EXAMPLES OF COMMUTING PAIRS OF OPERATORS (Ly4, Ps)
WITH ELLIPTIC COEFFICIENTS

K. UNTERKOFLER

First a remark on Halphen’ s fourth order equation.

Remark 1. Let

2
(1.1) Ly = % —n(n+1)p(z).
Then
(12) (L2* ~ 15 g2m?(n 417~ 2)f) () = 0

is identical with Halphen’ s fourth order equation [2]|, page 272 and [1] page 464,
Ezx. 13. (Note that go = 12p* — 2¢".)

(L2*f)(@) = f(x) = 2n(n +1) p(z) f"(2) = 2n(n + 1) ¢ (2) f'(x)
(1.3) + (0= 2n(n+ (0 +3)p*@) + 2 (n+1) f(a),

i.e., form=1,...,5,

(L2 F)(@) = f D (@) — 4 p(x) f/(x) — 49/ (@) ['(x) — 89" (x) f(2),
(L f)(@) = fD (@) = 12p(x) f'(x) — 120/ () f(2),

(L2 f)(w) = fD (@) — 24 p(x) ["(x) — 249/ () f'(z) + T20°(2) f(2),
(L2 f)(w) = D (2) — 40 p(x) [" () — 40§/ () f'(x) + 2809 (x) f (@),
(L f) (@) = [P (2) = 60 p(x) f"(z) — 60 ¢/ () f'(x) + 7200° (x) f (),

where we dropped the constant term.

Hermite (3] page ?¢) enummerates four examples of order four. Note that Forsyth’s
other example [1] Fz. 11 is not included in our list.

Consider
(Lah@) = D) +aa(a) ') + (0n(2) + 22 () £'@)
(1.4 + (@) + 0@ + 3 0"@) 10)
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and

Fun)(@) = 1O + S ) 190 + (S + L ') @)

1 (5w + ) +50'0) + T ') )

+1 (a@ e+ S w@ + 2 e @)+ 5 a" @)

(15) + 2 60@) f(@),

Then the commutator [L4, Ps] is a second order differential expression. But the
resulting stationary equations are a little bit lengthy.

(Note that this are only the homogeneous equations!)

 21qoqy | 20q%qy | 2lqiqeqy | 2P gy | 2lqoqeqy  35¢2° g

0= 4 + 32 + 16 + 32 + 16 128
/3 ’on o ’on (3) (3) (3)
9y Taq  Yaa 350ap +7q2qo +21q1q1 7404y
128 8 16 16 16 16 16
(1.6)
C49¢2¢)  1¢g )Y 91gdl)  7¢”  21d” o7
128 64 64 16 64 64’

_2giggy 2¢° | 2laql | 2lgogedt 35a°ql | 21g:¢i®  2lg0qidh

0 — _
16 4 32 16 128 16 16
_105aq1a:g | 21ardndp | 2lardidy | 2lao %’ 105¢%¢h” 2174 b
128 8 8 16 128 128
2lqoq) | 21¢:%qf | 35diq) | 2Naiaed) | Tahal 3Sqedhdl | 494
4 32 16 16 4 16 16
+21q12qé’+21q()q2 ¢ 35 ¢) 119¢qldf 63qidhay  553¢4° b
32 16 128 64 32 128
Taay  Bed”  Naw’  2da’ | Twg” 35¢°¢” | 35¢q”
8 16 16 16 8 64 8
2
63 9ape” Tad” 189¢¢e”  Tqle 17545
32 64 16 64 4 64
LT o’  Aaq” 244" Twd” 19¢°¢" 194 4"
16 16 16 16 128 64
(1.7)
C18¢e” Ted” Tad” Ted” | T4 2ed’ o) @

32 16 64 4 16 64 8 64’
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O 2lgitqy 2lqoqeqy | Taqh | 2laoqdl 2lqiaR®dh | 21g2qh ¢4

0= — —
32 6 18 16 128 16
L 2o ¢’ 2a’q@d LAk oad 105922 ¢ g5 | 2144° g5
32 64 16 16 128 32
C105qiq2qh” | 1195 qy°  2lgagh’ L Hoes Nwow  Aepa
128 128 64 32 16 32
21g:%q) | 2lqqeqi 350 d | 2Nedd | Tadd 49747
64 32 256 16 32 256
L8ad  2leng  105q 2”5 | 49924045 LARaae  Awde
32 32 256 64 64 32
W7 dd 21didhdd 29qedi s 63aidd”  31545¢Y°  Taog
256 64 128 64 128 4
Tdia  Tawd”  2d¢ea” 105@pgd”  9d¢” T
+ — —
4 32 16 64 16 128
2edd” 1Badd” 39¢° ¢ Tdd  63gddd”
16 128 256 16 32
1197V g8 21q1g”  Tad” 3502V | 49414V 105 ¢
64 32 16 128 32 64
CWaed’ 3gd? Bedd” 161¢¢Y 214V ¢V 7qe”
128 64 64 128 8 32
C1d4d” Ted 3¢’ 1dd” 106¢ ¢ Ted®  Tad”
8 32 256 16 64 32 128
(1.8)

) (8) (9)

T 3¢ Tgd” Y oY

128 32 64 16 128°

2. COMMUTING PAIRS OF OPERATORS (L4, P5s) WITH RATIONAL COEFFICIENTS

First we look for rational solutions of the stationary equations by the Ansatz

a b c
(2.1) q@2(z) = pog q(z) = ped qo(z) = ped a,b,ceC.

This yields
@@ = (5 - 2r 5) s+ (B4 ) rw

4 3z
a 4
(22) + 1@+ [ ()
and
456 5a® 30b bHab 10¢) 1
P, = — _ 2T =
( 5f)(.13) < 25 4 25 25 4 25 25 ) 4f($)

2724 8zt 4 x4 ) 4

15a  Hb Sa -
(2.3) + (—M + 4;53) (@) + 5 O+ O ).
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Setting [L4, Ps] = 0 yields

375a® 8543 735ab  105a%b 4562  25ab?
=1260a — - 2520b —
0 60 a 5 =+ 520b + 5 +t—g +t 3 16
2
+25200+355ac+56180735bc+502,
315a®> 10543 735ab  105a®b 10502
=-31 —630b — — —
0 315a + +—¢ 630 2 = 1
1 b
1050 ¢ — 05ac+354c’
45 a2 15 a® 15 b2 15ac
(24) 0=45a — 5 " 16 + 1 + 150 ¢+ 5

Mathematica yields for {a, b, ¢} the following set of solutions
{{c—=0,b - —24,a — —12},
{c¢—=0,b—0,a — 0},
{c—=0,b—24,0a — —12},
{c—=4,b—>0,a — —4},
{¢ = 12,b — —8,a — —8},
{c¢—12,b— 8,a — —8},
{c—28,b—0,a — —28},
{¢ = 36,b > —24,a — —24},
{¢ = 36,b— 0,0 — —12},
{¢ —36,b—24,a — —24},
{c — 88,b — 0,a — —16},
{¢ — 180,b — —48,a — —36},
{c — 180,b — 48,a — —36},
(2.5) {¢ —396,b — 0,a — —60}}.

This list seems to be not complete, e.g., it does not contain all examples of Re-
mark 1). (I will check this with Maple. checked: Maple yields the same set of
solutions). Hence we conclude that this Ansatz does not yield all solutions.

3. COMMUTING PAIRS OF OPERATORS (L4, P5) WITH ELLIPTIC COEFFICIENTS
These rational examples give rise to the following commuting pairs (L4, Ps) of
differential expressions with elliptic coefficients, i.e., [L4, Ps] = 0.

(Note that some of these differential expressions are not homogeneous!)
Example 1
Let
@ =-12p, ¢1=12p, g =0,
(Laf) (@) = FD () — 12 p(x) "(2),
15

(3.1) (Psf)(z) = [P (2) =15 p(z) f"(2) - - ¢ (@) f"(@) + 392 f'(2).
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Curve
992 4 81 922 3 27g3 2 27923 729932 2
(3.2) yt—20 -t z° — zy®— - 22 =0.
2 16 2 16 16
Example 2

@=-12p, q=-12p, ¢ =0,
(Laf)(a) = £ @)~ 120(x) ["(x) — 246 (2) [/ (2) ~ T20(a)" f(2).
(Pof)(a) = 1 @) ~ 15 0(2) FO () — 2 /() 1" (a)

(3.3) + (1892 — 1809(2)*) f'(2) 90 p() ¢/ (x) ().
Curve
69 7569 59049 27
yt— 2" — 39224 BT 92" 2° — 1 92° — (293Z+819293> y?
(3.4)
6561 81 2187
g2 g3® — — (637g23 — 9932) 22 — (10935 go* — g2932 ) z=0.
4 16 4
Example 3

q2 = 74@7 q1 = 07 qo = 4@27

(Laf)(@) = [ (z) — 4 (@) "(x) = 4 [ (2) ' (x) = 8p()" f(2),

(Psf)(@) = 1O () 5 o(x) FO @) — 2 o/ (@) () + (392 — 30 p(2)?) f'(a)

2
(3.5) —15p(x) ¢'(z) f(2).

Curve
.9 129 9 . /g3 9293) 922 g2
4 5 < 4 -7 2.3 Y 5 IS 2 Ji IS
R R R TR C R M
115 go3 — g3° 51 g% — 2 2
(3.6) L2092 793 2 9092 T AR89, )
16 16
Example 4

@ =-8p, q=—4¢, q =120
(Laf)(@) = FD (@) = 8 p(x) (@) =129/ (@) [ (@) ~ 24 p(2)" (),
(Psf)(@) = O (2) = 10 p(2) fO (@) = 206/ (2) " () + (892 = 80 p(2)?) f'(2)
(7)) —40p() ple) f(@).
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Curve

Yt — 25 — 1290 2% — 5T go% 23 — 134 923 2% — 156 g2t 2 — 72 g0°
(3.8) —(4g32+8g293)y* = 0.
Example 5

q2 = -8 ©, 1= 4@/7 qdo = 12@2»

(Laf)(z) = [P (x) = 8p(x) f"(x) — 4¢ (z) [ (x),
(3.9)

(Puf)(a) = 1P () ~ 10 p(x) O (@) ~ 10/(@) (@) + (392~ 200(2)°) 1'(2).
Curve

(3.10) yt =2 =200 2t — y° 2% —dgszy? =0.

Example 6a

G2 =—28p, ¢ =—121/2g3, qo =287
(Laf)(@) = fD(@) = 28 (@) (@) — (12295 + 289/ (x)) f'(a)
— 56 p(2)? f(2),

(Paf)(o) = 19(0) = 359(a) 1)~ (5320 + 55 0/(0)) 1"(0)

147
(3.11) (M= 1050 F(0) - 35 /23 0(0) S (0).
Curve
189 54705 3651921
vt - gt - T et 2

71981

— (40 22 42156 g0 2% + g2 2 + 173901 gf) V29g3y

763 z g3
2

+ 5250987 g2 g3% — < + 4214 gy g3> y?

(3.12)

232 3 2 2 1 2 2
_ <9 3 106992 _ 607 1567g3 ) o <428064924 7503 299293 ) o

Example 6b
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g2 =-280, q1=121/2g5, qo=28¢p%,
(Laf)(@) = FD (@) = 28 (@) (@) + (12 V29— 280/ @) F(@)

— 56 p(x)* f (),
(Psf)(@) = JO (@) = 35 p(a) SO () + (5 765 — 1o p’(a:)) J"(@)
(3.13) + (o= 105007) £10) +35 Vs 0(0) £(0)
Curve
S 189 4o 2t 54705 PR 3651921 0

2 16
71
+ <4O 22 42156 g0 2% +

4

981
g2% =+ 173901 923> V23931

763
4 5250987 go? g3? — ( ; 95 1 4914 g, gg> y?
(3.14)
923209 g2® 607257 g3%\ 4 1750329 g3 g3°
- - — (428064 go* — 2229298 ) L .
( 16 16 z 8064 go 5 z=0
Example 7

g =—24p, q =12¢', qo = 36p°
(Laf)(x) = f D () — 24 p(x) f" () — 12/ () f'(2),
(3.15)  (Psf)(x) = fO(x) =30 p(x) fP(2) =30 ¢/ (z) f"(w) + 18.ga f' ().
Curve
Yt — 25 — 429y 2t — 657 g2 2% — 4536 g2 22 — 11664 go* 2
(3.16) + (108 g3 z + 1296 g2 g3) ¥* = 0.

Example 8

=-12p, ¢ =0, go=36p°
(Laf)(x) = fD(2) — 12 p(x) f(z) — 12¢/(z) f'(2),

(3.17)

(Puf)(a) = 19 o) = 150(0) 19(a) = 3 () ') (5 00— 4560)") (o),
Curve
(3.18) yt— 2% — ggg 24— %922 25— 2—7932212 — 2—7 (923 — 27932) 22 =0.

2 2 16

Example 9
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q2 = —24 2, 1= 712p,7 qo = 36@2,

(Laf)(z) = [P (2) = 24 0(x) f"(2) — 36 ¢/ () [ (z) — T20(2)* f (),
(3.19)

(P f)(@) = [P () = 30 p(2) fO) (@) = 60 (2) " (2) + (3392 — 180 ()" ) ['(a).
Curve

yt — 25 — 7299 2% — 2025 go? 2% — 27594 go3 2% — 179820 go* z — 437400 g5°
(3.20) 4 (108 g3 2 + 1944 g5 g3) y* = 0.

Example 10

2 =—16p, ¢ =12i\/gs, qo =88¢%
(Laf)(z) = fD(z) = 16 0(x) f"(z) + (121 /g5 — 16 ¢/ (2)) ' () + 40 () f (@),
(Psf)(x) = [P (x) = 20 () fP) () + (104 /g5 — 30 ¢/ () f"(x) + B g2 /' (x)
(321) = (204/gz p(z) — 60 p(x) ¢’ (x)) f().

Ps5 is inhomogeneous, i.e.,

(3.22)
. 19
P5,inh = P5,hom — 91 \/%PQ,hom - 3 P2,hom~
Curve
yt — 25 418 g0 2 — 102 922 23 4 80 g0 2% + 975 go? 2 — 2250 go°
+ (20 25— 284 2% gy + 13402 o2 — 2100923) i3y
(3.23) — (8932 —40g2 g3) y*> = 0.

In the following examples g» must be zero!!!

Example 11

g2 =-36p, q=-24p, qo=180p"
(Laf)(@) = fD(x) — 36 p(x) f"(x) — 60 f'(z) ¢/ (),

(1)) = @) — 45 (o) 1O (@) ~ 0 /() 1" () — 90 p(a)? ()
(3.24) + 315 p(x) ' (z) f(z).
Curve
(3.25) yt— 2% — 351 g3 2y° — 250047 g32 2% =0.

2 16

Example 12
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ge =360, q =24p, qo=180p%
(Laf)(x) = fD(2) = 36 p(2) [ (z) —12¢/ () f'(z) + 144 p(x)? f(2),

(Psf)(x) = [ (x) — 45 p(x) f P (2) — ? ¢ (@) f" () + 270 p(x)* f'(x)
(3.26) + 135 p(2) o' (z) f(z).
Curve
(3.27) yt— 2% — 351 g3 2> — 250047 3222 =0.

2 16

Note that in Example 11 and Example 12 different differential expressions yield
the same curve!

Example 13a

84
@ =609, ¢ =—06g3, = 39647,

(Laf)(o) = 190) = 605ta) ') + (5 Vo = 60/ (o )f()
+ 216 (a)? f(2),
(Puf)a) = 1) = T3 6le) 190 + (3B - 222 o)) )
(3.28) 4495 p(2)? f'(2) + (225 695 p(z) + 720 () o (m)) f(2).
Curve
y4—z5—5711059932y2+<72 69323—1—%\[ 3> y
(3.29) 7148232(7)973 g3% 2> = 0.

Example 13b

@ =—60p, q= —%@7 go = 39607,
(Laf)@) = 1) = 00 p(e) 1)~ (5 Vo +6060) ) £
+ 216 p(0)” £(),
(Paf)(o) = 190) = Toola) 19) = (36 + 25 o/(0)) 1"(0)
(3.30) + 495 p()” f'(2) ~ (225 V6 /g5 () — T20p(x) ¢ (2)) f().
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Curve
57159 | 43153254144 ;
4.5 3
yt -2 o 93 2 y* <72m S1F \/5932>y
1486457973, _
(3.31) g 9=
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