ON THE (MODIFIED)
KADOMTSEV-PETVIASHVILI HIERARCHY

F. GESZTESY AND K. UNTERKOFLER

ABSTRACT. We present a novel approach to the Kadomtsev-Petviashvili (KP) hierar-
chy and its modified counterpart, the mKP hierarchy based on factorizations of formal
pseudo-differential operators and a matrix-valued Lax operator for the mKP hierar-
chy. As a result of this framework we obtain new Bécklund transformations for the
KP hierarchy and the possibility of transferring classes of KP solutions into those of
mKP solutions, and vice versa. As an application of our techniques we provide a new
derivation of soliton solutions of the KP and mKP equation.

1. INTRODUCTION

In this note we extend previous results on the Gelfand-Dickey (GD) and Drinfeld-Sokolov
(DS) hierarchies and GD Bécklund transformations in [8]-[13] to the nonlinear evolu-
tion equations of the Kadomtsev-Petviashvili (KP) and modified Kadomtsev-Petviashvili
(mKP) hierarchy (see Section 2 for precise definitions of the (m)KP hierarchy). Our main
new technique, when compared to the traditional approach to the KP hierarchy (see
(2.16)), consists of replacing the usual first-order formal pseudo-differential Lax operator

-1
Li=0,+ Y wol (1.1)

j=—oc0

by an n'"-order formal pseudo-differential operator

n—2
L,=9"+ > ¢, n>2. (1.2)
j=—00
This enables us to derive new KP Backlund transformations by studying factorizations
of L, into n — 1 first-order formal differential operators A,, 1 < k < n — 1 and one
first-order formal pseudo-differential operator A, of the type

Ln = AnAn—l e AQAl, (13)

A =0; + ey 1<k<n, > np.=0, (1.4)
k=1

A=A+ Y boyo. (1.5)

j==o00
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Associated with the factorization (1.3) we introduce the following matrix-valued Lax
operator M,,

0 0 ... 0 A,
A, 0 - 0
M, = 0 Ay, . - : , n>2 (1.6)
: T 0
0 ... 0 A,q 0

for the mKP hierarchy (see (2.43)). The Miura-type identity

Loi 0 ... 0
0o L,
M = 2 , (1.7)
’ 0
0 0 Lunn
where
Log=Ap1-- Al Ay - Ap Ay, 1<k <n (1.8)

are of the form (1.2) (here indices are taken mod n), then implies in a manner well-
known from GD and DS systems (see, e.g., [13] and the references therein) the fol-
lowing link between solutions of the KP and mKP hierarchy: any solution (ﬁ, b,) =
(115 570y bnj)j<—1 of the mKP hierarchy (2.43) yields n solutions ¢, = (¢jx)j<n—2, 1 <
k < n of the KP hierarchy (2.16). Our main result in Theorem 2.5 and Corollary 2.6
reverses this procedure, i.e., given a solution ¢, = (¢j1)j<n—2 of the KP hierarchy we con-
struct an associated solution (1,b,) = (M1,... , 7, bn;)j<—1 of the mKP hierarchy and
n — 1 further solutions ¢, = (¢jx)j<n—2, 2 < k < n of the KP hierarchy. (We note that
2gn—2 and 1, 1 < k < n — 1 solve the KP equation (2.21) and mKP equation (2.52) in
standard form.) In this way whole classes of solutions such as soliton solutions, rational
solutions etc. can be transferred from the KP hierarchy to the mKP hierarchy and vice

versa.

It must be pointed out at this occasion that the use of L,, respectively M,, in the context
of the KP respectively mKP hierarchy is not new but goes back to an observation in
[21]. However, our particular factorization of L, into n — 1 formal 1**-order differential
operators and one formal 1%*-order pseudo-differential operator was not studied in [21]
and no connections to KP Backlund transformations were established. It is our use of L,,
instead of the traditional Lax operator L; (see, e.g., [3], [4], [5], [14], [17], [26], [29]) or the
partial differential operator L = 9% + 0, + u (see, e.g., [11], [12], [19], [23], [24], Chapter
3) in conjunction with the matrix-valued Lax operator M,, for the mKP hierarchy which
allows one to obtain n — 1 further solutions of the KP hierarchy as opposed to just one

further such solution in the context of L; or L.
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The efficiency of our approach is illustrated by Example 2.9 where we provide a new
derivation of soliton solutions of the KP and mKP equation. In particular, by choosing n
appropriately (n = 2N +2), our formalism allows one to construct the N-soliton KP and
associated (2N — 1)-soliton mKP solutions without recourse to formal pseudo-differential
operators but solely within the class of formal differential operators.

In order to be widely applicable, we present our main results in Section 2 in a general
algebraic framework.

Finally, we emphasize that the KP hierarchy plays an important role in a variety of
different fields including modern string theory and in connection with the solution of the
Schottky problem of compact Riemann surfaces [26], [32]. Moreover, a large variety of
completely integrable nonlinear evolution equations can be derived by special reductions

from the KP or mKP hierarchy [15], [30]. (For more complex systems requiring an

n
j=—o0

extension of L, of the form > u;09 with u,, # 1,u,-1 # 0 in general, see, e.g., [18],

20], [36]. A suitable modification of our approach extends to this situation.)

2. KP AND MKP HIERARCHIES

We start by briefly reviewing the following algebraic framework (see, e.g., [1], [2], [5],
Chapter 1, [6], [7], [13], [22], [25], [29], [31], [33]-[35] for details).

Let A be a commutative differential algebra defined over C with unity 1 and a derivation
0 : A — A satisfying the following conditions:

(i): O is surjective on A (i.e., for every f € A there exists a g € A such that dg = f).
(ii): Ais closed under exponentiation (i.e., for any f € A the expression Y02, f*/n! =
e/ yields an element of A).

The polynomial algebra (algebra of formal differential operators) generated by A U {¢}
is then given by

N .
Am:{z%g|%ergngNem}, (2.1)

J=0

where

j .
a=a, £ja=2@a“)£”, jeN,

(=0
0 =q, a¥ =20, (eN, DeA. (2.2)

We also introduce the algebra of formal pseudo-differential operators with coefficients in
A

M

AEN={ X e laea jsmmer) (2.3)

j==o0
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with the extended Leibniz rule

0 = Z(—1)f<j * ﬁ B 1) aPe7t jeN, D€A. (2.4)
=0
For elements S = Y2 5;67 € A((§71)) one writes
Sy =Y 58, S =Y 58, S=8,+5 (2.5)
Jj=0 j=—00

and calls S, the (formal) differential operator part of S. The order of S is defined by

ord(S) = max{j € Z | ~3 # F}. (2.6)
Consider for a fixed n € N an element of A((£71)) of the form

L=+ 3 ¢ e A(E™)). (2.7)

j=—o0

Then there exists an element K, = 1+ > x;&’ € A(((7)) (the formal dressing operator

j=—o00

of Zakharov-Shabat [33], [37]) such that
L, = K,£"K (2.8)
Moreover, K, is unique up to right multiplication by a constant coefficient operator
M=1+ > ¢&, ¢ = const, jeN. (2.9)
j=—o00

On the subalgebra B of A generated by ¢;, j < n — 2, we associate the degree (weight)
deg(¢)=n+0—7j,  (eN (2.10)

with qj(-z). B becomes a Z-graded algebra and 0 is then homogeneous of degree 1. (In
making use of the grading (2.10) it is implicitly assumed that there is no polynomial
relation between the qj(l).) Defining deg(§) = 1, this grading naturally extends to B[¢]
and B((¢71)). L, is then homogeneous of degree n. (We recall that K, unlike L,, is

not an element of B((£71)).)
Next, for L € A((£71)), we denote by C4({L}) the centralizer

ALy = {P e e | P.1] =0} (211

and by Z(Ca({L})) the center of the centralizer of {L}.

Let Py, = &,r € N, Py, = K, Py, K;" then P,, = (L,)= and P,, € Co({L}), ie.,
[PTLJ‘7 Ln] == 0 ertlng

(Poy)y = (Li )y = & +praf 2+ ...+ o, reN, (2.12)
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one obtains, e.g., for r =1,2,3:

(Pop)+ = & (2.13)
2

(Pop)y = &€+ Jy dn=2; (2.14)
3 3 3 —

(Pn,3>+ = 53 + EQn—2€ + E (%—3 + Tnaqn—Q) . (2.15)

Let the elements of the algebra A depend on the parameters ¢, r € N. Then for any
fixed n, the KP,, hierarchy is defined by the system

O Ly = [(Poy)+, Linl, r € N. (2.16)
In terms of the coefficients ¢; of L, (2.16) yields the KP,, system
KPTL,T’,]’(Q) = qjitT‘ - g\vvv‘(u) = ,7 H = {HE}—OQ<ZS\_€’
—0o<j<n—2 reN, (2.17)

where the &\ v | are differential polynomials in g, of degree r + ¢ — j.

Example 2.1. For q,_o and q,_3 the equations for r = 2 read
Go2p = (2= 1)0Gu2 +20q,-3, (2.18)

1
Qn—3t, = O3 + 20,4 — g(n —1)(n— 2)33%—2

2
—E(n — 2)qn,28qn,2. (219)

For gn—2+, one gets

1 3
Gn—-2,t3 = Z(n2 — 6n + 9)83%_2 — 5(71 - 3)82qn_3

3
+30Gn—_4 — g(n — 3)qn—20Gn—2. (2.20)

We can eliminate q,_3,q,—4 from (2.20) by (2.18) and (2.19) and writing ¢, = %qn,Q
yields the KP equation in standard form
- 1., 3., _ 3.

OQn—2t, = 134%—2 + 58(%—23%—2) + ZQn—Ztth- (2.21)
Remark 2.2. (i) The traditional approach uses n = 1,Ly = &+ Y1 u;&l. Then
L, = (L1)", (i.e., @n—o =nu_y, etc.) and [0, — (P1,)+, L1] = 0 implies
[0, —(P1s)+, (L1)"] = 0. The opposite direction can be proven using the dressing operator
K, : assume

01, — (Pos)+,Ln) =0, 7€N (2.22)
and define Ly = LY/™. Then P,, = Py, and (2.22) is equivalent to
(O Ka) K = (P L] = 0 (2.23)
respectively to
(K, (0, KoKt = (Pra)s ) K, €1 = 0. (2.24)
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This immediately implies

K, (0, KK, = (Pup)s) K, €] =0 (2.25)
which is equivalent to
(81, K) K, Y = (Pry)s, La] = 0. (2.26)
Hence we obtain
O Lt = O, (Knf K ) = [0 K) K L] = [(Pu) o L), reN. (2.27)

Howewver, the choice of L, with n > 2 is better suited for deriving Bdcklund transforma-

tions as will become clear in Corollary 2.6.

(ii) The reduction to the corresponding equations of the GD hierarchy now simply becomes
qg; =0 for j < —1.

(111) Since the equations for r = 2 have the form

ity = 86]j—1 - gn,2,j(qn—27 . an)w J<n-—2, (2-28)

where the gn,zj are differential polynomials in (¢n—2, ... ,q;), one can express every q; in
terms of 0"0;,qn—o withr +2s+j—n+2=0, j<n—-3, 0<s<n—-2—j,

r <n—2—j. This possibility of expressing all q;, j < n — 3 in terms of one function
is well-known to be related to the T-function formalism underlying the (m)KP hierarchy
(see, e.g., [3], [4], [5], Chapter 7, [16], [17], [28]).

In order to generate the modified KP,, hierarchy we consider the algebra (A)" of n x n-
matrices, n > 2 with entries in A and similar to (2.1) and (2.3) we then define (A[¢])"
and (A((€71))". Let

Ay = e ™™ =E+0n, € Al€], 1<k<n, > O =0, (2.29)
k=1
—1
B, = Y b€ €A, (2.30)
j=—00
A, = A, +B,, (2.31)
and define
0 0 0 A,
4, 0 0 0
My = | 0 4 .+ 1 |e (A((g*))) . (2.32)
o 0 0
0 ... 0 A,q 0

On the subalgebra B of A generated by n;, 1 <j<n-1, b,;, j <—1we associate the
degree (weight)

deg(n) =0, deg®)=¢—j+1, (€N (2.33)
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with 77](6) and bff)] B becomes a Z-graded algebra and 9 is then homogeneous of degree
1. This grading naturally extends to B[¢] and B((£71)) defining deg(¢) = 1. Hence M,,
is homogeneous of degree 1. Then

(M)" = diag (A, ApAy, AA, - Ay, Ay AyALA)

= diag(Ln1,---Lnn), (2.34)
where the L, 1,1 < k <n are of the form
n—2
Lyp ="+ Y qx&, 1<k<n, (2.35)
j=—00

n—2k = 0 ((n =D+ (7= 2)My1 + -+ Noyn—2)
+ (87]16772 + 67718773 + ...+ ann_lann) + bn,—l (236)

and it is understood that indices are taken mod n. The expressions for g,_s—;; have the

form
Gn—2—jk = bnﬁlfj + f\M‘(ﬁ, _|_\’|), ’ < Ny, ¥ < T < KX, (237)

=) ckens bnj = On—m) ey
where the F\ | are differential polynomials in 7, of degree j + 2 and in b, _,, of degree
7+1—m.
Note that
n-2k+1 — Qn—2s = —n82nk, 1<k<n, (2.38)
(where indices are again taken mod n).

Define Q,,, by

3=

Qn,r - dlag (Pn,r,la cee Pn,r,n) 3 -Pn,r,k - (Ln,k) y 1 S k S n, rec N7 (239)
ie., (see (2.13), (2.14), (2.15)),

(Poiw)+ = & (2.40)
2

(Pazi)s = &€+ —tnap, (2.41)
3 3 3—n

(Pogk)+ = E+ gnoaré+ — <Qn—3,k + 8qn_2,k> ) (2.42)
n n 2

Then the mKP,, hierarchy is defined by the system
O, My = [(Qnr )4+, M), r € N. (2.43)

In terms of the coefficients ny, b, ;, (2.43) yields the mKP,, system
= anjvtr - g\vvr‘(aﬁ’ |_\) = /’ oo S | S \7 V G N7

= byjt — g\7v7|(aﬂ, _|_\) =/, —|, V eN, (2.44)

(nk)1§k§n7 b, = (bnﬁm)mew
7

mKP,,, ; (ﬁ, b,
mKP,,, ; (Q, b,

~——  ~—

I3
I



where the G\ v | are differential polynomials in 7, 1 <k < n of degree r + 1 for j > 1,
respectively of order r +1 — j for j < —1 and in b, _,,, of degree r — m for j > 1,
respectively of order r — m — j, for 5 < —1.

Remark 2.3. The possibility of using a matriz-valued Lax operator M, in connection
with the mKP hierarchy and an n'*-order (formal pseudo-differential) operator L, in
connection with the KP hierarchy was first observed in [21]. However, our particular
factorization of L, into n — 1 1%t-order formal differential operators and one I1¥'-order
formal pseudo-differential operator and, especially, its use in obtaining KP Backlund
transformations modeled after our treatment of the GD and DS hierarchies in [13] appears

to be new.

Example 2.4. Forr =2 we get for 0, by —1,bp —m

2

Migy = O — 2000° 1, — =Oqn—a.1, 1<k<n—-1, (2.45)
n
2

Oty = 0’1 — 200,0*0, — =02 + 20b,, 1 (2.46)
n

bn,—l,tg = 82671’_1 — 2bn7_1827]n —+ 28bn7_2. (247)

bn,—m,tg = aan,—m - an,—maQTIn + 2abn,—m—l
27 <m -1

> (=1 »

—— >bn,_m+p8pqn_2,n, m > 2. (2.48)
n =

This yields the following identities
2

Sn-2k = TNkt © (Onk)? + 0P, 1<k<n-—1,

2

Sdn-2k = TTk-le T (Onk_1)? — O*ne_1, 2<k<n-—1,n2>3,
2

Eqn—%n = Tty — (ann)Q + 627771 + an,—l

= —Th-1ty — (ann—1)2 - 827]71—1; (249)
and
Mi,ty + ((9?7k)2 + 8277k = Mg+1,t T (8771<;+1)2 - 8277k+1, 1<k<n-—-2, n>3

77n—17t2 + (ann—1)2 + 827771—1 - nn,tg + (ann)Q - 827771 - 2bn,—17
Mtz + (O00)° + 0% = g, + (Om)* = 0y + 20,1 (2.50)

For ny ., we get

3 3
My = 'k + EC]n—Q,kH@Zﬁk + E(Qn—&k—i-l — Gn—3.1) 0N
3(n—3 3 3(n—3
_7< )(aQn—zkH - 5%72,/&)37}1@ — —O0qn—3 + gaZanQ,k
2n n 2n

+3(0%by, 1 + Oby 9 — by 10*0k)0pk, 1<k <n. (2.51)
8



Eliminating ¢n—2k+1, @n—2.k Gn—3 k+1s Gn—3 ks bn—1, and b, _o in (2.51) by (2.18),
(2.38) and the identities (2.49)-(2.50), we see that ng, 1 < k < n —1 fulfill the mKP

equation in standard form

1 3 3 3
Ohgy = 1047% - 582%(8%)2 — 582% Mete + sty LSk <n—1,

1 3 3 3
877n,t3 = 1847771 - 582%(3%)2 - 5827]11 nn,tg + er]n,tgtg + Sbn,71827]n'

(2.52)

In the special case n = 3,b, _,, = 0,m € N this gives three stationary mKPs equations

(Onkt, = 0) which are equivalent to the system of modified Boussinesq equations in [8].

The identity

O(M.,)"

BT =[(Qnsr)t, Mp)"], My)" = diag(Lp1,..-,Lnn), €N (2.53)

then proves in a trivial way that a solution of the mKP,, hierarchy implies n solutions of
the KP,, hierarchy.

Corresponding to our work on the GD and the DS hierarchy we now reverse this process,
i.e., given a solution of the KP,, hierarchy we construct a solution of the the modified KP,,
hierarchy and obtain (n — 1) additional solutions of the KP,, hierarchy. (Note that most
of the traditional approaches to the mKP equation use a scalar Lax pair and therefore
are restricted to only one further solution of the KP,, hierarchy, see, e.g., [3], [11], [12],
[20], [23], [24], [27].)

We introduce the action of formal differential operators S € A[¢] on elements 1) of A by
§ip = 0. (2.54)

Since 0 is surjective on A there exists an element x € A such that dxr = 1. Hence we
define the action of formal pseudo-differential operators on 27 by

Tl = (G+ 1Dt 2% =1, j e N (2.55)
Our main result then reads as follows.

Theorem 2.5. Given a solution ¢, = (qj1)-co<j<n—2, 1 > 2 of the KP, hierarchy (2.17),
define the operators L,y and K, 1 as in (2.7) and (2.8) and construct n vectors
lying in the kernel of Ly, i.e., ¥nr = Knitboy where o = 28129 =1, 1 <k < n.
Moreover, assume

(0, — (Prr1)+) Yok = D Qnpiegne, T EN, K<< K, (2.56)
=1
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where o, 0 are possibly t.-dependent constants. Define Ony, by

Om = =, 10U 1, O = =W (Wna, - Vi) OW (Pn1, .o Ung)
+W(?/)n71, . ,@Dn,k_l)_l@W(wml, . 7¢n,k‘—1)7 2 S k’ S n — 1, (an Z 3),

n—1
k=1
where W denotes the Wronskian and we assume that W (¢¥p1, ..., 0nk), 1 < k < n is
invertible. Let b, _,,,m € N be given by (2.36), (2.37). Then
Ln,l - AnAnfl e AQAl, (258)
where
-1
Ay =&+ 0, 1<k <n, A, =A, + Z bnyjfj. (2.59)
Jj=—00

In addition, (n,b,) satisfies the mKP, hierarchy
mKP,,;(n,b,) =0, —c0o<j<m, j#0, reN, (2.60)

n= (nk)1gkgn7 b, = (bn’_m>fm€N

ke =0 for k+1<0<n, 1<k<n—1 1in (2.56). (2.61)

Proof. We have

wn,l
Alwn,Z
(atr - Qn,r)+7Mn .
An—l . Alqu)n,n
0 . 0 dy V1
KP A,
— ™ ”{%1(9’ n) 0 0 1¥n2 (2.62)
: . 0 0 :
0 . mKPn’rvn_l(ﬂ, bn) 0 An—l e Alqu)n,n

with dy, = mKP,,.,(n,b,) + Z mKP,, ,.;(1,b,).

j=—1

This implies
0KP 1 (1,50 = (O — (Para)e) A1 — 1@, — (Para)s) s
= —Al(at,, - (Pn,r,l)-ﬁ-),[vbn,l

= _Al Z O-/n,r,l,ﬂbnf = — Z an,r,l,ﬁAlwmé (263)
=1 =2

10



since
Aty = (€ = ¥, 1080 1) hn1 = 0. (2.64)
Thus mKP,,,1(n,b,) =0 iff ap,10 =0, 2< 4 < n.
mKP,,,2(1,b,) A1t = (O, — (Par3)+)A2 — A2(0r, — (Pup2)+)) A1tbn

= <A2(atr ( nr?) ))Alwn%
= —AA1(0, — (Poyr1)4)¥n2,

- _AQAI Z Qo r.2 ﬂ/}n L — Z an,r,2,€A2Al¢n,€- (265)

/=1 (=3

Here we used (2.63) and

ApArtbnz = (€+ 0m2) (€ + Oz = (&2 + O(m + m2)€ + OOz + %1y ) P2
= 0% P2 — O(n1 + 12) 02 + OMONay 0 + O*Mtns = 0. (2.66)

Therefore mKP,,,9(1,b,) =0 iff ap 00 =0, 3< L < n.

Iterating this process we finally get

( mKan,n( + Z mKPn T‘j(ﬁ)b )6)

= (9 = (Pap1) ) An = An(@s, = (Parn)4)) (Anoa -+ Ar) (Agy - Ay~

= ((@r (Part) ) AnAny - Ay = Ay Ay Ay (8, — ( nr1)+))'
Ay AT

= [(8, — (Pr1)+) s Lna] (Ao -~ A1) ™ =0 (2.67)

and therefore mKP,,,(n,b,) and mKP,, ;(n,b,) for all ; < —1 must vanish. Hence
(2.60) holds iff (2.61) is valid. N

The auto-Backlund transformations of the KP,, hierarchy are then described in

Corollary 2.6. In addition to the hypotheses in Theorem 2.5 assume that

k
(atr ( n,r, 1 )¢n,kz = Z an,r,k‘,ﬁwn,% 1 S k S n, n Z 2 (268)

instead of (2.56). Then by (2.85), the solution (n,b,) constructed in Theorem 2.5 of
the mKP,, equations (2.60) yields (n — 1) further solutions q,, 2 < k < n of the KP,
equations (2.17), i.e., q, salisfy

KP,j(q) =0, —o0o<j<mn, 7€N, 5= /(>117) co<icx—k, ¥ < T<x. (2.69)
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In the case that we restrict to solutions of the KP hierarchy which are characterized
by (L11)" = Lp1 = (Lpa)+ (ie., Ly is a formal differential operator) we can improve
Theorem 2.5 in the following way. (We note that since L,; = (L) in this case,
Puw1 = (Pua)+, ¢ € Nand then [Py, L,1] = 0 implies that ¢;, 0 < j <n — 2 are t,
independent. )

Theorem 2.7. Assume q, = (¢j1)—co<j<n—2, M > 2 is such that g¢j; = 0 for —j € N
and define the operator Ly, as in (2.7). Let i, 1 < k <n be a basis of the kernel of
L1, ie, Ly, =0, 1 <k <n and assume that the Wronskian W (1, ... ,¢nk) is
invertible for all 1 < k <n. Define On; by

8771 = _w;&awn,b ank = _W<wn,17 s 7¢n7k)7law(wnvl’ e ;wn,k)
AW (s s ngeet) OV Wty i), 2<k<n—1, (ifn>3),

n—1
on, = — Z O, (2.70)
k=1
Then
Ln,l = An e AgAl, (271)
where

Moreover, q, satisfies the KP, hierarchy iff
Lml(@tr — (Pn,r,l)-‘r)wk = 0, 1 S k S n — 1, re NK, (273)
Ny =N\ {x/(}, €N (2.74)

or equivalently, iff
(B, = (Pry) 1) Yok = Y Qrgethng, 7 ENy, W <T<x =K, (2.75)
(=1

where o, e are possibly t.-dependent constants. Finally, assuming Kan(gl) =0,
0<j<n-2 reNy, we find that n satisfies the mKP, hierarchy

mKP,,;(n,0) =0, 1<j<n, reNg, (2.76)
n= ) icrenr o= (bn—m)_ci =0
uf
Qe =0 for k+1<0<n, 1<k<n-—1 1in (2.75). (2.77)

Proof. We have
n—2

[atr - (Pn,r,1)+7 Ln,l]wn,k = Z KPn,r,j(gl)gjwn,k (278)

J=0

= (8t,« - (Pn,r,l)Jr) Ln,lwn,k _Ln,l (atr - (Pn,r,1>+) wn,ka 1 S k S n, e le-
N——

=0
12



Hence KP,,,;(q,) =0, 0 < j <n —2iff (2.75) holds. The rest of the proof is analogous
to that of Theorem 2.5. [}

We conclude with two examples illustrating our approach.

Example 2.8. (Ezamples (2.1) and (2.4) revisited). Let n > 4,

Ln,l = H(f — ]{Zj), Z kj = O, kj = const. s k?j 7£ k’g, j 7é 6, (279)

]:1 ]:1
i.e.,
n n
Gn21= Y kike = d,—o = const. ,
Jj=1t=1
j<t

Gn-si=—>_ > > kikiky, =d,_3= const.

g1 =(D)"[[kj=do= const. , q_j; =0, jeN (2.80)
The constant solution G,—o1 = %qn_gjl trivially fulfills the KP equation (2.21). Solutions
of
Ln,l¢ = 07 ¢t2 - (Pn,2,1)+1/}7 1/}t3 - (Pn73’1>+77Z),
2 3 3
(Ppoi)+ = &+ =dy-s, (Ppsi)s = E+ =dp sl + —dn_3 (2.81)
n n n
are then given by
U (2, o, t3) = ohiwt (ki + 2 dn2)ta+(k}+ T dn—2k;j+ 7 dn3)t3 (2.82)
respectively by,
/l;n,j - Z Cj,kwn,ka 1 Sj S n, cj,k S C? (283)
k=1
where we assume (¢;k)1<jk<n to be invertible. Define

3771 - _ngia'(;n,h ank = _W(lzn,la cee 71/;n,k>_law<1;n,17 T H&z,k)
AW W@ty s Ungoet) " OW (Ut Uni1),  2<k<n—1,

n—1
on, = — Z Nk, by,—m =0, meN. (2.84)
k=1
Then ny, fulfill the mKP equation (2.52), i.e.,

1 3 3 3
87)“3 — 1847]]@ + 582nk(8nk)2 -+ éﬁznknkh — an,t2t2 = O, 1 S k S n. (285)
13



Moreover, define (indices are taken mod n)

- 2 2
In—2k = -2k = 5(32 (n—1)ne+ (n—2)Mks1 + -« + Ntn—2)
+ (OmOna + Omonz + .. . 4 Onn_10n,)) (2.86)

92 - . - .
= EQn—Q,l + 20 (W(¢n,1, e 7¢n,k—1)_laW(¢n,1; e 7¢n,k~—1)) , 2<k<n.

Then Gn—oy fulfill the KP equation (2.21) , i.e

- 1., 3. . 3.
OQn—2kts — 184%—% — §a(Qn—2,k3Qn—2,k) — g In-2kiats = 0, 2<k<n. (2.87)

Example 2.9. In order to derive the standard soliton solutions of the KP and mKP
equation we consider a variant of Fxample 2.8. For A we choose the algebra of smooth

functions in x,to, t3, ..., where we identify x with t; and 0 with 0,. We choose L, with
n=2N-+2 NeN,

n n—1
Ln,l = H(E — kj)v kn = — Z kju k’j = const. s k’j 7é kg, ] 7£ 6,
i=1 j=1
1= 2 n—2 n—2
k1= — Zk+ 321&—222%, (2.88)
j=1 {=1
j<t
1.€.,
Qn721—zzkjk€ dp2 =0
Jj=1 ¢=1
j<t

q1=(-1)"][kj=do= const. , q_j1=0, jeN (2.89)

The solution Gn—21 = %qn,g,l = 0 trivially fulfills the KP equation (2.21). Solutions of

Ln,lwn,j =0, (atz ( n,2 1) )wn,j =0

(O, — (Pngi)+)tn,; = —%dn—3¢n,j7 1<j<n,
(Po21)r =€, (Pusn)y =&+ %dn3 (2.90)
are then given by
Y (T, o, 1g) = PRI (2.91)

14



Define

45 = Ty = (1P s +ogthunsy, 0 €C\ ), K <IN =525
Uni=tn;, N+1<j<n. (2.92)
Then the 12717]'7 1 <7 <n fulfill (2.90) too. Define O.nx by
Oy = —0y By, Oty = Oy | b i) |y gy
’ W(tnt, - s ng-1)
Oulin = — kf:l DT (2.93)

Then O,y is a (2k — 1)-soliton solution of the mKP equation (2.52), 1 <k < N (see
Remark 2.10). Moreover, define (indices are taken mod n)
G-z = Oy (0= 1)ne + (0 = 2)Mhg1 + - + Mprn—2)
+ (0emOum + 0o Opns + . . . + 0xn—10270) ,

2
Gn—2k = —Qn—2k 2<k<n. (2.94)
n
Then (using (2.38))
G241 = 200 W (ay, ... ,az), 1<k<N (2.95)

turns out to be the k-soliton solution of the KP equation (2.21) (see Remark 2.10).

Remark 2.10. (i) In order to identify our soliton solutions with the one in [11] we use
the following dictionary:

€] = —1,
Vg = —Gn-2,  épy = 01,
—4tpny = ts,  ypu =t
piny = ki, 1<j <N,
—qiny = kjgn, 1<JSN, ifkjiny # keyn, 1 <N,
if Goi) = @Guals - 5G] Jo < Js» 1 <5 <N we modify aj, by
aj, = (=17 +ajnag, 1<7T <. (2.96)

(i) Due to the simple structure of 1/;N+j, 1 <j<N+2 Oy, 1 <j<N,isa
(2(N — j) 4+ 1)-soliton solution of the mKP equation and O;nan+1, OzNant2 are constant.
Similarly, Gn—on+j, 2 <j <N, is a (N+1—j)-soliton solution of the KP equation and

an—2,2N+1 = @1—2,2N+2 = 0.

For simplicity we only presented the soliton solutions of the (m)KP equations (2.21)
respectively (2.52) but the result obviously extends to the entire m(KP) hierarchy in a

straight-forward manner.
15



Remark 2.11. On the algebra A of smooth functions we derive the following connection

of our solutions with the 7-function formalism (see, e.g., [4]). Since

Gnop(T,ts,...) =202 InT4(2,t,...), (2.97)
(2.58) yields
k—1
dnfgyk(l', t2, .. ) = qn,zl(x,tg, Ce ) — 28:% Z 7]@(.1', tz, .. )
=1

= (jn_g,l(x,tg, .. ) + 2@2 111W<¢1(l‘7tg, ce ), ce ,wk_l(x7t2, ce )) (298)

and hence

Tk(l‘,tg, . ) = T1<.Z’7t2, .. .)W(¢1($,t2,. . .),. .. ,Qﬁk_l(x,tg,. . )), 2 < k <n.
(2.99)
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