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Abstract We prove holomorphy of the scattering matrix at fixed energy with respect to ¢~2 for
abstract Dirac operators. Relativistic corrections of order ¢~2 to the nonrelativistic limit scattering
matrix (associated with an abstract Pauli Hamiltonian) are explicitly determined. As applications
of our abstract approach we discuss concrete realizations of the Dirac operator in one and three
dimensions and explicitly compute relativistic corrections of order ¢=2 of the reflection and trans-
mission coefficients in one dimension and of the scattering matrix in three dimensions. Moreover,
we give a comparison between our approach and the first-order relativistic corrections according to
Foldy-Wouthuysen scattering theory and show complete agreement of the two methods.



1. Introduction

We provide a general framework for the nonrelativistic limit of scattering theory for general Dirac
operators. Our treatment is based on an abstract approach employed in [10], [11] to obtain explicit

expressions for first order corrections of bound state energies with respect to ¢ 2.

Historically, the first rigorous treatment of the nonrelativistic limit of Dirac Hamiltonians seems to
go back to Titchmarsh [36] who proved holomorphy of the Dirac eigenvalues (rest energy subtracted)
with respect to ¢ =2 for spherically symmetric potentials and obtained explicit formulas for relativistic
bound state corrections of order O(c™?) (formally derived in [32]). Holomorphy of the Dirac resolvent
in three dimensions in ¢~! for electrostatic interactions were first obtained by Veselic [38] and then
extended to electromagnetic interactions by Hunziker [16]. An entirely different aproach, based on an
abstract set up, has been used in [6] to prove strong convergence of the unitary groups as ¢~ — oo.
Employing this abstract framework, holomorphy of the Dirac resolvent in ¢~! under general conditions
on the electromagnetic interaction potentials has been obtained in [10], [11]. Moreover, this approach
led to the first rigorious derivation of explicit formulas for relativistic corrections of order O(c~2) to
bound state energies. (Earlier, a justification of the fact that formal perturbation theory according
to Foldy and Wouthuysen yields correct results has been given in terms of spectral concentration in
[12], [37].) In the case of eigenvalue degeneracies of the unperturbed Pauli Hamiltonian, an extension
of the results in [10], [11] appeared in [41] (see also [14]). Relativistic corrections for energy bands
and corresponding corrections for impurity bound states for one-dimensional periodic systems were
treated in [5]. Convergence of solutions of the Dirac equation based on semi group methods have also
been obtained in [31].

Much less activity has been devoted to the nonrelativistic limit of the Dirac scattering theory. In fact,
we are only aware of the proof of strong convergence of wave and scattering operators as ¢~! — oo in
[39] and [42] and a recent treatment of the scattering amplitude in [14] based on a different approach.

In Section 2, based on the abstract approach of [6], we summerize the main results of [10], [11]
concerning the holomorphy of the Dirac resolvent operator with respect to ¢=2 near ¢? = 0. In
Section 3 we review some of the results of [22] on abstract scattering theory needed in Sections 4 and
5. Our main result on the holomorphic expansion of the abstract scattering matrix in ¢~2 around its
nonrelativistic counterpart at ¢=2 = 0 is established in Section 4. We also provide an explicit formula
for the correction term of order ¢~2 of the scattering matrix in terms of nonrelativistic scattering
quantities (see Theorem 4.2). Concrete realizations of our abstract approach in Section 4 in one
and three dimensions are presented in Section 5. In particular, we explicitly compute relativistic
corrections of order ¢=2 of the reflection and transmission coefficients in one dimension and of the
scattering matrix in three dimensions. Finally we compare our approach and the first order relativistic
corrections according to Foldy-Wouthuysen scattering theory and show complete agreement of the two
methods in Appendix A.

2. The Abstract Approach

The aim of this section is to summarize the main results obtained in [10], [11] (based on the abstract
approach of [6]) concerning holomorphy of the Dirac resolvent operator with respect to ¢~2 near
¢ 2 =0. Let Hj, j = 1,2 be separable, complex Hilbert spaces and introduce self-adjoint operators

o, in H = Hi @ Ha of the type

(5 4) (%)

where A is a densely defined, closed operator from H; into Hs. Next, we introduce the abstract free
Dirac operator H°(c) by

H%c) =ca+me?B, DHc)) =D(a), ceR\{0}, m>0 (2.2)



and the interaction V' by

V:(‘g1 ‘92> (2.3)

where V; denotes self-adjoint operators in H;, j = 1,2, respectively. Assuming Vi (resp.V2) to be
bounded with respect to A (resp. A*), i.e.,

D(4) CD(Vi), D(A") C D(Va), (2.4)
the abstract Dirac operator H(c) reads
H(c)=H"c)+V, D(H(c)) =D(a). (2.5)

Obviously H (c) is self-adjoint for |c| large enough. The corresponding self-adjoint (free) Pauli opera-
tors in ‘H;, j = 1,2 are then defined by

HY = (2m)™14*4, HY = (2m) 1AA*, (2.6)
H, = H)+ Vi, D(H,) = D(A*A),
Hy, = HY+Vy,  D(H) =D(AAY).

Introducing in ‘H the operator B(c) [16]

B(c) = < é 2 ) (2.9)

we recall [10], [11]

Theorem 2.1 Let H(c) be defined as above and fix z € C\ R. Then
(i) (H(c) —mc* — 2)~! is holomorphic with respect to ¢! around ¢! = 0

(H(c) —mc* —2)7!
B 0 (2me)"Y(Hy — z)"LA* (Vo — 2) \ |
- {1 * < (2me)LA(HY — 2)7'W; (2m02)*1z(1H8 - z)*l(Vg2 —2) > } '

(Hy —2)71 (2me) Y (Hy — z)"LA*
' ( (2m6)‘11A(H? —2)7 (2mc2)—1z(1H3 — )71 ) ' (2.10)

(ii) B(c)(H(c) —me? — 2)71B(c)~! is holomorphic with respect to ¢=2 around ¢2 = 0

B(c)(H(c) —mc? — 2)"'B(c)!

B 0 (2me2)~L(H; — 2)"LA*(Va — 2) -1
a {1 " < 0 <2m02)*1[(2m)*1A(1H1 - z)*lA*z— 1)(Va — 2) >} '

(Hy —2)7! (2me?) "L (Hy — 2)~tA*
‘ < (2m) VA — o) (@me)[(2m) A(Hy — 2) A 1] ) : (2.11)
First order expansions in (2.10) and (2.11) yield
(H(c) —mc* —2)7!
(Hi—2)"t 0 _ 0 (2m)~ Y (Hy — 2)71A* _
- ( "o 0 > e < (2m) T A(H, — 2)~! 0 ) +0(™)
(2.12)



(clearly illustrating the nonrelativistic limit |¢| — oo) and

B(c)(H(c) —me? — 2)"'B(c)!

— ( (2nz;}zi4gfffi}z)1 8 ) L2 ( Rii(z)  Ria(z) > + Ol

(2.13)
= RO9z)+ ¢ 2R (2) + 0(c™)
Rii(z) = (2m)*2(H1 — z)*lA*(z Vo)A(H, — z) L
Ria(2) = (2m)*1(H1 — z)*lA*,
Ro1(2) = (2m)~2[(2m) YA(H, — 2) 7' A* —1](2z — Vo) A(Hy — 2) 71,
Ros(2) = (2m)7[(2m)tA(H, — 2)7tA* —1]. (2.14)

3. On Abstract Scattering Theory

In this section we summarize some of the results on abstract scattering theory obtained by Kuroda
[22] which are most relevant to us in Sections 4 and 5. For additional material on scattering theory
in the present context we refer to [1], [2], [3], [4], [7], [17], [19], [23], [24], [25], [28].

We define in the Hilbert space H = Hi ® Ho

Hy = H%c¢)—mc®, Hy := H(c)—mc? (3.1)
and introduce the following factorisation of V:

Vi =0 l? =12, (32)
where

o2 = UIVIM2 oV = 2 =12 (3.3)

with V; = U;|V;| the polar decomposition of V.

,__ S w0 _ (]2 0
Y= B(C) < 0 ‘02|1/2 - 0 %’U2|1/2 ’ (34)
1/2 1/2
v 0 v 0
Z:=B 1 = 1 , 3.5
(c) < 0 v;/Q ) ( 0 CU;/Q ) (3.5)
Ri(z):= (H; - =)', z€p(ily) j=1,2 (3.6)

The following asumptions 3.1-3.3 and 3.5- 3.8 are basic in the approach of [22]:

Asgumption 3.1Y anfi Z are closed operators from H to another Hilbert space K = K1 & Ko with
D(H;) CD(Y) and D(Hy) C D(Z).

(This implies that YRy (2), ZR1(z) € B(H,K), see [18], p. 191.)

Assumption 3.2 ZR;(2)Y™ is closable and the closure of ZR;(2)Y™ € B(K) for one (or equivalently
for all) z € p(Hy)

Qi(z,c) = [ZRl(z)Y*](a), Gi(z,¢) = 14+ Q1(z,0), (3.7)



where (@ denotes the closure.

Assumption 3.3 Let z € p(H;) N p(Hs). Then Gi(z,¢)~* € B(K) and

Ro(2) = Ry(2) — [R1(2)Y*]*G1(2) ' ZRy(2). (3.8)

Thus propositions 2.6 and 2.7 in [22] hold: Define

A~

Qao(2,¢) = [ZRa(2)Y*] W, Go(z,¢) := 1 —Qa(z,¢), z€ p(Hy). (3.9)
Then

Ga(z,¢) = Gi(z,0)™Y, z e p(H>). (3.10)

Remark 3.4 From our assumptions on H(c) and V in chapter 2 we infer that
(i) V2 is 1:1: 9(c) bounded with bound 0 and hence Assumption 3.1 is fulfilled.
(ii) V2 is H(c)'/? bounded implying that Assumption 3.2 is fulfilled.

(iii) The second resolvent equation gives

(14 [ZRi(2)Y])(1 = [ZRe(2)Y*]W) = 1, (1 = [ZRa(2)Y*]“))(1 + [ZRi(2)Y*]) =1
(3.11)

(see e.g. [1], p. 369) and thus Assumption 3.3 is fulfilled.
Next let E; denote the spectral measures associated with ﬁj, j=12.

Assumption 3.5 There exists a Hilbert space C, a non-empty open set I C R, and a unitary operator
F from Ey(I)H onto L?(I;C) such that for every Borel set I’ C I one has FE;(I')F~! = xp, where
x 1 denotes the operator of multiplication by the characteristic function of I'.

Assumption 3.6 There exist B(K,C)-valued functions T'(A,¢,Y) and
T(\ ¢, Z), Xel,such that

(i) T(-,¢,Y) and T'(-, ¢, Z) are locally Holder continuous in I with respect to the operator norm.

(i) There exist dense subsets D C D(Y*) and D’ C D(Z*) such that for any u € D and v € D’ one
has

T\, ¢, Y)u= (FE(I)Y*u)(N), T(\c, Z)v=(FEi(I)Z*v)(A\) fora.e Ael. (3.12)

Assumption 3.7 For one (or equivalently all) z € p(H;) either

YRi(2) € Boo(H,K) or ZR1(2) € Boo(H, K).

Here Boo(H, K) denotes the set of compact operators from H to K.

Assumption 3.8 The subspace generated by {E;(I")Y*u | u € D(Y*),I’ C I a Borel set} is dense
in B;(IH, j=1,2.

Remark 3.9 [22] Since H is separable, Assumption 3.5 is equivalent to assuming that H, has
absolutely continuous spectrum in I with constant multiplicity. Moreover, C is determined uniquely
up to unitary equivalence and F' is uniquely determined up to unitary equivalence with decomposable,
unitary operators on L?(I;C).

Since these assumptions are identical with the ones in [22] we have all the results of ([22] §3, §4 ) at
our disposal; e.g., the norm limits

Gi+(\,¢) :=n— hl%l Gi(Atiec), Qir(N\c):=n— hl%l Q1(\ tie, c) (3.13)



exist (see [22] Theorem 3.9) and introducing
etr(c):={N eI |Gix(Ac)is not one to one }, e(c) :=es(c)Ue_(c) (3.14)

(e(c) is a closed set of Lebesgue measure zero [22]) we get for A € I\ ex(c) the existence of the
boundary values

Gas (A c) =n— hﬁ? Ga(X £ i, ¢) (3.15)
and
Gar (N ¢) = Gi(\,¢)7t (3.16)

(see [22] Theorem 3.10).

Also Theorems 3.11- 3.13 and 6.3 of [22] are valid. In particular, we obtain for the fibers of the
scattering operator

Theorem 3.10 [22] For A € I\ e(c) the scattering matrix S(\, ¢) in C associated with the pair
(Hs, Hy) is given by

SN\, ¢)=1=-2miT(\, ¢, Y)Goy (N, ¢)T(\, ¢, Z)*. (3.17)
S(+,¢) is unitary in C and locally Holder continuous on I \ e(c) with respect to the norm in B(C).

4. Holomorphy of the scattering matrix in ¢ ? and relativistic cor-
rections

In this section we combine Sections 2 and 3 and establish a holomorphic expansion of the abstract
scattering matrix with respect to ¢~2 around its nonrelativistic counterpart at ¢=2 = 0. Moreover, we
explicitly determine the first correction of the scattering matrix of order ¢~2 in terms of nonrelativistic
scattering quantities in Theorem 4.2.

Let I CR* :=(0,00) and define
Lip:={A|AeT\es(c?=0)}, ly=I NIy (4.1)

In addition we strengthen Assumptions 3.2 and 3.6 by introducing
Assumption 4.1 (i) For A € I, T(\,¢,Y) and T(), ¢, Z) are holomorphic in ¢~2 around ¢=2 = 0 and
(ii) for X € I

Qu+(A,0) = leiﬁ)l Qu+(A + i€, ¢) (4.2)

2

is holomorphic in ¢~2 around ¢=2 = 0.

Based on Theorem 2.1 we now turn to the expansion of Go4 (A, ¢), A € I1g.

Gor (N o) = (GieNe) =14+ Qi (N e) = 13{61(1 + ZRi (A +ie)Y*) ! =

(4.3)
—1

-1
. 0 cA* . « ) (0) 1 _
:13${1+Z<( A —9me? ) —()\+26)> Y } = G2+(A)+C—2G2+()\)+O(c b,
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where (" n e Ny denotes the order of the expansion involved.

(Since Gay (A, ¢) = limjg G2(\ + i€, ¢) is continuous in z = A + ie and holomorphic in ¢~ we may

interchange the limits.)

Next define
go(2) == (L + ol 2(HY = 2) Moy |V, 2= A+iee>0, gox(N) =limgp(AEie).  (44)
We then get
0
GO =i 92(2) At 45
e f“( P ) ) 1) P 9
and
(1) bii(z)  bia(2) _ ,
Gyl(A) = 161%1 < bor(2)  boa(2) ) z=\+ie (4.6)
with
A
bu(z) = —ga(2)or Ru(@)lon?ga2(2) + ga(2)or* Ria(@) o vy o () = 2) 7 on |2 ga(2),
bia(2) = —ga(2)vy " Raa(2) a2,
A
br(2) = ol (1) — )l (el Rl Pea(2) — o) R (] (2)
12 L (B — ) on | 2ga )0l Bua(2) oo [V 20}/ 22 (HO — )7 fon |2 n(2)
2 2wm 1 1 2 2m 1
(4.7)
A
g Roa(2) o203/ - (HY — 2) Y|/ ga(2),
2m
_ 1/2£ 0 _N—1p,, (1/2 1/2 /2 _ ,1/2 1/2
boa(2) = vy o (HY = 2)” or] FFg2(2)vy " Riz(2)[ve] vy " Raa(2)|v2| /7,
where (cf. 2.14)
Rui(z) = (2m)2(HY — 2) 'A*A(HY — 2)7',  Ria(2) = (2m) "' (H — 2) 7' A",
(4.8)
Ro1(2) = (2m)*222(H? — z)*lA(H? — z)*l, Roo(2) = (2m)*1z(H? — z)*l.
Next we turn to the operators T'(\,¢,Y) and T'(\, ¢, Z)*, A € I. We introduce the abbrevations
A ck?(\, c)
d R — A
k(N c) = \/Qm)\(l—i— soa) Ro(he) =g A0, (4.9)

If A € (A1, A2) = I, then k%(X,c) € <\/2m)\11 /14 3215, v/2mAz /1 + 2;;) =: I. (Especially in the
case I = (0,00) we have I = I = I? = (0,00).)

By Assumption 3.5 , a2 and hence A* A, AA* are absolutely continuous in 12 with constant multiplicity.



Now we consider the analogs Uy, M of F and T when A* A replaces Hj.

Let Uy be the unitary operator that diagonalizes A*A on I2. For h € Ey(I?)H; (where E(-) denotes
the spectral measure for A*A) Uy yields

Uo : Bo(IYHy — L*(I%,dp;C),  (UgA*AR)(n) = p(Uoh)(p), p € I2. (4.10)

In addition we need the operator M (k, D) : D(D) — C, where D : D(D) — Hi, D(D) C K4
or Ka, D closed

M(k,D)h = (UyEo(I*)Dh)(k*), heD(D), k:=/pu, fora e kel. (4.11)

In concrete applications the closure of M (k, D) will be a Hilbert Schmidt operator. This closure is
then denoted by M (k, D), too.

Now we are in position to construct the unitary operator F that diagonalizes H%(c) —mc? on I C R*.
For f € E1(I,c)H (where E1(-,c) denotes the spectral measure for H%(c) — mc?) F yields

F:Ei(I,o)H = Ei(I,c)(Hy © Hs) — L*(I,d\;C),

d
wmwzwiQ%m sy ) @, r=( 1), (1.12)
(F[H(c) — mc®f)(N) = MEFF)(N), AelCRT. (4.13)

We note that on the subspace of positive energies the abstract Foldy Wouthuysen transformation
coincides with the abstract spectral transformation (see [33], [34]). The representation (4.12), (4.13)
is due to the supersymmetric structure of «.

Given these facts we can now express T'(\,¢,Y) : K — C, A € I in terms of M from (4.11) in the form

kd

B IMO )1+ o MO Ao ) 1], f = (g) ek (414)

For T(A\, ¢, Z)* : C — K, X € I, we get

d d ,1/2\x%
T\ e 2)yh = [ M0 e (4.15)
cko \ LMk, A* vy ") *h

Now we can expand T(\,¢,Y) and T(\, ¢, Z)*, A € I with respect to ¢~2 as follows: Define
k* = V2m\ (4.16)

then, for |¢~2| small enough,
T\ e Y) ZC%T (4.17)

T(\ ¢, Z)* ZC_QJT (4.18)



where

TONY) =v2m ( Mk, |01|'?) 0), (4.19)

s . 1/2
TOMW 2" =vam | | M(k?, v, )1 2, | (4.20)
oM (ke A*oy/?)

(1) _ (ks)z s 1/2
T\ Y) \/%8m2(M(k,|v1| ) 0)

(4.21)

_|_\/2m< (ks)3M/(kS7 ‘1}1]1/2) ﬁM(kLs”A*’vQ‘l/Q) ) ,

8m?
where M’(k*,|v1]*/?) denotes the derivative of M (k, |v1|'/?) with respect to k at k = k* and
s\2 1/2v«
TOW, 2)* = Vam e L (- MEnT)
’ 8m?2 #M(kS,A*U;/2)*
(4.22)

+V 2m ( _(ks)2

8ms3

k)3 s 1/2\4
B M (k ,vl/s)
M(k‘s,A*’U;/Q)* + ](_]én)l3M/(ks7A*v;/2)*

We can now state the following result for the fibers of the scattering operator.

Theorem 4.2 For \ € Iy, the scattering matrix S(), ¢) associated with the pair (H(c) —mc?, H(c) —

mc?) is holomorphic in ¢~2 around ¢=2 = 0 and we get the following expansion
e . .
S(A¢) =1-2miT (A, c,Y)Gor (M )TN, ¢, 2)" = SU(N)
j=0

1
= SO\ — C—22wi{T(1)(/\,Y)GQ(A)T(O)()\, Z)* + TONY)GNTO (A, 2)*

0 % _
+TO V)G WTO (A, 2) }+ O@c™). (4.23)
We therefore get
SO =1 — 2 { omM (k*, [v1|/2) gas ()M (k*, v1/2)* } xe I (4.24)

the scattering matrix for the associated pair of Pauli operators (Hy, HY) (illustrating the nonrelativistic
limit) and the explicit correction term of order ¢~2
(k)

. ks 3 / S S *
SO = EL 00 -1 20 { M@ 0 MG 01

1 s * =) — s *
— 5 M A el /) [0y 2 ACHY = A = i0) 7 or V2] gar )M (K, 0} ?)

1 s * S * * ks 3 s ! s *
o Mk A )M (kA0 ) E g o [/2) g ()0 (8 012)
(ks)Q s 1/2 1/2/ 770 L\ —1 gk 0 .\ —1 1/2 s 1/2\x
~ o MO ol gz 0 [ 2 (BT = X = 0) A ACHD = A= i0) ™ un gz OMK 1)
1 s . .. s .
g MR o) g (V) [012 (B = A= i0) 7 A% o7 [0 2ACH] = A = i0) " on 2] gar )M (*, 0}/
1 s . - * s * *
—%M(k‘,|v1|1/2)gg+()\)[vi/2(H?—A—zO) A |v2|1/2]M(lc‘,A vl } A€ Io. (4.25)
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Remark 4.3 Even though we may take K; = H;,j = 1,2,K = H for the applications we have
in mind in Section 5, generalizations to singular interactions (of Yukawa-type) usually require the
introduction of weighted L?-spaces or certain Sobolev spaces, where Kj ; Hj,j = 1,2 (see e.g. [2],
[19], [20], [26]). For completeness we included this generalization in Sections 3 and 4.

Remark 4.4 Following the usual convention we have subtracted the rest energy mc? from H(c) and
then studied 7 C RT. Similarly one could add the rest energy and consider I C (—o0,0).

Remark 4.5 For later purpose (see e.g. (5.40) we note that Assumption 4.1 (ii) implies that

d
W PHO — X = i0) oy V2. (4.26)

1/2 cA —
o2 (HY = A= i0) o' = Ty

5. Applications

Finally, we illustrate the abstract result of Theorem 4.2 with the help of two concrete realizations:
One-dimensional Dirac operators in Section 5.1 and three-dimensional ones in Section 5.2. General
references on relativistic spectral and scattering theory relevant in the present context are [8], [15],
[21], [25], [26], [27], [30], [34], [35], [39], [43].

5.1 The Dirac operator in L?(R)?

The free Dirac operator H’(c) in L?(R)? is defined by

H(c) := cpoy + mcto3, m,c € RT, D(H’(c)) = H*'(R)?, (5.1)

_ (Y 1! _ (0 _(1 0 __.4d 21

Let V be the maximal multiplication operator with the real-valued function v = v(x), and for some
a > 0 assume

ey e LYR) N L2(R). (5.3)
The Dirac operator H(c) in L?(R)? is then defined as

H(c):= Hc)+V, D(H(c)) = D(H(c)). (5.4)
H(c) is self-adjoint and

Oess(H(c)) = (—o00, —mc?] U [mc?, o0). (5.5)
In order to prove this statement we note that f € H*!(R) implies f € L>°(R) and thus

o fll2 < f[oll2 || flleo < oo implying  D(p) € D(V). (5.6)

The integral kernel k(x,y) of V(H%(c) — 2)~! is given by (see e.g. [13])

z,y) =v(x eié‘x_y‘i ko'l sgn(@ —Y) P —00, —mc?] U [mc?, oo
) = ol (T ) e € (oo -me?] U e, o)




This integral kernel is in L?(R x R)? and therefore the potential V is relatively compact with respect
to H%(c). Weyl’s theorem [29], p. 112 then yields (5.5).

Subtracting the rest energy according to (3.1) we therefore identify

Hi=Ho=K,=Ko=L*R), I=R", e=0, C= C?% (5.9)
* - d 2,1
A=A"=p= i D(A) = H*(R), (5.10)

Vi=Va=V, V=02 o= [p|'?sgn(v),
(5.11)
Y =Y*=DB(c) w2 Z=2"=B(cp'

Then clearly Assumptions 3.1-3.3, 3.5 and 3.7 are satisfied. Assumption 3.6 follows from the explicit
expression (5.18) and Assumption 3.7. Assumption 3.8 is clearly satisfied if Ran(|v|'/?) is dense in
L%(R). This in turn is satisfied if supp(|v|'/2) = R. If supp(|v|'/?) ; R one simply replaces |v|'/? by

1/2

|0|*/=, where

iz @)V, x e supp(v)
|5(z)[ /2 __{ - v ¢ supp(v), (5.12)

since then V = v'/2[y|1/2 = v1/2|3|'/2. Hence we always may assume supp(|v|'/2) = R without loss of
generality.

It remains to verify Assumption 4.1.

(i) Holomorphy of Q14+ (A, ¢), A > 0.

The integral kernel g(x,y, A, ¢) of

Q1+ (A, ¢) = v2B(e)(H(¢) — mc® — X —i0) "' B(c) v '/? (5.13)
reads
A dsma—y)
q(w,y, A ¢) = v(x) 2tV o)/, A >0,
2 ~ ko
sgn(z — y) c
(5.14)
A E*(N) A
d 1.5 1/2 s _ _ 1/2
= 14+ ——= =V2 = 1 .
k (A,C) k ()‘)< + 277162) ) k ()\> m)‘v ko(A,C) 2me ( + 2m02)
Define the compact set M C C
M = {0_2 e C ‘ 172 < |eg?| < 2m and 2[Imk?(\, ¢)| < ksL < a}. (5.15)
=0T T
Using
A k k* A 1 2m A
K=k + 2m|cg|) | c < Qm\cgl( 2m|cg|) ’ |C/<:0| ~ ks (1+ 2m|c(2]|)
(5.16)
and a matrix norm || - || in C? we get for ¢=2 € M the bound
lla(z,y. A e)l| < const(A,a) |o(@)|/*|u(y)[/2e ez v, (5.17)

10



For ¢=2 € M and fixed A we have a family of uniformly bounded Hilbert Schmidt operators. Since
the integral kernel ¢(z,y, A, ¢) is a holomorphic function of ¢=2? around ¢~2 = 0 we get holomorphy of
Q1+(\, ¢) by (5.3) and (5.13).

(ii) Holomorphy of T'(\,¢,Y), A > 0.

The integral kernel t(x, A, ¢) of T(\,¢,Y) : L2(R)? — C2, is explicitly given by (see [30] and (4.12))

_iLd _iLd
ezkm k?oezkm

1 1
t(x,\,c) = — v(z)|'/? , 5.18
( ) o Tkol ()] e akie (5.18)
c
[t(x, X, ¢)]] < const(X, a)|v(z)]/2e2!®], (5.19)

(We note that F maps L?(R)? — L%((0,0); C?), see [30].)

2 ¢ M this is also a family of uniformly bounded Hilbert Schmidt operators, with integral

2 around ¢ 2 = 0.

For ¢~
kernel holomorphic in ¢=2 and therefore T (A, ¢,Y) is holomorphic in ¢~

The holomorphy of T'(\, ¢, Z)* follows analogously.
The operator Uy that diagonalizes A*A = p? is given by Uy : L?(R) — L?((0, 00),du; C?),

_ L ( (Urf)(VR) 2
(UOf)(/L) - \/ilu ( (UFf)(_\//_i) )a fekrL (R)v (5'20)
with
(Upf)(k) :=s— lim dee™* f(z), fe L*R) (5.21)

oo Jj|<r
the Fourier transform in L?(R). Thus we get M (k%, |v|'/2) : L*(R) — C?,

(Uplol'2 £) (k) )

MK, o]/ f = (k2 (
V2 (Up[o]/2f)(— k%)

S e (@) V2 f (z)da < [V 2401 (k9), £ >

:(k‘d>_1/2 1 > :(kd)—l/Q 1
VAR \ o2 ebtefo(a) 2 (@) VAR \ <o 2y, £ >
feL*R), (522)
where
o (ke w) = e e (m1)F j=1,2, (5.23)

< -,- > denotes the scalar product in L*(R), and M (k% A*|v|'/?) : L*(R) — C2,

< [0V 2o1 (kY), f >
M AT = ()2 . T IE), (5:29)
T\ = < o] Y20z (k?), f >

11



For the adjoint operators we get M (k% v'/2)* : C? — L?*(R),

* - 1 iklx —ikx
(M(kd,v1/2) h)(x):(k:d) WEU(QC)W (ek hy + etk hg) (5.25)

and M(k4, A*v'/?)* . C? — L*(R),

1 i1d i1ed h
d px,1/2\* — (d\1/2 1/2 ( ik%xy  _—ik%x — 1 2
(M(k: , Afv™?) h) (z) = (k%) —\/Ev(a}) <e hy —e hg), h < > c C°.

(5.26)

The physical solutions % j of the Schrédinger equation are defined by the Fredholm (resp. Lippmann-
Schwinger) equation

Ul/Qwij — 92i()\)vl/2¢8j7 1/J(S)j(ks,$) — ea‘k%’ kS — /Zm)\, € = (_1)j+17
i=12 A>0, (5.27)

where go4 (A) has been defined in (4.4). From Jost function techniques we know that ex = (), implying
that goy(A) is invertible for all A € R (see e. g. [9], [28]).

For the nonrelativistic limit we get from (4.24) the well known formula

TIO(N) RrO(A : s ] .
SO0) = (Tuotn oy ) = 1= 2 [ s M, 017)

o < IR0 (R, 0P (k) > < Jol R (), 0! 2o (k%) >
< o2y (k%), 0! Py (R°) > < o' Py (k°), 0! P05 (k) >
(5.28)

where THO) RIO) 77(0) Rr(0) denote the transmission and reflection coefficients from left resp. right
incidence.

We note that 17, = T(O)fi, Pl = TO) f5 where fi are the Jost solutions in the notation of [9]. We
also note that ¢* ,(k*, x) = 5, (—k° x) and ¥* | (k*, x) = ¢55(—k*,x). One has e.g.,

1 _ 2m —ik’zx S (1.8 1 o 2m ikSz S (1.8
O l=o0 /Re v(x) f1 (k% z)de, GOI 1-o7s /Re v(z) f2(k°, x)dz,

ROY(X\)  2m e o
T ~ 2k J, ¢ @),

RO 2m
TrO(\)  2iks Jg

"R Ty (2) f2 (k°, x)da. (5.29)

Calculating the remaining terms on the right hand side of (4.25) yields:

2nd term

e (<020 () 20 () > < ol 2 (k) 0 2 (k) >

16
TN < V2 (k%) 020 (%) > < o]V Py (kS), 0 2y (k%) >
(5.30)
oy (= < AR (), 0B () > = < alol V2 (k). V2 (k) >
+—
8m

< afoVPg (), v 2 (k) > < afoV2eg (), v PP, (k) >

12



3" term

( < o2 k%), 0 Pty (k%) > < o' (k°), v Py, (k°) > )

— < [R5y k%), 0 P (k%) > — < o[y (k) v 2py (k) >
(5.31)
ik ( < ol 2 (), 0205 (6) > — < ol 208 (k). 2y (k) > )
+— :
4m
—< ’U|1/2¢82(k8)a01/21/’31(]“8) > < |U|1/2¢32(k8)aU1/2¢82(k5) >
We remark that the integral kernel of v'/2A(HY — X —i0)~v|'/2 is given by
V' PAHY = X —i0) oV (a,2") = %v(x)l/%gn(x — a!)e® Iy (2!) 12, (5.32)
4th term
ik ( < P20 (6), 02 () > = < [o] V20 (k) 0 2 (k) > ) -
v . 5.33
4m S S S S S S S S
- < lvll/Qwoz(k >,v1/2w01(/€ ) > < ’U’1/21/’02<k )7U1/2¢02(k7 ) >
5th term
" ( < o2y (), 0205, () > < o] V205 (k) 01/ 20, (k) > )
16
TN < ol P k%), 0 2 (k%) > < ol VP (), 0 2, (k°) >
(5.34)
(k*)” ( < [ol 2%y (k%) 20! Py (k) > = < [of V200 (k°), 20! ey (k%) > )
3 .
TN < sy (k) o (k) > = < o[ M20 o (R), mol Py (k) >
6" term
ik* mi1 mi9
8m? ( ma1 M2 > ’ (5:35)
where
miy =< [v[V20% (k)02 (H) — X —i0) Tp? (HY — X —i0) Mo Y22y (k) >,
12 =< [0 V22, (k°), 0P (HY = X = i0) P (HY — X —i0) Mo /202y, (k) >,
21 =< 0] 2% 5 (k%), 02 (HY) = X = i0) " p? (HY — A —i0) Mo /202y, (k) >,
mag =< [v|"2Y%,(k*), 02 (HY) = X = i0) "' (HY — X —i0) ™ o]0 Py, (k) > . (5.36)
7t term
—1 nie o N2
dmks ( ng1  N22 > ’ (5:37)
where
nit =< o 2p(% (k%) — 03y (%)), v 2p (s (6°) — iy (%)) >,
n1z =< [0 2p(v* ) (k%) — 4§y (K*)), v 2 p(i o (k%) — (k%)) >,
ng1 =< |v] /2p(¢8—2(k78) - ¢82(k8))701/2p(¢i1(k8) — P51 (k%)) >,
naa =< [['2p(% 5 (k°) — o)), 0" Pp(13a (k) — ¥ia (k")) > . (5.38)



8th term

%(<w”ﬂ V21 (k7) = i (k) 012 (k7)) > —QW%wnW%wmwnwwmwn>>
BN < ol (s () — (K)o 2 () > — < o] (5 (k) — 9 (), v 2 (k%)) >
(5.39)

Using (4.26) we get

ik® < oY% (K°), [0 2(HY — X —i0) 72 |u Y2l 2% (k°) >

= —m < [v[V2S 4 (k%), 20" 28 (k%) > +m < z|v]/ 28 (K°), v/ 25, (k) >

1.8 d S S S S
=ik o < ol P (), 0! P () > (5.40)

Summing up we get for the first order correction term of order ¢=2 of the scattering matrix (in terms
of transmission and reflection coefficients)

T RO () k%)% dS© ()
SHQ) = ( RszA; TT(I)E/\; > (87”)3 ‘“( )

1 < o2t (k) 01 2pg (k) > < ol 2pwt | (k) 01 2pus o (k) >
+—
4imks

< [0 2ps (k%) 01 2pes (k%) > < 0] 2pups (k%) 01 2pps o (5) >
ks (< o' /22y (), 0! 20, (k%) > < v1/2w81<k5>,v1/%i2<k8>>)
, A>0

+
¥
TN <o,y (), 0 P (k) > < ol PR (k) 0! P, (k) >
(5.41)
5.2 The Dirac operator in L*(R3)?
The free Dirac operator H’(c) in L?(R?)* is defined by:
H(¢) := cap + fmc®, m,ceRT, DH(c)) = H*'(R?)*, (5.42)

where

(0NN (0 Y (0 (0 @) g (10
A=\ 1 0)2 i 0) Lo -1 )% s o) P Lo —1)

o = (01,02,03), o= (a,a,a3),
pi= iV, D(p)= H*(RY). (5.43)

Define (cf. e.g. [40], p. 305)

3 2 p—311/2
M, ,(x) = { e dylv(y)|“|x — y| } , v measureable, p <3,
z—y|<1

{v | My,(-) bounded }, (5.44)

3 1/2 3 2 (3
/ d’ylv(y)| } , forall z € R°, and v € Li,.(R”). (5.45)
le—y|<1
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and let V' be the maximal operator of multiplication with the real-valued function v = v(x), where

v € M,(R?) for some p < 2. (5.46)
v e LY(R3). (5.47)
ve®! fullfills (5.46) and (5.47) for some a > 0. (5.48)

The Dirac operator H(c) in L?(R3)* is now defined as

H(c):= H%c)+V, D(H(c)) = D(H(c)). (5.49)

The hypotheses (5.46)-(5.48) then imply
(i) V is H%(c) bounded with relative bound 0 by (5.46). (see [40], Theorem 10.18)

(i) Since v € M,(R?) with p < 2 it follows that v'/? € M, (R?) with o < 1 and
M,(R3) C M,(R3),0 < p.

Since v'/2 € L2(R?) we have N,i/2(x) — 0 for |z| — oco.

Thus V1/2 is H%(¢c) compact (cf. [40], Auxiliary theorem 10.24 and Theorem 10.21).

Subtracting the rest energy according to (3.1) we therefore identify:

Hi=Ho =K =Ko=L*R?? T=R", ILg=1I\es(c?=0), C=L*S5??

(5.50)
* D3 P1 — ip2 2,1 312 L0
A=A = . 5 D(A) =H> (R ; j — — 53— :172737
< p1+ip2  —p3 > (4) (D% ps Zaﬂfj J
(5.51)
Vi=Ve=V, V=0op"2 o2 = |v]'/? sgn(v),
(5.52)

Y =Y*=B(c) V2, Z=2"= B/

(Here S? denotes the unit sphere in R3.) Due to our hypothesis (5.48), e(c) is a discrete set [26].

Clearly Assumptions 3.1-3.3, 3.5 and 3.7 are satisfied. Assumption 3.6 follows from the explicit
expression (5.60) and Assumption 3.7. Assumption 3.8 can be dealt with in exactly the same way as
in Section 5.1. It remains to verify Assumption 4.1.

(i) Holomorphy of Q14+ (A, ¢), A € L.
The integral kernel ¢(x,y, A, ¢) of

Q1+ (A, ¢) = v 2B(e)(H(¢) — mc® — A —i0) "' B(c) " v|'/? (5.53)
is given by
aip a2 aiz ai4
a1 Qa22 a3 a24 ’U(y)|1/27 (5.54)

|z —y| 47 | as1 as2 asz asa
aqr 42 43 44

15



a11 = a2 = g-i-?m, as3 = Q44 = 0—2, a12 = a1 = azq = a43 = 0,

a a .
aiz = g(xg — y3), a4 = 6—2[(331 - yl) - Z(xQ - 92)}7
a . a
a3 = C—Q[(Cfl —y1) +i(x2 —y2)], a = —6—2(1‘3 —Y3),
asz) = a(a:g - yg), agz2 = a[(ﬂfl - yl) - i(ﬂfz - yz)],
ag = a(xy —y1) +ilxa — )], au = —a(zz —y3),

el ke =k0+—)2 k¥ =V2m,

2mc?

where
- a2 ]{Zd _ . R3
a(r,y) = |z —y| (k%2 —y|+1i), zyeR z#y.

Define the compact set M C C

2
Mi={ce C ‘ 2 < Jer?] < 2™ and 2|Imk¢(N, o) < ks < of
A mlcg|

Using

A
K < k(14 )12

and a matrix norm || - || in C* we get for ¢=2 € M the bound (cf. [8])

Lo,
lz =yl |z —yl?

lla(z, y, A ol < const(X, a) [o()[/?|o(y)|"/?es ez (

).

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

For ¢=2 € M and fixed A\ we have a family of uniformly bounded operators (using [40], Theorem 6.24,
the fact that v'/2e2l € M,, o < 1 and v'/2e2)| € L2(R3)). Since the integral kernel g(z,y, A, ¢) is a

holomorphic function of ¢=2 around ¢=2 = 0 we get holomorphy of Q14 (), c).

(ii) Holomorphy of T'(\, ¢, Y), A > 0.

The integral kernel t(z, A, c,w) of T(\,¢,Y) : L2(R3)* — L2(S5?)? is given by (see [34] and (4.12))

d 2 2 .
Hr, Ay 0) = (2) /22 [ 2T bty 172,
C
1 0 ]%Ow;; k—co(wl — iwg) \
, ko=4/+—o—5, weS
ko A+ 2mc

0 1 ?(wl + iws) —I%Ow?,
(We note that F' maps L?(R3)* — L2((0,00); L?(5%)?) ( see [34]).) For A € I we get

|[t(w, 2, X, €)]] < const(\, a)|v(z)]/ ez,

16
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2

For ¢7% € M this is also a family of uniformly bounded Hilbert Schmidt operators (since ve?ll e

L'(R?), with integral kernel holomorphic in ¢~2 and therefore T'(\, ¢, Y) is holomorphic in ¢~2 around
c2=0.
The holomorphy of T'(\, ¢, Z)* follows similarly.
In particular, S(\, c¢) — 1 is a trace class operator, i. e.,
[S(\,¢) — 1] € Bi(L*(S*)?), AeT\ei(c). (5.62)
The operator Uy that diagonalizes A*A is given by Uy : L?(R3)2 — L2((0, 00), du; L?(S?)?),
1 )
(Uof) (1, w)); = ENI/ZL(UFfj)(\/l_‘W)a i=12 wes’ fel’®R’) (5.63)
with
(Upf)(kw) =5 — lim e Bre ™ f(z), feL*R, k=u, k>0, (5.64)
the Fourier transform in L?(R3).
Thus we get M (k% [v|'/?) : L?(R%)? — L?(5?)?,
1
(MO W 2)7) @) = S R (Ul 1) (k) (5.65)
1 .d
_ = kd 1/2 o1 —3/2/ d3xe—zk’ WT | (o 1/2 p. z
ﬂ()() - o) /= fj(x)
1
= E(1<;d)1/2(27r)—3/2 < |M2o(ktw), fj >, fi € LA(R3), j=1,2,
where g (k%w, z) := ¢*w and < -,- > now denotes the scalar product in L2(R3).
Similarly we have M (k4, A*|v|'/2) : L2(R3)? — L?(S?)2,
d 4% 1/2 _ 1 aysye —3/2 w3 w1 — w2 < |U|1/2¢0(kd°~’)af3 >
(e, Ao 7)) = sty em e (T Y (SR ),
feL*R%> (5.66)

For the corresponding adjoint operators we obtain M (k% v'/2)* . L%(S%)? — L?(R3)?,

(M(kd,vl/2)*h> (:L')] _ %(kd)l/Q(Qﬂ')_g/27)<l')l/2/ dweikdwrhj<w)’ h] c L2(S2), ] — 1727
52
(5.67)
and M (k?, A*0'/2)* . L2(5?)? — L*(R3)?,
(kd)3/2(27r)73/21)(x)1/2 /S2 dw( » li3iw2) (WI_ZJZwﬂ > ( Z;Ez; >eikdw17
h e L*(S?)*. (5.68)

(MK, A7) h) (@) =

Sl -

The physical solutions ¥% of the Schrédinger (Pauli) equation are defined by the Fredholm (resp.
Lippmann-Schwinger) equation ( see e. g. [1], [28])

V21 (KPw) == gor W0V (KPw),  di(ktw,x) = Tk =V2m)\, A€, we S
(5.69)
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For the nonrelativistic limit S(®(\) we get from (4.24) the well known result [1], [3], [4] [22], [24], [28]

(SO (W) = ([L = 2mi2mM (k°, [v]/2)gor (N M (k*, v'/2)|h) (w); =

S s 1.8, ,/
= hj(w) — 27Ti%2m(27r)*3 /11%{3 Bae @y (2) Y2 gay (N0 /2(4) /52 dw'e® @ Oh (W'
(5.70)

= hj(w) — imk*(2r) /S () < [l PR w), o P () >,

hj € L*(S?), j=1,2, a. e M€l
Calculating the remaining terms on the right hand side of (4.25) yields:
2" term
i(ks):s
16m

(2m) / d’ < [o] P (Rw), 028 (k') > ()
SQ
(5.71)
(k)

—L (om)2 /S ! < ol ) w), 0 () > (), =12

37 term

e [ ()

where

bi(w,w) = < o] V25 (R w), w30 [pa (e (k) — 6 (K (o)
(o1 — ip2) (W (R°w') — 5 (k%) ha(W)] > + < [o] /205 (kw), (w1 — iwe)0™/? -
[p1 + ip2) (U3 (k) — 05 () (&) — pa (i (K°w') — 5 (k) ha(w)] >,
(5.73)

ba(w,w') = < oY (k*w), (w1 + dwa)v!?[ps (V5 (k°w') — % (k°w'))hn (W)
+(p1 — ip2) (W5 (k*0) = 5 (kW) ha ()] > — < o245 (k*w), wv'/?
[(p1 +ip2) (V5 (R°w") — ¥ (B°w')ha (W) = pa (95 (k°w) — 93 (K°w'))ha(w)] > .

4t term
_i(ks)g -2 / 1/2,1,8(1.8 1/2,/s(1.8, /
———(2m) dw < [v[77Pg(kPw), v/ g (kW) > -
4m S2
([ wawy + (w1 — dws) (W) + ws) wa(w) — iwh) — (w1 — iwa)wh hy(w')
(w1 + iwo)wh — ws(w] +iwh) (w1 + iwe) (W) — iwh) + waw} '

5t term

(kS 3 B
_%(27‘—) ? /S2 dw/ < |U|1/2¢8(k?SW),Ul/zd}i(ksw’) > hj(w/)
(5.75)
ks 4
+(8—")1(27r)2 /52 dw’ < [o]'Py2 (Kw), v (W - @)y (ko) > b)), G =1,2.
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6t term

/l: ks 3 — S S S S S S
em® [ dor < P) — 02 (B o208 () > by ()
i(k°)° o o / 1215 (1.8 1/2( 770 =21 11/21, /2,18 (1.8, ,
+ p” (2m) . dw' < o[ =pE (KPw), v /= (Hy — X —40) " “|v|/“Jo/ 9L (k°W') > hji(w'),
j=1,2.  (5.76)
7t term
ik® -2 / dl(wvw/)
2 5.77
wem? [ (gee)). (5.7
where

di(w, o) = < o] Pps(v§(k*w) — 2 (k*w)), 0" 2 [ps (5 (k°w') — ¥5L (k*0)) ha (o)
+(p1 — ip2) (W5 (k°w) = 3 (kW) ha(W)] > + < [o]2(p1 + ip2) (W5 (k°w) — 42 (K*w)), v!/2 -
[(p1 + ip2) (V5 (R°w') = ¥ (F°w')ha (@) = pa(95 (kW) — 93 (K°w'))ha(w)] >,

(5.78)
da(w,w') = < [v["2(p1 — ip2) (V5 (k°w) — 2 (K*w)), v [ps (5 (kW) — 95 (kW) (o)
+(p1 — ip2) (V5 (K°W) = U5 (KW ) ha ()] > — < [o] 2 pa(45 (k°w) — 92 (k*w)), 0"/ -
[(p1 + ip2) (V5 (F°w') — ¥ (R°w')) b (W) — p3 (5 (kW) — 3 (K*w))ha(w')] > .
In order to simplify (5.78) one can use
< "0’1/20'1)1/}8 (ksw) 1)1/20'p¢5 (ksw’) S = < all(wvw/) al?(wvw/) ) (579)
- ’ + ag (w,w')  ag(w,w') /)’
where
an(w,w) = < [o|"psyl (k°w), o' Ppapl (kW) >
+ < [ (p1 + ip2)ut (Kw), o' 2 (p1 + ip2)y (kW) >, (5.80)
app(w,’) = < |v]Y?payl (Kw), v (p1 — ipe)ys (K*w') >
— < [o]Y2(p1 + ipa) ¥l (K*w), v} 2p3ips (k5w >, (5.81)
anfw,e’) = < [o]2(pr — o)t (Kw), v pg (K°w) >
— < o' Ppay® (K*w), 0!/ (py + ip2)ts (K >, (5.82)
am(w,w) = < [o['(p1 — ip2)® (K°w), v (p1 — ip2) Y (K°w) >
+ < oY 2pap® (kPw), v 2pss (kW) > . (5.83)
8 term
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{ ( < ol 2ps (v (kw) — ¥2 (K*w)), v/ *h§(k°w') > [whhi(w') + (W] — iwh)ha(w')] )
< o' (p1 — ip2) (W (k*w) — ¥* (k°w)), v 2y5 (k*w') > [whha (W) + (Wi — iwh)ha(w')]
( < o] (p1 + ip2) (W5 (k*w) — ¥= (k*w)), v 2§ (k°w') > [(w] + iwh)hi (') — whha(w')] )l
+

— < o[ Pps (5 (k°w) — ¥ (k°w)), v 2Y5 (k°w') > [(wh + iwh)ha (W) — whha(w)]
(5.84)

Summing up we get for the first order correction term in ¢~2 of the scattering matrix

s\4
(5O ) = S (AT ) )

-~ 8m3

4im

s\3
rim) [ a |5 <oy ). o0 ) > 1
52

ﬁ 1/2 s (1.8 1/2 S (1.5, 1 ha(w')
e < ol Fepyl(Rw), v o pyl (Fw') > ho(w') )

a.e. Ael, weS? h= ( i ) € L?(5%)2. (5.85)

The analogous expansion of the scattering amplitude up to order O(c~2) can be found in Appendix
A.
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Appendix A. Comparison with the Foldy-Wouthuysen method

In this appendix we compare our approach with the Foldy-Wouthuysen (F-W) method. The F-W-
expansion is in principle a formal expansion of the unbounded Dirac operator in ¢~2 which is used
by physicists to compute relativistic corrections. (It became popular since the terms in (A.7) have
a nice physical interpretation.) Since the perturbations become more and more singular it is quite
remarkable that this expansion (interpreted appropriately) yields formally correct results (see e.g. [10]

,112]).
Let f()\ ¢ 2,w,w’) be the Dirac scattering amplitude

fO, 2w W)= —2m’%<5()\) - 1) (w,w), ae Nel, w,w €8 (A.1)

Then we get by (5.85) the following expansion

A dfONw,w) A

- —/ Pz (KPw, z)v(z)ys (5w, z)
R3

FO, e 2 w,0) = f(O)(/\,w,w’) +c7? {2m ax An

- d%(—opws<k5w>>(x)v(x)(opwﬂk%’»(x)] +0(Y, (A.2)

8rtm R3
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O W) = fZTri% (590) 1) ()
> »
= —ﬁ . Bre” Ty (2)d (KW, 2). (A.3)

This expansion of the scattering amplitude f(\, ¢™2, w,w’) coincides with the expansion of the scatter-
ing amplitude t(\, ¢ =2, w,w’) of [14] after multiplying t()\, ¢ =2, w, w’) by a factor —27r2% = —2122m(1+
A(2mc?)~!) and expanding the function e(),c™2) = A(1 4+ A(2mc?)~1) with respect to ¢=2. (We do
not average over spin states in order to keep greater generality.)

Next define the Pauli operators HY, Hy in L?(R3)? (see e.g. [12], [34])

Ho—— B g oA Ly DY) = D) = HEARY, (A.4)

2m’ 2m

where we assume that V' is the maximal multiplication operator by the real-valued function v(z) with
v € C§°(R3) for simplicity. (Here we suppress the trivial spin dependence in HY, H;.) Then

Oess(HY) = 04e(HY) = [0, 00). (A.5)
The first order F-W operators in L?(R?)? are now defined by (see e.g. [10] ,[12])

HO(e) = =2 = X A2 (o) = HOu(e) + W(0), (A.6)

o2m  8c2m3

D(Hpw)(c) = D(Hpw(c) = H*(R?)?,

where
1
Wi(e)=V+ T2c2 QAV +o(VV)APp|, p=—iV. (A7)
We have
1
UeSS(HE“W(C)) = JaC(H%W(C)) = (—oo, §m02]a
Hw (00w = M, (R w,2) = e, (A.8)
where
a2 /
FW ._ 22 o 22 _ _ 1/2 4
B o= [2771 ¢ —2m*c <1 2mc2> ] (2mA) <1+ 4’mc2> +0(c%). (A.9)

Before we compare the results of our approach and the F-W-method in connection with scattering
theory, let us briefly recall the corresponding facts for eigenvalues. For simplicity assume Ej to be
a nondegenerate bound state of Hy, i.e., Hitpg = Epio for some g € H>2(R3)2,||po|| = 1. Then
the first-order correction term Fj to the corresponding eigenvalue of the Dirac operator cap + (8 —
1)mc? +V is given by Ey 4+ % E1 with [10] ,[11]

1

E, = m(apiﬁm (V — Ep)opio). (A.10)
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In contrast to this simple formula the F-W-method has some conceptual difficulties since for negative
energies there exists no bound states. Nevertheless a formal perturbation calculation yields
pt

By = 5o |~ 2 4 SAV +0(VV) A o). (A11)

One can show that (A.10) and (A.11) are equal if e.g. 9;,0,,V € C*(R*) N L>(R?),1 < j,1 < 3. The
result can be explained in terms of spectral concentration as shown in [12]. However, we emphasize
that expression (A.10) is simpler than the traditional F-W-formula (A.11) and at the same time it
is based on an analytic expansion of the Dirac eigenvalue (rest energy subtracted) with respect to
¢ 2 rather than the somewhat artificial spectral concentration approach. Moreover, (A.11) requires
much more smoothness of the potential V' than (A.10) and, in particular, excludes Coulomb-type
singularities (which are included in [10], [11]).

Now we turn to scattering theory. Since we are interested in relativistic corrections to nonrelativistic
scattering quantities for a fixed A > 0, we consider A € (0, ch 2) and choose ¢ large enough According
to our conventions the F-W scattering amplitude frw (X, ¢™2,w,w’) for a.e. A € (0, 2mc?) is defined
by

1 , . /
fFW()\,c_Q,w,w’) — _4_9()\ 2)/ d3$e—ZkFng;W [1 o (HFW - iO)_1W] €zlcFWW ()’
7 R3
w,w € 82,
K A »
g\, ¢ 7)) = 7 —— (14 k) =2m(1 + —) +O0(c™). (A.12)
0
Expanding (A.12) in powers of ¢2 gives
frw(h e w,0) = fip (L w,o) + ¢ fap (A w,of) + 0™, (A13)
where
flg]‘zv(A,w,w/) _ d3ze~tkwe (V 1—(H —A— iO)_IV] eiksw/(')) (z)
47 R3
S Bre Ty 2yl (kW' x) = FON w, W) (A.14)
47 R3
by (A.3) and
(1) / A2 df(o <)‘ w w) _ 2_m 3,.,—tk*wx koW’ (+)
frw(Aw,w') = o —d)\ I oo d’ze (K()\)e ) () (A.15)
with
1 1 1
K(\) = [ AV +o(VV)A p] (1-RV)— WVRI [ﬁAV +o(VV)A p]
A A2
YVER AV+0(VV) AP| RV + SV = RiV) + VRV
1 1
— 4_( ~VR)) [ AV +a(VV) A } (1—RV)— wvz%l(ap)‘*Rlv
A A2
+SV(1 = RiV) + VR,
Ry=(Hy —x—i0)™,  ¢i(kw,z) = ((1 C(Hy - A+ iO)_1V)e““S”(‘)) ().  (A.16)
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We note that
[rfp, V] op = opVop —V(op)*,
/R P (K, ) < BAV +o(VV) A p} ¢1(ksw)> (z)
_ /]R it (Kw,a) ([ap, V} o-p¢j_(k5w)> () (A.17)
since
[ i () (8.VI (8) () = (A18)
Using (A.17) and (A.8) we finally obtain

dBre~ ik we (K(A)eiksw,(')) ()

R3
; 1 1
— 3,.,—tk’wx N - _
_/de re {(—4m2(1 VR) [2AV+0'(VV)/\p} (1— RV

1 4 A N pars ) ik ()

—gaVRiep) RV + —V(1 = RiV) + S—VR{V | e (z)
; 1

— 3,.,—tk’wx N -

= /RS e {(—4m2 (1= VRy)|op,V]op(l - RiV)

1 4 A z? 2 ikSw(+)
—%VRl(a'p) RV + EV(I —RiV)+ %VR:lV e (x)
= i Bre~ ik we {((1 _ VRl)V(l _ RlV)) eikswl(.)} (33)

2m R3

1 3., —tkSwz o . ikSw' (+)

o /RB o e {((1= VR (opVop) (1 - RiV)) ™0} () (A.19)

and hence (A.15) coincidences with (A.2). However, in analogy to the bound state case mentioned
before, (A.2) is much simpler than (A.15) and requires less smoothness properties of V. (In order
to speed up our treatment we did not factor V into v'/2|v|'/? and symmetrize the expressions in
(A.12)-(A.19). This can be easily done as in Section 5 and we omit the details.)
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