k~co)), vl/Z[P3Op~(kSco') 

- lPS+(kSco'))hl(co ') q- (Pl - ip2)(1p~(lcSco ') - tps+(ksco'))h2(co')]> 

- <lvll/2p3Op~(kSco) - ~pS_(kSco)), v1/Z[(p1 q- ip2) Op~)(kSco ') 

-- ~ (kSco') )hi (co') -- P3 (lp~ (ksco ') -- lps+ (ks co') )h2 (co')l >. 

In order  to simplify (5.78) one  can use 

where 

<lvl 1/2crp~pS- (kSco)' vI/2~PlP~ (kSco') } = ( a21 (co, c o ' ) a l l  (co, co') 

(5.77) 

(5.78) 

all  (CO, CO') = <lv]l/2p3wS(kSco), vl/2p3~pS+(kSco')> 

+ <lvll/2(pl + ip2)tps_(ksco),vl/2(p 1 + ip2)~pS+(kSco')>, (5.80) 

a12(co, co') = (Ivl 1/2pstpS-(kSco), vl/2(Pl - ip2)lPS+(kSco')) 

- <lvlW2(pl + ip2)~pS(kSco), vl/2p31pS+(kSco')>, (5.81) 
a21 (co, co') = (Ivll/2(p1 -- ip2)t;S (kSco), vl/2p31pS+ (kS cot) > 

- (Ivll/2p3tp~_(k~co), vl/2(pl -t- ip2)w~+(k~co')>, (5.82) 

a22(co, co') = <lvll/2(pl - ip2)~pS_(kSco),/)1/2(/91 - -  ip2)~pS+(kSco')> 

+ <lvll/2p3tps(k~co), vX/2pB~ps+(ud)> , (5.83) 

al2(co, co') "] (5.79) 
a22 (co, cot) / ' 
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8 th term 

i(kS)24m (2~z)-2 f dco' 

S 2 

[ / [  \l lllvll/2n'['"S[kSco'Fs~,Lk'O ~, ! . . . .  w-tS fkSco"  v l /2""S[kScoq\rco th ' f co t '  ~-[cot  - icot2)h2(cot)]  q~o, ]/L 3 1\ l - ~, 1 

\ (Ivll/2(pl -- ip2) (~p~(kSco) - ~pS_(kSco)), vl/2~pg(kSco')> [co;hi (co') + (co~ - ico;)h2(co')] 

(IvlX/Z(pl + ip2)(qJ~)(kSco)- ~pS(kSco)), vl/2tp~(kSco'))[(co~ + ico~2)hl(co ') -co;h2(co')] 
-(Ivll/2p3(wg(ksco)-~pi(k'co)),vl/2wg(k~co'))[(co~ +icol)hl(co')-co'3h2(co')] ) ]" 

(5.84) 

Summing up we get for the first order correction term in c 2 of  the scattering 
matrix 

(ks)4 ( d(S(~ 
(S (1)(2)h) (co) = 8rn3 ~, d,~ h)  (co) 

+ (2~) -2 f dco' [(~)3 (Iv11/% s (k~co), vl/2~S+(kSco')) 1 
[ 4ira 

S 2 

+ ~m ks <lvll/2aptpS(kSco),vl/2~plpS+(ksco'))]~,h2(co,)),{ hi(co') 

( h i )  CLa(S2 )2" (5"85 )h2  a.e. 2 c I, co c S 2, h = 

The analogous expansion of the scattering amplitude up to order O(c -2) can be 
found in Appendix A. 
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Appendix A. Comparison with the Foldy-Wouthuysen Method 

In this appendix we compare our approach with the Foldy-Wouthuysen (F-W) 
method. The F-W-expansion is in principle a formal expansion of the unbounded 
Dirac operator in c -2 which is used by physicists to compute relativistic cor- 
rections. (It became popular since the terms in (A.7) have a nice physical inter- 
pretation.) Since the perturbations become more and more singular it is quite 
remarkable that this expansion (interpreted appropriately) yields formally correct 
results (see e.g. [10, 12]). 

Let f (2, c -2, co, co~) be the Dirac scattering amplitude 

1 
f(2, c-2,co, co ') := -2~zi ~ (S(2) - 1) (co, co'), a.e. 2 E 1, co, co' E S 2. (A.1) 
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Then we get by (5.85) the following expansion: 

f (2, C - 2  , co, cot) .~- f (0) (2, co, co') 

22 df(~ co, co ') 2 / d3x@ S (ksco, x)l)(x)lps+(kscot, x) c-2 + 
~m d2 4re - 

113 

f 8rcm 

+ O(c-4), (1.2) 

where 
1 

f(0) (2, co, co') = - 2~zi ~s (S(~ (2) - 1) (co, co') 

_ 2m4rc ] d3xe-ik`~ (A.3) 
F.3 

This expansion of the scattering amplitude f(2,e-2,co, co ') coincides with the 
expansion of the scattering amplitude t(2, c -2, co, co') of [14] after multiplying 

U 
t(2, c -2, co, co') by a factor -27c 2 - - 2n22m(1 + 2(2rnc2) -1) and expanding the 

cko 
functio n e(2, c -2) = 2(1 +2(2mc2) -1) with respect to c-< (We do not average over 
spin states in order to keep greater generality.) 

Next define the Pauli operators H ~ H1 in L2(N3) 2 (see e.g. [12, 34]) 

A H0 _ A H1 - + V, ~ ( H  ~ = ~(H1)  = Hz'z(]R3) 2, (A.4) 
2m' 2m 

where we assume that V is the maximal multiplication operator by the real- 
valued function v(x) with v e C~(IR 3) for simplicity. (Here we suppress the trivial 
spin dependence in H1 ~ H1.) Then 

O'ess(H 0) = O-ac(H10) = [0, o0). (1.5) 

The first order F-W operators in L2(N3) 2 are now defined by (see e.g. [10, 12]) 

A 1 
H~ "-  2m 8c2m 3 A2' Hvw(c) := H~ + W(c), (A.6) 

-@(HOw) (C) = ~@(HFw(C)) = H2'4(]R3) 2, 

where 
i 1 

W (c) := V + 4~Sj  2 [ ~ A V + er(VV ) A p], p = - i V .  (A.7) 

We have 
1 mc2], =  ao( Ow(c)) = ( - 

0 0 HFw(C)I/3FW = 2//)Ow, IpOw(kFWCO, X) = e ikr~w~x, 

where 

k Fw := [2m 2c2-2m2c 2 (1--  42 "~ 1/2] 
\ 2mc2] ] 

( 1 . 8 )  

1/2 = (2m2)1/2(1+ 4@c2 )+0(c-4). (A.9) 

Before we compare the results of our approach and the F-W-method in 
connection with scattering theory, let us briefly recall the corresponding facts 
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for eigenvalues. For simplicity assume E0 to be a nondegenerate bound state 
of H1, i.e., Hllp0 = Eo~P0 for some lp0 E H2'20R3) 2, II~p011 = 1. Then the first- 
order correction term E1 to the corresponding eigenvalue of  the Dirac operator 

1 
cap + (fl - 1)mc 2 + V is given by E0 + ~5 E1 with [10, 11], 

1 
E1 = ~ (ap~p0, (V -- E0)cTp~p0). (A.10) 

In contrast to this simple formula the F-W method has some conceptual difficul- 
ties since for negative energies there exist no bound states. Nevertheless a formal 
perturbation calculation yields 1([.4,  ]) 

El=-4~m2 q)o, - - ~ m + ~ A V  +a(VV) AP ~o �9 (1.11) 

One can show that (A.10) and (A.I 1) are equal if e.g. 8~; 0x~ V E C20R 3) clL~176 
1 < j, 1 < 3. The result can be explained in terms of spectral concentration as 
shown in [12]. However, we emphasize that expression (A.10) is simpler than the 
traditional F-W-formula (A.11) and at the same time it is based on an analytic 
expansion of the Dirac eigenvalue (rest energy subtracted) with respect to c -2 as 
opposed to the somewhat artificial spectral concentration approach. Moreover, 
(A.11) requires much more smoothness of the potential V than (A.10) and, in 
particular, excludes Coulomb-type singularities (which are included in [10, 11]). 

Now we turn to scattering theory. Since we are interested in relativistic 
corrections to nonrelativistic scattering quantities for a fixed Z > 0, we consider 
2 c (0, �89 me 2) and choose c large enough. According to our conventions the F-W 
scattering amplitude fFw(Z, c -2, CO, CO') for a.e. 2 E (0, �89 mc 2) is defined by 

1 g(Z, c -2) / d3xe -iUw~ fFw(2'c-2'CO'CO') : = -  4-~ 

x W(c) [1 -- (HFw -- 2 -- i0) -1W(c)] e ikFw~ 
CO, CO~ @ S 2, 

__k d ( 2 ) 1 + ~ c  2 g(Z,c -2) : = ~ a  (1 +~)----- 2m @ 0(C--4). 

Expanding (A.12) in powers of c -2 gives 

fvw(2, C 2, CO, COl) (0) t -2 (1) t = q- C fFW (Z, CO, CO ) q- 0 (C -4) fFW (Z, CO, CO ) 

where 

(0) 
fFW (2, CO, CO ) -- 

by (A.3) and 

(1) , Z 2 
fFW (Z, CO, CO ) = 2m 

(A.12) 

(A.13) 

2m4rc f d3xe-ikS~~ [1 - (H1 - Z - i0) -1 V] e iks~~ (x) 
F~. 3 

2m ['d~xe-ie~ x s ,kSCO, 4~ J ( )t~ ,x) = f(~ co~) (1.14) 
•3 

df (~ (2,d2CO, CO') 2m4~ / d 3 x  e-iks~x(K(2) eikS~'()) (x) (A. 15) 

N3 
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with 

1 
K(2) := ~ [�89 +r Ap] (1--R1V) 

1 VR1 [�89 + o ( V V )  Ap] 
4m 2 

{ A2 I [�89 Ap]}R~ V + V R1 - 8m ~ + ~m 2 
2 2 2 

+-v(1-R~v)+ vR~v 
m 

_ 1 
1 (1 - VR 0 [�89 AV + ~ ( V V )  Ap] (1 - e , V ) - -  ~ W~(,,pl4R~V 

4m 2 

+-v(~-R~v)+ vR~v, 
m 

R1 := ( H 1 - 2 - i 0 )  -1, W~_(kSco, x) = ((1--(H1--2-J-iO)-lV)eik'~ (A.16) 

We note that 
[o-p, V]~p = a p V a p  - V (ap) 2, 

f d3x~'_(kSo, x) ([�89 A V + O-(VV) A p] ~(k '~o))  (x) 
~rl_3 

= / d3xfpS(kSo, x) ([o'p, V] o-ptp~_ (kSc0)) (x) 

(A.17) 

since 
d3xfps_(kSco, x) ([A, V] ~S+(kSco)) (x) = 0. (A.18) 

N3 

Using (A.17) and (A.8) we finally obtain 

/ d3xe-ik~x(K(2) e ik'c~ (x) 
R3 

=/.'.e-'"<~ (4~ (1- V.,~ t�89 + .IVV~..] ,1 -.,V~ 
N3 

" ) } 8m 31 VRI(ap)eR1V + -~)~ V(1-RIV)+ ~m VR2V e lId~ (x) 

" ) }  1 VRI(O-p)4R1V_ff 2 V(1 -R1V)+ VR2V e ik~~ (x) 
8m 3 m ~m 

-- 2m)C / dSxe-ik'mx{((1 _ V R1) v(1 - Rl V))e iks~ (x) 
]R 3 

1 fa'xe-ik'~ - VR1) (o-pVo-p) (1 - R1V))e ie~~ (x), (A.19) + ~  
N3 
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and hence (A.15) coincides with (A.2). However, in analogy to the bound state 
case mentioned before, (A.2) is much simpler than (A.15) and requires less 
smoothness properties of V. [In order to speed up our treatment we did not 
factor V into v 1/2 I v11/2 and symmetrize the expressions in (A. 12)-(A.19). This can 
be done as in Sect. 5 and we omit the details.] 
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