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ABSTRACT. We develop a new systematic approach to the Boussinesq (Bsq) hierarchy
based on elementary algebraic methods. In particular, we recursively construct Lax
pairs for the Bsq hierarchy by introducing a fundamental polynomial formalism and
establish the basic algebro-geometric setting including associated Burchnall-Chaundy
curves, Baker-Akhiezer functions, trace formulas, and Dubrovin-type equations for
Dirichlet and Neumann divisors.

1. INTRODUCTION

The principal purpose of this paper is to lay the foundation for an elementary algebraic
approach to the entire Boussinesq (Bsq) hierarchy in the spirit of previous treatments
of the Korteweg-de Vries (KdV) and Toda hierarchies. More precisely, we introduce a
fundamental polynomial formalism to recursively construct Lax pairs for the Bsq hi-
erarchy, that is, pairs(Ls, P,) of differential expressions of order three (i.e., L3) and
r € N (i.e.,, P.) with r Z 0 (mod 3), which closely resemble the corresponding Lax
pairs (Lo, P,), r # 0 (mod 2) for the KdV hierarchy. In addition, we establish the basic
algebro-geometric setup for special classes of solutions of the Bsq hierarchy such as soli-
tons, rational solutions, algebro-geometric quasi-periodic solutions, and limiting cases
thereof. Our treatment includes a systematic approach to Burchnall-Chaundy curves,
Baker-Akhiezer functions, trace formulas, and Dubrovin-type equations describing the
dynamics of Dirichlet and Neumann divisors.

Before we enter into a description of the content of each section, it seems appropriate to
describe some of the existing literature on the subject and its relation to our approach
in order to justify the addition of yet another extensive account on this topic. Despite a
fair number of papers on the Boussinesq system, the current status of research has not
yet reached the high level of the KdV hierarchy, or more generally, that of the AKNS
hierarchy. From the perspective of completely integrable systems, the reasons for this
discrepancy are easily traced back to the enormously increased complexity when making
the step from the second-order operator Ly associated with the KAV hierarchy to the
third-order operator L3 in connection with the Bsq hierarchy. On an algebro-geometrical
level this difference amounts to hyperelliptic curves in the KdV (and AKNS) context as
opposed to non-hyperelliptic ones in the Bsq, and more generally, higher-order Gelfand-
Dickey case (for genus g > 2 curves). The reader will get a first hand impression of
these differences in complexity when comparing Sections 2—4 and 5-7 in the KdV and
Bsq cases, respectively.

The classical paper on the Bsq equation, or perhaps more appropriately, the nonlinear
string equation, is due to Zakharov [46]. In particular, he introduced the basic Lax
pair (L3, P») and discussed the infinite set of polynomial integrals of motion. In many
ways closest in spirit to our approach is the seminal paper by McKean [37] (see also
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[36]) describing spatially periodic solutions of the Bsq equation. In contrast to [37]
though, we concentrate here on the algebro-geometric (i.e., finite-genus) case and make
no assumptions of periodicity in order to make our formalism equally applicable to
solitons, rational solutions, as well as certain classes of quasi-periodic solutions. The
application of inverse scattering techniques for the third-order differential expression
L3 to the initial value problem of the Bsq equation is discussed in great detail by
Deift, Tomei, and Trubowitz [15] and Beals, Deift, and Tomei [7]. General existence
theorems (local and global in time) for solutions of the Bsq equation can also be found,
e.g., in Craig [14] and Bona and Sachs [8] and the references therein. In particular,
(7], [8], [14], [15], and [37] further discuss and contrast the blow-up mechanism for
solutions of the nonlinear string equation obtained by Kalantarov and Ladyzhenskaya
[31]. Other special classes of solutions have been considered by a variety of authors.
For instance, certain classes of rational Bsq solutions are treated by Airault [3], Airault,
McKean, and Moser [4], Chudnovsky [13], and Latham and Previato [32]. Moreover,
certain algebro-geometric Bsq solutions, obtained as special solutions of the Kadomtsev-
Petviashvili (KP) equation or by the reduction theory of Riemann theta functions, are
briefly discussed by Dubrovin [19], Matveev and Smirnov [33], [34], Previato [40], [41],
and Smirnov [44].

Next we describe the content of this paper. Since the inevitable complexity of the
Bsq formalism tends to cloud the simplicity of the basic ideas involved, we decided
to include a corresponding treatment of the KAV hierarchy in Section 2—4, especially
since the latter case is by far the most transparent one within the Gelfand-Dickey
hierarchy. Following Al'ber [5], [6] (see also [16], Ch. 12, [21]) we describe a recursive
approach to Lax pairs of the KAV hierarchy in Section 2 and establish its connection
with the Burchnall-Chaundy theory [10], [11], [12] and hence with hyperelliptic curves
branched at infinity. Combining the recursive formalism of Section 2 with a polynomial
approach to represent positive divisors of degree n on a hyperelliptic curve of genus
n originally developed by Jacobi [30] and applied to the KdV case by Mumford [39],
Section III.a.1 and McKean [38], a detailed analysis of the stationary KdV hierarchy
is provided in Section 3. The corresponding time-dependent formalism of the KdV
hierarchy is then developed in Section 4. Our presentation of Sections 2—4 follows the
one in [28]. In Section 5 we develop a recursive approach to Lax pairs of the Bsq
hierarchy and establish its connection with Burchnall-Chaundy curves (which are non-
hyperelliptic for genus larger than one). The recursive approach of Section 5 is then
combined with a fundamental polynomial approach (in the spirit of Jacobi’s treatment
of the hyperelliptic case in Section 3) to represent positive divisors of degree n on Bsq
curves of genus n in order to analyze the stationary Bsq hierarchy in Section 6. Section 7
then extends this analysis to the time-dependent Bsq hierarchy. The content of Sections
5-T represents our principal new contribution in this paper. Finally, Section 8 collects
a variety of explicit examples illustrating the KdV and Bsq formalisms.

In order to keep this paper within a reasonable length we have refrained from including
explicit theta-function representations of algebro-geometric Bsq solutions (in the case
where the corresponding Burchnall-Chaundy curves are nonsingular). We shall return
to this task in a subsequent paper [17].

It should perhaps be noted at this point that our elementary algebraic approach to the
KdV and Bsq hierarchies is in fact universally applicable to 1+ 1-dimensional hierarchies
such as the AKNS hierarchy (see, [22]) and the Toda and Kac-van Moerbeke hierarchies

(ct. [9]).
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Finally, we mention that a combination of the Bsq formalism developed in this paper and
the Picard-type techniques introduced in a recent explicit characterization of all elliptic
solutions of the KdV hierarchy in [26] (see also [25]) are expected to yield a similar
characterization of all elliptic solutions of the Bsq hierarchy, a topic that continues to
attract considerable interest (see, e.g., [33], [34], [40], [41], [44]).

2. THE RECURSIVE APPROACH TO THE KDV HIERARCHY AND HYPERELLIPTIC
CURVES

Following the treatment in [28] we present in this section the recursive approach to
Lax pairs of the KdV hierarchy and its connection with the Burchnall-Chaundy theory
[10], [11], [12] and hence with hyperelliptic curves branched at infinity. Originally, this
approach was advocated by Al’ber [5], [6] (see also [16], Ch. 12, [21], [22]-[23]).

Suppose ¢g € C*(R) (or gy meromorphic on C) and introduce the second-order differ-
ential expression

2

d
Ly = w + qo(:v), reR (OI‘ (C) (21)

In order to explicitly construct odd-order differential expressions P.,r Z 0 (mod 2)
commuting with Lo, that will be used later to define the stationary KdV hierarchy, one
proceeds as follows.

Pick n € No(= NU {0}) and define {f;(z)}o<r<ni1 recursively by

fo =1, (2.2)
1
2f€,z(x) = 5 fffl,:vxm<x> + 26]0(37) fﬁfl,m<x> + qO,z(x) fffl(x)a 1 S € S n + 1.
Explicitly, one computes
1 1 3, 1
fo=1 h=gwta, f= gUaz T g tagote, et (2.3)

where {c;}1<i<, are integration constants. Given (2.2), one defines the differential
expression of order r by

P, = Z |:_ §fn7€,x _'_fnff%][é + ZkT,ZLé kT:Z € C’ 0<e< n,
=0 =0

r=2n+1, ne Ny, (2.4)
and verifies
[Pr; LQ] = 2fn+1,z7 r=2n+ 1, n e NO (25)

(where | ., . ] denotes the commutator symbol). The pair (Ls, P,) represents the cele-
brated Lax pair for the KdV hierarchy. Varying n € Ny, the stationary KdV hierarchy
is then defined by the vanishing of the commutators of P, and L, in (2.5), that is, by

[P, Lo =0, r=2n+1, n €Ny, (2.6)
or equivalently, by
fn+1,:p =0, ne€ No. (27)
Explicitly, one obtains for the first few equations of the stationary KdV hierarchy
4o,z = 07



i%,zm + g%%,z +c1go. =0, (2.8)
1 5 5 15 1 3
1_6 qo,mcxx:r: + = qo qo,xx:c + Z q(),:;: qO,xa: + § 4o qo,x + &1 (Z qo,azmc + 5 qo (Jo,x)
+co qox = Y,
etc.

By definition, solutions go(z) of any of the stationary KdV equations (2.8) are called
algebro-geometric finite-gap potentials associated with the KdV hierarchy. If
frnt1,2 = 0, one also calls gy a stationary n-gap solution.

Next, we introduce the polynomial F,. of degree n with respect to z € C,

n

F.(z,z) = an,g(:r;)ze, fo=1, r=2n+1. (2.9)

=0

Explicitly, the first few polynomials F, read

F1 = 1,
1
Fy=z2+ (5 Q@+ ), (2.10)
1 1 3 1
Fy=2"+ (—QO+01)Z+ (_QO,xz+_Qg+Cl_QO+C2)a
2 8 8 2
etc.
Given (2.9), (2.6) respectively, (2.7) becomes
1
§Fr,mxw_2(z_q0) Fr,x+q0,zF7" = 0. (211)
Multiplying (2.11) by F, and integrating once results in
1 1
Ro(2) = =5 Fraw Fr + ZFﬁm + (2 — qo) F?, (2.12)

where the integration constant R,.(z) is seen to be a monic polynomial in z of degree
2n + 1. Thus we may write

R.(z) = H (z — Epn), {Em }o<m<an C C. (2.13)

m=0

Next, we consider the kernel (i.e., the formal null space in a purely algebraic sense) of
(L2 - Z)v S C?

(L2—ZW:O, 1/1:7#(2’1’), ze€C (214)

and, taking into account (2.6), that is, [P, Ls] = 0, compute the restriction of P, to the
ker(Ly — z). Using

¢mc = (Z - QU)% wa:m: = (Z - CIO)%: - QO,xwa etc., (215)

to eliminate higher-order derivatives of ¢, one obtains from (2.2), (2.4), (2.7), (2.9), and
(2.11),

P, = [Fr(z, x)i (2.16)

dz
4

+ G, (z, I)]

ker(Lo—z) ker(LQ—z),



where

Golz,7) = 5 Foa + hi(2), (2.17)
and (cf. (2.4))
ky(2) = zn: Ky o2t (2.18)
=0

The construction of P, in (2.4) and (2.16) should be contrasted with the one based on
formal pseudo-differential expressions originally developed by Gel’fand-Dickey [20] and
further refined by Adler [2] (see also [16], Ch. 1).

Still assuming f,,+1, = 0 asin (2.7), [P, Lo] = 0 in (2.6) yields an algebraic relationship
between P, and L, by a celebrated result of Burchnall and Chaundy [10], [11], [12] (see
also [45]). The following theorem gives a detailed account of this relationship.

Theorem 2.1. Assume f,11, =0, that is [P., Ly] = 0 for somer =2n+1, n e N,.
Then the Burchnall-Chaundy polynomial F,_1y/2(La, P,) of the pair (Lq, P,) explicitly
reads (cf. (2.13) and (2.18))

2
Fooovypa( Lo, P) = (PT . kr(L2)> ~ R(Ly) =0, (2.19)
n 2n
k.(z) = Zk’r,gzg, R.(z) = H (z—Ep), 2z€C, r=2n+1, neNy.
/=0 m=0

Proof. Let v¢; € ker(Ly — z), j = 1,2 be linearly independent. Since [F,, Lo] = 0, one
can represent P, as a 2 x 2 matrix P,(z) on ker(Ly — 2),

2
Papy = Prjsthr, (2.20)
k=1
fP ( 1/}1 ) — ( 7)1",1,1 7)1",1,2 ) ( wl >
" 1/}2 PT,Q,I PT,Q,Q ¢2 ’
_ W(B, ) W@, By) .
s = W P T W) PSS B2
Using (2.11) and (2.15)—(2.18) one verifies
tr(Pr(2)) = 2k:(2), (2.22)
det(PT<Z)> _ W(Pr¢1(2),Pr¢2(Z)) — k'r(Z)2 . RT(Z) (223)

W (h1(2), ¥2(2))

(Here tr(.) and det(.) denote the trace and determinant, respectively and W (f,g) =
fg" — f'g denotes the Wronskian of f and g. The characteristic polynomial det(y —
P.(2)) = 0 of P.(z) then yields

:F(rfl)/Q(zv y) = y2 -y tr(PT(Z)) + det(PT(z)) = (y - ]{?7«(2))2 - Rr(z) = 0. (224)

The result (2.19) then follows from the Cayley-Hamilton theorem, since z € C is arbi-
trary. 0

Remark 2.2. Equation (2.24) naturally leads to the (possibly singular) hyperelliptic
curve Kq—1)/2,

Kevp: Fonpzy) = (y— k()" = R(2) =0, (2.25)
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2n

k. (z) = Zkr,gzé, R.(z) = H (z—Ep), r=2n+1, ne Ny
=0

m=0

of (arithmetic) genus n = (r — 1)/2. In the nonsingular case, where E,, # E, for
m # m’, the Riemann theta function associated with (the one-point compactification of)
Kr—1y/2 then yields an explicit expression for qo(x) originally derived by Its and Matveev
[29].

For specific examples illustrating the preceding formalism we refer to Section 8.

Finally, introducing a deformation parameter ¢, € R in ¢y (i.e., q(z) — qo(z,t,)),
the time-dependent KdV hierarchy is defined as the collection of evolution equations
(varying r € 2Ny + 1),

d
%LQ(@) — [Po(t,), La(t,)] =0, (2,t,) €R?* r=2n+1, ne Ny, (2.26)

or equivalently, by
KdVT(CIO) =dqot, — 2fn+1,:1: = Oa (x:tr) € RZ: r=2n+ 17 n e N07 (227)
that is, by

1
_Fr,x:px+2<z_q0)Fr,x_QO,:L"FT:Ou

KdV.,(q) = qos, — 5
(z,t,) €R?, r=2n+1, neN,. (2.28)

Explicitly, one obtains for the first few equations in (2.27),

Kdvl(%) =4q0,t; — 90,z = 0,

1 3
KdVs(q) = qo,ts — 1 qQ0,zxx — 2 qo0 9o,z — €1 9oz = 0, (2.29)
1 5 5 15
KdV5(Q0) = qo,t5 — 1_6 q0,zxzze — g 40 90,20x — Z 40,z 90,20 — g Q(% q0,x
1 3
—C (Z q40,zzx + 5 do qo,:v) —C2 4o,z = 07

etc.

Remark 2.3. We chose to start by postulating the recursion relation (2.2) and then
developed the whole formalism based on (2.2), (2.4)-(2.6). Alternatively, one could
have started from

(LQ - 2)¢(P) =0, (Pr - y(P))¢(P) =0, P = (Zvy(P)) € K(r—l)/2\{Poo} (230)

and obtained the recursion relation (2.2) and the remaining stationary results of this
section as a consequence of (2.9) and (2.16). Similarly, starting with

a p—
ot,

(Ly — 2)0(Pt,) =0, ( PYW(P,t,) =0, t €R, (2.31)

one infers the time-dependent results (2.26)—(2.29).
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3. THE STATIONARY KDV FORMALISM

In this section we continue our discussion of the KdV hierarchy and focus our attention
on the stationary case. Following [28] we outline the connections between the polyno-
mial approach described in Section 2 and a fundamental meromorphic function ¢(P, z)
defined on the hyperelliptic curve K, _1)/2 in (2.25). Moreover, we discuss in some detail
the associated stationary Baker-Akhiezer function ¢ (P, z,zg), the common eigenfunc-
tion of Ly and P, (we recall that [P,, Lo] = 0), and associated positive (Dirichlet and
Neumann) divisors of degree (r —1)/2 on K(,_1)/2. The latter topic was originally de-
veloped by Jacobi [30] and applied to the KdV case by Mumford [39], Section I11.a.1
and McKean [38].

We recall the hyperelliptic curve Kp_1y/2 in (2.25),

’C(r—l)/2 . f(r_l)/2(z, y) = (y - kr(z))2 - Rr(z) = 0, (3.1)
ke(2) =) keedt, Re(z) =[] (2 — Ew),

where r € 2Ny + 1 will be fixed throughout this section and denote its one-point
compactification (joining the branch point P,) by the same symbol Ky _1y/2. (In the
following KC;—1y/2 will always denote the compactified curve.) Thus K._1)/2 becomes
a (possibly singular) two-sheeted hyperelliptic Riemann surface of arithmetic genus
(r—1)/2 in a standard manner. We now introduce a bit more notation in this context.
Points P on C(,_1)/» are represented as pairs P = (z,y(P)) satisfying (3.1) together with
Py = (00,00), the point at infinity. The complex structure on KC(,_1y/2 is defined in the
usual way by introducing local coordinates (p, : P — (2 — 2o) near points Py € K(_1)/2
which are neither branch nor singular points of K(_1)/2, Cp., : P — 1/2'/% near the
branch point Ps € K(,—1y/2 (with an appropriate determination of the branch of 2'/%)
and similarly at branch and/or singular points of IC,_1y/2. The holomorphic sheet
exchange map (involution) * is defined by

*:{ Ka-1)2 = Koy . (3.2)
P = (Z,y](Z)) — P* = (Zaijrl (mod 2)(Z))a J= 172 ’

where y;(z), j = 1,2 denote the two branches of y(P) satisfying F(,_1)/2(2,y) = 0, that
is,

(Y —11(2) (y = 92(2)) = (y — ke (2))* = Ro(2) = 0. (3.3)
Finally, positive divisors on KC(,_1y/2 of degree n = (r — 1)/2 are denoted by
K(r—l)/2 — Ny

Dp,.. p,: P—Dp_ p(P)= { m if P occurs m times in {Py,...,P,} . (3.4)

0if P& {P,..., P}

Given these preliminaries, let (P, z,zy) denote the common normalized (cf. (3.8))
eigenfunction of L, and P,, whose existence is guaranteed by the commutativity of Lo
and P, (cf., e.g., [10], [11]), that is, by

[P, Ly] =0, r=2n+1 (3.5)
for a given n € Ny, or equivalently, by the requirement,

frnt1,0 = 0. (3.6)
7



Explicitly, this yields
L2¢(P7$7330) = Zw(P,l“?on), PMﬂ(R%%) :y(P) WR%IUO)? (37)
P =(z,y(P)) € Ke-1)2 \ {Px}, T€R
for some fixed zy € R with the assumed normalization,

’(ﬂ(P, ZE(),J]()) = ]_, P e K(r_l)/g \ {Poo} (38)

(P, x, 1) is called the stationary Baker-Akhiezer (BA) function of the KdV hierarchy.
Closely related to (P, z, x¢) is the following meromorphic function ¢(P,z) on Ky—1y/2
defined by

_ wz(Pa L, 170)
qb(P, :L‘) = 7¢(P,J},:L‘o) , Pe ’C(r—l)/Q, r € R, (3.9)
such that
(P, x, 1) = exp [/ da'¢(P,2')], P e K1y \ {Px} (3.10)

Since ¢(P, x) is a fundamental object for the stationary KdV hierarchy we next seek its
connection with the recursion formalism of Section 2. Recalling (2.16) and (2.17), one
infers

and
(Prw)x = (% rae T kr)wx + ((Z — QO)FT — %anfp)w = ywz (312)

using (2.15). Thus
1/1:;: _y_kr"i_%Fr,z (z_qo)Fr_%Fr,mx

= — = . 3.13
qb be FT Yy — kr - %Fr,w ( )
Introducing
D, (z,z) = F.(z,x), (3.14)
1
Npsi(z,2) = (2—qo)F(z,2) — §Fr,m(2, x) (3.15)

then yields
y(P) - kT(z> + %Dn,w(27x)
Dy (z, )
Nn+1(z7x)
y(P) = kr(2) = 5Dna(z,2)"

P = (Zay<P)) € K:(r—l)/2

and
Do(2,2) Nusa(2,2) = (y(P) — ko (2))* — iDmx(z,:c)? (3.18)

In order to motivate our introduction of the basic quantity ¢(P,z) we started with
the common eigenfunction ¢(P,z,x¢) of Ly and P,. However, given (2.12) and the

definitions (3.14), (3.15), we could have defined ¢(P,x) as in (3.16) and then verified
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that (P, z, zo) in (3.10) satisfies (3.7) and (3.8). Since by (2.9) D,, and N,,;; are monic
polynomials with respect to z of degree n and n + 1 respectively, we may write

Do) = ]l mio)] (319)
Nypii(z,x) = [z — ve(z)]. (3.20)
=0
Defining

[L](I) = (,uj (x), y(ﬂ](x))) = (Nj(a?)? kr(ﬂ](x)) + %Dn x(:“] (I)v :E)) € K(rfl)/%

1<7<n, xR, (3.21)
i1(x) = (o) 950 (2) = (vla). by 00(2)) = 2D, (@).2)) € Koy

0</l<n, zekR, (3.22)

one infers from (3.16) and (3.17) that the divisor (¢(P, z)) of ¢(P, z) is given by

(0(P,2)) = Dog(a)... om(@)(P) = Doy iy (@), iin () (P)- (3.23)
Here we used our convention (3.4) and the additive notation for divisors. Equivalently,
vo(z), ..., Un(x) are the n+ 1 zeros of ¢(P, z) and P, fi1(), ... , fin(z) its n+ 1 poles.

Further properties of ¢(P, z) and ¢(P,x, zy) are summarized in

Lemma 3.1. Assume (3.5)-(3.9), P = (2,y(P)) € Kg-1)2 \ {Px}, 7 =2n+1, and
let (z,x,1) € C x R%. Then

(7). ¢(P,x) satisfies the Riccati-type equation

bo(P,x) + ¢(P,x)* = 2 — qo(). (3.24)

(i), G(P,x) $(P*, ) = —%(7()) (3.25)
(iid). 6(P.z) + 6(P*,x) = %. (3.26)
(1v). (P, x) — o(P*, x) = 2 (y%?(; I;;(Z)), (3.27)
(1(P) = () o(P,) + (1(P") = k()9 0) = 1) (3.28)

(0 VP.20) (P 20) = o (320)
(00). GalPy, 2o (P, o) = —% (3.30)
(vid). Y(P,x,z0) = {%} v exp{[y(P) — k(2)] / jd:v’Dn(z,:B’)_l}. (3.31)
(vidd). Nos1a(z2) = —[2 — qo(2)]| Doa(z, ). (3.32)

9



Proof. (3.24) follows from ¢ = /¢ and ¢, = (2 — qo)¥. (3.25)—(3.28) follow from
(3.16), (3.18), and

y(P) +y(P*) =2k (2),  y(P)y(P") = ke(2)* — Ry(2). (3.33)

(3.29) follows from (3.31) and (3.25) and (3.30) from (3.29) and (3.25). In order to
prove (3.31) it suffices to insert (3.17) into (3.9). (3.32) finally follows by differentiating
(3.18) with respect to x (using (2.12) and (3.14)) and checking the resulting equation
at the n + 1 zeros vy(x) of Npy1(z, ). O

A comparison of (3.19), (3.20) and (3.29), (3.30) reveals that Dp_ 4, (a),.. jn(z) and
Dyy(@).... om(z) 10 (3.23) are the Dirichlet and Neumann divisors associated with L, =
=45 + qo(w) (see [28] for further spectral interpretations in this context). In particular,
(3.25), (3.29), and (3.30) clarify the role played by D,, and N,,1. Up to normalizations,
D,, represents the product of the two branches of ¢ and N,,.; the product of the two
branches of 1),., their zeros represent Dirichlet and Neumann eigenvalues of L, with the
corresponding boundary conditions imposed at the point x € R.

The reader puzzled by our definition (3.14) might compare with (6.16) in the Bsq case
where F,. and D,, considerably differ from each other but the analogs of (3.25), (3.29),
and (3.30) remain valid as can be seen from (6.41), (6.44), and (6.45). Using the
hyperelliptic curve (3.1) we could have replaced y — k,(2) by R,(2)"/? in (3.13), (3.16),
(3.17) and (3.18). However, a quick look at (6.33) reveals that the polynomial behavior
of the numerator and denominator of ¢(P,z) with respect to y in (3.13), (3.16), and
(3.17) is the key in generalizing this formalism from the KdV to the Bsq case.

Returning to D, (z,x) and N,41(z,2) we note that (2.2), (2.9), (3.14), and (3.15) yield

Dy=1,
1
Dy =z+ 5 Qo + C1, (3.34)
1 1 3 1
D2:Z2—|—(§q0+01)2+§QO,m+§q3+01§%+627
etc.
and
lez_QOJ
9 1 1 1,
NQZZ —l—(—5q0+01)2—1q0,m—5%—01(]07 (335)
3 1 9 1 1, 1
N3y ==z +(——qo+61)2 +(——QO7II——CIO—01—(]0+02)Z
2 8 8 2
1 35 3, 1 1 L,
= 75 9z — 40 T S 4,2 T 5 e — €17 o,z — €15 G0 — €240,
16 do, 8% 8%’ QQOQO, 14610, 12610 240

etc.

Concerning the dynamics of the zeros p;(z) and vy(x) of D,(z,z) and N,11(z,z) one
obtains the following equations first derived by Dubrovin [18] in the Dirichlet case.

10



Lemma 3.2. Assume (3.6), (3.19), (3.20) and let x € R. Then
—2 (y(j1;(x)) — kr(p;(2)))

(1). pjo(z) = — ) 1<j<n. (3.36)
1) — ()]
k)
(i), vea(s) = —2 [ve() —go(fr)} (y(ﬁj(af))—kr(vj(x)))’ O<l<n  (337)
I [ve(x) = vin(2)]
iy

Proof. (3.36) is clear from (3.19) and (3.21), and (3.37) follows from (3.20), (3.22) and
(3.32). O

We conclude this section with some hints concerning trace formulas for the KdV invari-
ants in terms of Dirichlet and Neumann data.

Lemma 3.3. Assume (3.6) and let x € R. Then

N
(7). §qo )+ = —Zuh

Ji=1
1 3 ) 1 &
g 90.22() + 2 qo(2)” + c15 (@) + 2 = > (@) (), (3.38)
j1,72=1
]j1]<jz
etc.
1
(17). = qo —c = Z v, (x
£1=0
1 1 ) 1 .
= Q0.22(7) + 5 qo(7)" +c1 5 qo(x) — 2 = — Z Ve, () Ve, (2), (3.39)
8 8 2
01,42=0
01<lo
ete.
Here
12 1, 2" 2
a=—5 ZOEW, e Z OEmlEmQ - —< ZOEm> , (3.40)
mi= m1 mo= mi1=

m1<ma

etc.

Proof. (3.38) and (3.40) follow by comparison of powers of z substituting (3.19) into
(2.9) (taking into account (2.3)) and (2.12) (taking into account(2.13)). (3.39) is proven
similarly using (3.1), (3.18)—(3.20), and the fact that D, .(z,2)* = O(2?"?) as z —
0. 0

For a systematic approach to trace formulas based on a second-order nonlinear differen-
tial equation satisfied by the diagonal Green’s function of Ls in the Dirichlet case (3.38)
and an analogous treatment of the Neumann case (3.39), see [28]. (The latter approach

goes far beyond the special algebro-geometric situation presented in this section.)
11



Explicit examples illustrating the formalism in this section are provided in Section 8.

4. THE TIME-DEPENDENT KDV FORMALISM

In our final KdV section we indicate how to generalize the polynomial approach of
Sections 2 and 3 to the time-dependent KAV hierarchy. Again we lean on the material
presented in [28].

Our starting point is a stationary n-gap solution q(()o)(x) associated with KC,, satisfying

KdVai (@) = =2 fui1. =0, z€R (4.1)

for some fixed n € Ny and a given set of integration constants {c¢;}1<s<,. Our aim is to
construct the r-th KdV flow

KdV,(q) =0, qo(z,to,) = q(()o)(x), reR (4.2)
for some fixed r € 2Ny + 1 and ¢, € R. In terms of Lax pairs this amounts to solving
d 5
p Ly(t,) — [P(t,), Lo(t,)] = 0, t, €R, (4.3)
[Popii(toyr), La(to,)] = 0. (4.4)
As a consequence one obtains
[Py (ty), La(t,)] = 0, t, € R, (4.5)
2
(Ponia®) = honia(La(t)) = Renia(La(t)
2n
= [] (Z2(t) - En), teR (4.6)
m=0

since the KdV flows are isospectral deformations of Ly(to,,).

We emphasize that the integration constants {&} in P, and {c;} in Py,.; are inde-
pendent of each other (even if r = 2n + 1). Hence we shall employ the notation
PT, kr, F,., Gr, etc. in order to distinguish them from Ps, 1, koni1, Foni1, Goni1, etc.
In addition, we followed a more elaborate notation inspired by Hirota’s T-function ap-
proach and indicated the individual r-th KdV flow by a separate time variable ¢, € R.
(The latter notation suggests considering all KdV flows simultaneously by introducing

t=(ti,t3,t5,...).)

Instead of working directly with (4.3) and (4.5), we find it more convenient to take the
following equations as our point of departure,

(Jo,tr = 5 Fr:}c:m: - 2(2 - QO) Fr,x + qo,m Fry (mu tr) € R27 (47)

1
_5 F2n+1 F2n+1,xx +

where (cf. (2.9))

1
Z F22n+1,;v + (z - QO) F22n+1 = Ropt1, (l’, t?“) S RQ’ (48)

F2n+1Z[Et angl't

Fonii(z,2,t0,) = oy (z,2) = 3 f2(2)2" (4.9)
/=0
12



for fixed ¢y, € R, n € Ny, r € 2Ny + 1. Here fy(z,t,) and fg(o) (x) are defined as in (2.2)
with go(z) replaced by go(z,t,.) and q[()o)(x), respectively.
In analogy to (3.14), (3.15), (3.19), and (3.20), we introduce

n

Dy(z,2.t,) = Fapp(z,z.t,) =[]l — mia.t,)], (4.10)
j=1
Nn—i—l(za x7t7") = (Z - (Jo($,tr))F2n+1(Z, xatr) - 5 2n+1,mc<zax; tr)
= Tl - wela.t,)], (4.11)
£=0
such that
1
D, (z,7,t,) Ny (2,2,t,) = Roni1(2) — =Dy o(2, 2, ,)% (4.12)

4

Hence we can define, in analogy to (3.16) and (3.17), the following meromorphic function
(P, x,t.) on K, the fundamental ingredient for the construction of algebro-geometric
solutions of the time-dependent KdV hierarchy,

y<P) - k2n+1(z) + %Dn,x(za x>tr)

é(P,x,t,) = Doz i) (4.13)
~ P - k2i\i11+(2()27—x%%1,z(2,%tr)’ 4
P = (z,y(P)) € K,.
As in (3.21) and (3.22) one introduces Dirichlet and Neumann data by
fuj(zte) = (p(a,t), vy (e, t,)))
= (15w, 60)s ko (15 (. 80)) + 5 Do (2, 80), 2, 80)) € Ky (4.15)

De(,t,) = (velz,t,), y(oe(, 1))
= (el 1), kansr (v, 1)) — %Dn,x(y@<x,tr),x,tr)) € K. (4.16)
0<¢<n, (z,t,)€R?
and infers that the divisor (¢(P, z,t,)) of ¢(P,x,t,) is given by
(@(P,2,t,)) = Dag(aty), im(este) (P) = Do s (o), in(at) (P)- (4.17)
Next we define the time-dependent BA-function (P, x, zo, t,, to) by
(P, x,x0,tr, to,) = €xp { /x dz'¢(P, ' t,) + /tT ds[ﬁ}(zmm s)p(P, xg, s)
zo to,r

Fm(z,xo,s)%—/;r(z)]}, Pek, \{P.), (x,1,)€R? (4.18)

N —

with fixed (zo,to,) € R?. The following lemma records some properties of ¢(P,z,t,)
and (P, z, xg, t,,to,) (see [28] for the original result).
13



Lemma 4.1. Assume (4.7)-(4.11), P = (z,y(P)) € K,\{Px}, and let (2, x, xq,t,,t0,)
€ C x RY. Then

(7). ¢(P,x,t,.) satisfies
Ou(P,a,t,) + ¢(P,w,t,)* = 2 — qolx, t,), (4.19)
¢tr (Pa L, tr) = a:c [ﬁr(z> z, tr)¢(Pa L, tr) -
(17). (P, x, xg,tr, to,) satisfies
wxx(Pyxa :L‘OvtTatO,r) + [QO(m7t7‘) - Z]’Qb(P,ZE, Zo, tmtO,T) = 07 (421)
~ 1~
¢t7-(Pa x7$07tr7t0,7”) = [FT(Z, l’,tr)qb(P,I, tr) - §Fr,x(za m7tr)
+I%T(Z)]¢(Paxax07tr7t0,r) (422)

(i.e., (Lo —2) =0, (Pypy1 —y) =0, ¢y, = ~r¢)-
Noia(z,x,t,)

F’,ﬁ,x(z, x,t,) + kr(z)} (4.20)

DO | —

(11d). ¢(P,x,t,) §(P", 2, ) = BNETEAR (4.23)
(). ¢(P,x,t,) + ¢(P*, a,t,) = % (4.24)
(0). (P, t,) — (P 2, t,) = > (y(gz(;?’:)l(z)), (4.25)

(1) = kara ()P, ) + (1P ~ b ()L, ,87) = o=
(4.26)

Proof. (i). (4.19) follows from (4.8), and (4.13). In order to prove (4.20) one first derives
from (4.7), (4.8) and (4.13) that

- 1 ~ N
(0n +20) (01, = 0u(Frd = S Fra + Fin(2))] = 0.
Thus
b0 = 0u(Fud— L () = S 4520, (1.27)

where C' is independent of 2 (but may depend on P and ¢,). The high-energy behavior
¢(P,x,t,) = O(|z|'?) (cf. (4.13)) then proves C = 0 since the left-hand side of

|2 =00

(4.27) is meromorphic on /C,, (and hence especially near Py,).

(ii). (4.21) is clear from (4.18) (¢ = ¢, /1) and (4.19). (4.22) follows from (4.18) and
(4.20).
(iii)—(v) follow as in Lemma 3.1 (ii)—(iv). O

Next we introduce

vaa( 2,2, 1) (4.28)

| —

Nr—&-l(zvxatr) = [Z - QO(*I; tr)]ﬁr(zwxa tr) -
and note that by (4.7),

NT+17I(Z, z,t.) = —qo(z,t,) — [2 — qo(x,t,n)]ﬁm(z, x,t,.). (4.29)
14



In analogy to (3.32) one also obtains

Npj1z(z,2,t) = =z — qo(x, t,)]| Dy (2, 2, t,). (4.30)
We recall (cf. [28]),
Lemma 4.2. Assume (4.7)-(4.11) and let (z,x,t,) € C x R%. Then

(1). Dpy(2,2,t,) = Fo(z,2,t,) Dy (2,2, t,.) — Fr.(2,2,t.)Dy(2, 2, t,). (4.31)
(i1). Dy, (2, 2,t,) = Q[NTH(Z,x, t.)Dp(2, 2, t,) — Npya (2, 2, ) Eo (2, z,t,)]. (4.32)

(193). Npy1s, (z,2,t,) = Foo(2, 2,6, ) Npy1 (2, 2, t,) — Dpo(2, 2,6, )N (2, 2, t,). (4.33)

Proof. In order to prove (4.31) consider ¢y, (P)— ¢y, (P*) and combine (4.13) and (4.20).
(4.32) follows from (4.31) using (4.11). (4.33) is a consequence of (4.11), (4.31), and
(4.32). O

The remaining analogs of Lemma 3.1 (v)—(vii) then read (cf. again [28])
Lemma 4.3. Assume (4.7)-(4.11), P = (z,y(P)) € K,\{ P}, and let (z,z, xo, t,, o)
€ C x R*. Then
(Z) @/J(P, X, o, tT? t()m)w(P*a X, o, trv tO,r)
= 2t~ toy) Dolz:rt) (43)
Dn(zv Zo, tO,r)
(ZZ) wl‘(PJ Z, Xo, t?‘7 tO,T>w:B<P*7 Z, Xo, t?‘a t(],r)

_ 2k (2)(t — to,) Nuna(z, 2 t0) (4.35)
Dn(Z, X, tO,T)

Dy(z,2,t,) 1"
(13i). Y(P,x,x0,tr, to,) = {Wmt(}i)} exp {kT(z)(tr — tor)

+ [Y(P) = kynia ()] [/mdzx’m +/ttr dSM} } (4.36)

o

Proof. (4.34) follows from (4.18), (4.24) and (4.31). (4.35) is clear from ¢, (P) 1, (P*) =
O(P) o(P*)p(P)y(P*), (4.23), and (4.34). (4.36) finally is a consequence of (4.18),
&124;, (4.25), and (4.31) by splitting up ¢(P) = 1[#(P) + ¢(P*)] + L[¢(P) — ¢(P*)] in

18). U

The dynamics of the zeros p;(x,t.) and vy(x,t,) of D,(z,z,t.) and Npyii(2,2,t,), in
analogy to Lemma 3.2, are then described by Dubrovin’s equations as follows.

Lemma 4.4. Assume (4.7)-(4.11) and let (x,t,) € R?. Then
—2 (y<ﬂ](‘ru tr)) - k2n+1(,uj(xa tr)))

(0). pja(z,t,) = — : 1<j<n, (4.37)
H[“j(xatr) - Mk<x7trﬂ
k=1
k#j
,uj,tr(l'atr) _ _QFT(MAQJJT)’:;?“) (y(ﬂj<x7t7")) - k2n+1(:uj<x7t7"))>’ 1<j<n.
[T t) = e, 1)
=
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(4.38)
—2 [Vf(xvtr) - QO(IJTH (y(ﬁﬁ(x’tr)) - k2n+1(yﬁ($’tr)))

(i1). veu(z,t,) = - )
H [ve(z, t,) — vm(z, )]
Tl
0<?¢<n, (4.39)
Vf,tr(iﬁ,tr) _ _ZNT(Vﬁ(xatr);x’tr) (y(ﬁé(xvtr)) - k2n+1(1/€(xatr)))’ 0<t<n.
H [ve(@, b)) — vi(2, 6]
=
(4.40)

Proof. (4.37) and (4.39) are completely analogous to (3.36) and (3.37). (4.38) (respec-
tively, (4.40)) follows from (4.10), (4.15), and (4.31) (respectively, (4.11), (4.16), and

(4.33)). O
The initial condition
qo(,to,) = ¢ (z), z€R (4.41)
in (4.2) is taken care of by
fii(2,to,) = i0(z), 1<j<n, z€R (4.42)

(cf. (4.9) and (4.10)). There is, of course, an analogous condition
Dz to,) =0 (x), 0<l<n, zeR. (4.43)

Finally, the trace relations in Lemma 3.3 extend in a one-to-one manner to the present
time-dependent setting by substituting,

qo(z) — qo(w, 1), (4.44)
pi(w) — pi(z,t.), 1<j<mn, ve(z) — ve(z,t,), 0<L<n,

keeping {cs}1<i<n as in (3.40) since KC,, is t,-independent.

5. THE RECURSIVE APPROACH TO THE BsQ HIERARCHY AND ASSOCIATED
ALGEBRAIC CURVES

In analogy to the KdV case in Section 2 we now develop the recursive approach to the
Bsq hierarchy. These results are new.

Suppose qo,q1 € C*(R) (or qo,q meromorphic on C) and introduce the third-order
differential expression
d? d

1
ngﬁﬁ-m%‘f—?%,x—i—%, zeR (01” C). (5.1)

(For computational reasons we found L3 as in (5.1) more convenient to work with than
its alternative L3 = % - Chd% + qo-)
In order to explicitly construct differential expressions P,,r #Z 0 (mod 3) commuting

with L3, which will be used later to define the stationary Bsq hierarchy, we proceed as

in Section 2.
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Pick n € Ny and define { fo(x) }o<o<nt1 and {ge(x)}o<r<ni1 recursively by

fo
fo
3fé,x

39@,36

0, go=1, if r=1 (mod 3),
I, go=dy, if r=2 (mod 3),

2001200 T 20190-1,2 + Q1 2Gi—1 + 3q0 fe—1,2 + 2q0,2 fo—1,
5 5

1
3 7:1:+ zYl—1 — 4 —lxzzzxr = 4 —lxxx — 7 xJl—1,xzx
q09e-1.2 + Qo,.290-1 6fe 1, 6Q1fe 1, TR Jo,

1 2

4 6 3

Explicitly, one computes
(i). =1 (mod 3):

fo
3f1

3f2

392

3f3

393

etc.

(ii). » =2 (mod 3):

Jo
3f1

3f2

3 2
_(_ 1 ,zx + g q%)f(—l,x - (_ q1,zzx + = q1q1,x>f€—17 1 S 14 S n+ 1.

Oa 9o = 17
q1 + 3, 391 = qo + 3dy,
2 4
3 Qo.aa + 3 ¢ +¢12q0 + dy g1 + 3o,
1 1, 4, 1 L2
18 ql,xx:m: 6 ql,gg 27q1 3 Cth,m 3 QO
1 1
+Cl< - 6q1,mx - g Q%) + d1q0 + 3d27
_ 1 _ 7 _ 3 _M e 14,
27 N zrrree 27 N9 zxax 54 91,291, xxx 108 QLzm 27 q191,zx
54 4147 4 31 d, 9 4090,z 9 40,2 9 qod1
1 5 5, 5 4 5,
+Cl ( 9 q1,zxx:c 9 Q1Q1,m 192 qu 27 1 + 3 QO)
2 4
+d; (g qo,zz + 3 Q@) + €22q0 + do g1 + 3cs,
4 28 5 7 e M
o7 do 31 qoq1 9 40,9191,z 18 40471 5 o7 4190,z
_7 _ M _r _1
9 qo4191,zx 27 q0,z2q1,zx 18 q1,290,zzx 97 90,291 zzx
_7 _ L
27 QIQO,:mzzm 54 QOQI,mmmx 27 QO,x:pxxa:m
P SR T S D B
1 9 QO,mcxm 18 C]oﬂh,m 9 Q1C]0,m 18 ql,xqo,x 9 doqy
1 1 4 1 2
d - 1o a:aca:ac__Q e T S q
+a; ( 13 i, 6 41z o7 a4 3 N1z t 3 QO)
1 1
+02( e T 3 CI%) + d2qo + 3ds,
]-a 9o = d07
1 1,
2q0 + doq1 + 3¢y, 391 = —g Ner — 30 + doqo + 3dy,
1 5 5 4, 5 5

. Y Y Y2 <2
( 9 QN zrzx 9 191 zx 1277 q 12 QI,I + 3 qO)

(5.3)



392

3fs

393

etc.,

2 4
+d0(3 R QOCh) +¢12q0 + dy g1 + 3co,
(1 - E 5 5 5 )
9 q0,xxxx 9 ql qo — 18 qoq1,zx 9 4190,z 18 40,291,
1 4 1 2
d rrxr ~ L 2 = =0 T
+do (— 13 C]l ¢ Ne ~ 5@~ 304, +35 3 7)
1 1
+c (— g Qer — gfﬁ) + di1 qo + 3da,
40 5 40 10 , 20 40
27 31 (Jo(h 9 doqy 97 Ch 40,z o7 4049141,zz
26 40 8 14
27 q0,z2q1,zx 27 q191,2490,x 9 q1,290,xxx 97 40,291, xxx
4 8 2
9 Q1qo,zx:r:p 27 QOQLx:L":m: 27 qo,xawczx:p
o 1 7 35 49
0 97 N zrazzs 24 NNz 54 91,291 zzx 108 ql,xx
14 _§ 2 _l4+1_4 +z2+1_42 )
o7 Q1Q1 2z oy 4197 4 31 a, 9 4090,z 9 40,2 9 qp41
1 5 5, 5 4 5,
+Cl ( 9 q1,:m:xm 9 Cth,m 12 QLI 27 ql + 3 QO)
2 4
+d; (g Goaz + 3 Qoq1) + ¢22qo0 + da q1 + 33,
8 5 2 20 20 L3
243 27 qOQ1 27 qO 241 — 27 4090, 81 Q1 (11 T
40 16 70 LU 11
27 4049140,zz 27 qo,m 243 Q1 d1,zx 18 ql qu TT
17 2 L 08 68 L 7
27 Q1q1 LT 3 qo,mqo,a:a:x 81 Q1Q1 le TITT 27 Q1 JTTT
0, 8 L7 L o7
27 QOQI xx 27 qoqo,mmxz 8]. Q1 Q1 TITTT 162 q1,rxq1,xmzm
27 QI,mQI,zzxxx 81 q1q1,mzx:1:xx 162 q1,x:c:1:a:xzzx
o 14, 28 7 T, 14
0 97 do — 81 QOQI 9 q0,xq1q1,az 18 QOqu 27 ChQO T
7 14 7 7

_§ o191,z — ﬁ 40,2291, 20 — E d1,290,2zxc — ﬁ 40,291 zax

7 7 1 )
27 qlqo,mczx 54 q0q1,xzxa: 27 qo,:zzxmcmc

1 5 5 5 )

- . Y Y v 2
+c1 ( 9 qo0,zzxx 18 qoq1,zx 9 q190,zx 18 41,290,z 9 q0(h)
1 1 4 1 2
+d1 ( - 1_8 Qzxze — 6 q%,x - 2_7 q% - g 9191 ,zx + g qg)

1 1
+Cz( —gler — 3 Q%) + daqo + 3d3,

18

(5.4)



where {¢¢}1<o<n, {de}o<e<n are integration constants. Given (5.2) one defines the differ-
ential expression P, of order r by

= 2 1 d
P’r = Zz:; |:fn—€ ﬁ + (gn—f - 5 fn—ﬂ,m)%
(5 fte = Gura o f )}L”i’“ Ly (5:5)
6 n—{,xx In—t,z 3 1/n—¢ 3 rlLi3, .

=0
kecC, 0<{¢<n, r=3n+lorr=3n+2, necNy

and verifies

d 3
[Pm L3] = 3 fn+1,w % + 5 fnJrl,xm +3 In+1,2, (5'6)

r=3n+lorr=3n+2, néecN,.

The pair (Ls, P.) represents the Lax pair for the Bsq hierarchy. Varying n € Ny, the
stationary Bsq hierarchy is then defined by the vanishing of the commutator of P, and
Lj in (5.6), that is, by

[P, Ls] =0, r=3n+lorr=3n+2 néecN, (5.7)
or equivalently, by
fn+1,:c - 07 Int+12 = 07 nec I\TO' (58)
Explicitly, one obtains for the first few equations of the stationary Bsq hierarchy,
r=1n=0:
QO,:c = 07
Q1 = 0
r=2n=0:
! 2 +d, =0
6 q1,zzx 3 9191 ,x 090, = Y,
2q0, +doqi e = 0.
r=4n=1:
1 1 2 4 , n 4
18 Ch,ac:crxz 3 q1q1,xxac 3 q17xq17x1‘ 9 q q1,x 3 QOQO,x
1 2
+ Cl( - 6 N zxx — g QIQLx> + dlqo,x - 0,
2 4 4
3 Q0aae + 3 1idos + 3 D240 + 1290 + diqie = 0. (5.9)
r=95mn=1:
1 n 5 n 5 n 5 n 5!
9 0, zxzax 18 qoq1,zxx 9 4190,zzx 9 q1,2290,x 6 q1,290,z2
+2 Pt D +d(1 41 ;2
9 190,z 9 909191« 0 18 q1,cxcex 3 9191, zxx 3 q1,29 zx
4 , 4 1 2
= x5 T - TITT 5 ) — d Tz — O,
+ g fite = 3 90, )+ <6 A2z + 5 14, ) 190,
1 5 25 d 5 . 10
9 q1,mxxrm 9 q1q1,xzm ququ 9 Q1q1,x 3 qqu,m

18
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2 4

4
-+ d() (g q40,zxx + g 41490,2 + § QLxQO) “+ 2q0,z —+ dl Qe = 0.

ete.
By definition, solutions (q1(z), go(z)) of any of the stationary Bsq equations (5.9) are
called algebro-geometric finite-gap potentials associated with the Bsq hierarchy.

If (qo,q1) satisfies fri12 = gnt1. = 0, one also calls (qo, ¢1) a stationary (r — 1)-gap
solution, r =3n+1orr=3n+2, n € Ny.

Next, we introduce the analogs of (2.9), that is,
Fi(z,z) = Y fas(2), (5.10)

G.(z,x) = Zgn_g(x)ze, r=3n+lorr=3n+2 neNp (511)

Explicitly, the first few polynomials F,, G, read

F1:07
G =1,
=1,
G2:d07
1
F4=§Q1+Cla
1
G4:z+§qo+d1,
F +2 +d ! +
=z+4+ - — c
5 3(10 03611 15
1 1 1
Gs=doz — — qrow — = ¢ + do = qo + di,
5 0% 18(]1, 9q1+ 03(]0+ 1
F—z(1 +c)+g gt tgtdisgte
7= 3Q1 1 9610,m 9QOC]1 13610 13Q1 2,
1 1 1 1 4
G:2 q d S\ 7o xwxac__Q ——q
7 z+2(3qO+ 1)+3( TS 5 lia — 3=

1 2, 1 1 1, 1
. xrx o a5\ T 4 xxr ~ o d_ d7

3Q1(11, —|—3q0)+c13( 6611, 3q1)+ 13QO+ 2

9 2 1

FgZZ +Z(§Q(]+d0§Q1+Cl)

1 1 5 o 4 2 o 2
+3 ( 9 N zzxx 9 191,z 27 q1 12 Q1,x + 3 QO)
+d1(2 +4 )+ 2 +d1 +

5 \5 xTxr 5 (6 Py Ca,

03 3610, 3QOCI1 13% 13Q1 2

1 1 1
Gs = dyz? — —Qas — =@+ dy = d
8 0% +Z( 18611, 93(1)+ 03QO+ 1)



PN VPR D SR SRE: PO DO
3 9 q40,zxzz2 9 4190 18 qoq1,zx 9 4140,z 18 40,291,z
1 1 1 4 1 2
d_ T 1o J::L‘mc__2 —=¢-= T “aq
+ap 3 ( 18 qi, 6 q1 4 o7 aq 3 N ze T 3 (10)
1, 1 1, 1
S (= = o — = dy = qo + do, 5.12
+C13( 6@1, 3Q1)+ 13QO+ 2 ( )
etc.
Given (5.10), (5.11), and (5.7) respectively, (5.8) becomes
2 Gr,mcx +2 qur,x + q1,xGr -3 (Z - QO)FT,:U +2 q07xFr = Oa (513)
1 5! 5! 3 2
_Fr:m:mzm ~ Frmzm n xFrmm - T g Frm
g +6Q1 , +4Q1, : +(4Q1, +3q1) :
1 2
+(6 ql,xa::v + § q1ql,:r;)Fr + 3(Z - QO)GT,:U - qO,:L‘GT == O (514)

Multiplying (5.13) by G, and (5.14) by F, and taking the difference one can integrate
the resulting expression to get

1 1 1 5 5
Sr :__FrmcxxFr ~ rmchrx__F2 - A Fra:xFr__ xFerr
(2) = = Fraarabr & G Fraankivg = 35 Fra =G 12 et
5 1,1
+ E QIFZI - g (5 1,z + Q%)Ff + 2GT,$Z‘GT - Gz,m + quz - 3(Z - qo)FTGT7

(5.15)

where the integration constant S,(z) is seen to be a polynomial in z of degree < 2n+1,
that is
2n+1—s

Sp(z) = Z Syt 0<s<2n+1. (5.16)
p=0

Similarly, multiplying (5.14) by (3 Fyenf— 1 F2 43 i F2+G?) and (5.13) by (3 ¢ F, G,
—(z— CIO)F,?) and summing one can integrate the resulting expression to get the second
integration constant 7,.(z),

1 1
TT(Z) = 1_8 Fr,x:}c:v:vFr,w:vFr - ﬂ Fr,xmsz,zx

1 1 1 1
_Frcc:chr:c:(;Frx_— s __FTF2 To Frxxac:ch
+ 36 s s s 108 ,TT 36 T LTT + 18 q1ly, r

1 1 1
- 1_8 QI,zFr,wszq? - § QIFr,zmer,zFr + 1_8 QL:m:Fr,xa:Ff
7 2

2 7

S xFrcpxFr:rFr__ Frx:pF o F2 Fr
+ 9 Q1,1 , = Q' paly , + 36 W g

5 2

1 7 1
1o Fr:c:cFQ__ :ca;FQFr__ ng 1o T FerQ
+ 18 ay L'y, r 2 qi, T 48 Nzly + 12 G1zq1 L2l

2 1 1

2 12 3 2 2 3

——qiF* F, — g7 — — — 1 2 _ F

GFF + (40 = 35 dle + g Dt + (2 = @0)°) F;
1 1

+ (z — qO)Gf + G rmme —3 razzGraGr + F.G?

1
+ g Fr,zz (Gix + Gr,war) - F’/‘,a:Gr,x:cGr,x - Ch(z - QO)FTQGT

2, 5 4 7
o FTG2 - Fr waz e Fr I'GT' mGr q1a :DFT IGQ
+3q1 r+6QI , r 213Q1 , , +12(h, , r

TT



1 4 1 1
+ g q1FrG72«,x + g QIFTGT,szT + 6 q1,xxFrG72~ - g q1,xFrGr,zGr

1
+ (2 —q)Fr o BV Gy — 2 (z — qo)F,,Q,zGT —2(2 — o) F2Gy n- (5.17)
(

By inspection, T}.(z) is a monic polynomial of degree 7, that is,
T

T.(z) = thzq, trr=1, 7=3n+lorr=3n+2, neN,. (5.18)
q=0

Next, we consider the kernel of (L3 — 2), z € C, and, taking into account (5.7), that is,
[Py, L] = 0, compute the restriction of P, to ker(L3 — z). Using
1
¢m¢m - _QI¢I + (Z - 5 QI,a: - QO)% etc. (519)

to eliminate higher-order derivatives of v, one obtains from (5.2), (5.5), (5.8), (5.10),
(5.11), (5.13), and (5.14)

P L e -tr)d (5.20)
"lker(Ls—z) | "d a2 T2 M e " ’ '
ker(L3s—z)
where
1 2
H.(z,z) = 6 Frow(z,x) + 3 Q@ (x)F(z,2) — Gro(z,2) + ki (2) (5.21)

and (cf. (5.5))

ko(2) =) ke, (5.22)
=0

Again the reader might want to contrast our construction of P, in (5.5) and (5.20) with
the one based on formal pseudo-differential expressions in [2], [16], Ch. 1, and [20].

Still assuming fri12 = gnt1. = 0 as in (5.8), [P, Ls] = 0 in (5.5) yields an algebraic
relationship between P, and L3 by appealing to the result of Burchnall and Chaundy
[10], [11], [12] (see also [45]). In fact, one can prove

Theorem 5.1. Assume foi12 = Gny1. = 0 that is, [P, Ls] = 0, r = 3n+ 1 or
r=3n+2, n € Ny. Then the Burchnall-Chaundy polynomial F._1(Ls, P,) of the pair
(Ls, P.)explicitly reads (cf. (5.16), (5.18), and (5.22))

Frr(LaP) = (P kL)) + (B = o (L0)) S0(Ls) ~ To(Ls) = 0,

n 2n+1—s
k.(z) = Z ko2t S.(2) = Z Srp2ly 0<s<2n+1, (5.23)
=0 p=0

T.(z2) = Ztr,qzq, trr =1, r=3n+1lorr=3n+2, neN,
q=0

Proof. Let ¢;(x) € ker(Ls — z), j = 1,2,3 be linearly independent. Since [P,, Ls] =0
one can represent P. as a 3 X 3 matrix P, on ker(Ls — 2),

3
Prwj = Zpr,j,kd)k? (524)
k=1
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Un Prii Priz Prags (0N
Pl v | = P21 Pr2z Prog vy |, (5.25)
Ps3 Prsi Prsa2 Prss 3
W(Pr¢j7¢2>¢3) W<1/)1a Pr¢j7¢3)
Pr i\2) = > 7)',«, G\Z) = ,
JJ( ) W(¢17¢27¢3) 23( ) W(¢17¢27¢3)
Pr737j(2) _ W(w17 @527 Prw]) 1 S j S 3.

W (1,92, 103)

(Here W(f,g,h) denotes the Wronski determinant of f, g, and h.) Using (5.13), (5.14)
and (5.19)—(5.22) one verifies
tr(Pr(2)) = 3k (2), (5.26)
Mi(Pr(2)) = PriiPra2 + PriiPrss + PraaPras
7‘,2,37)7’,3,2 - 737‘,3,1737’,1,3 - P’r,l,QPr,Zl
_ WPy, Py, ¥03) + W (4, Praba, Ptps) + WPy, tha, Prtps)
W(¢17 ¢2> ¢3)
=3k (2)* + S.(2), (5.27)
W<Pr¢1> P’/‘¢2a Prw?)) 3
det(P,.(2)) = =k (2)° + k. (2)S.(2) +T,(2). 5.28
(Pr(2)) W (0r 0. 03) (2) (2)5:(2) + To.(2) (5.28)
The characteristic polynomial det(y — P,.(z)) = 0 of P,(z) then yields
Foaalzy) = ¢ =y tr(Po(2)) + y Mi(Pr(2)) — det(Py(2))
= (y—k(2))" + (y = k. (2))5,(2) = To(2) = 0. (5.29)

Since z € C is arbitrary, the result (5.23) then follows from the Cayley-Hamilton theorem
(as in the proof of Theorem 2.1). O

Remark 5.2. Equation (5.29) naturally leads to the plane algebraic curve K,_4,
Koor s Froalzy) = (y = ko (2)° + (y = £ (2)) S,(2) = To(2) = 0,

n 2n+1—s
¢
z) = E krozt,  Sp(z) = E Syt
=0 p=0
I8
z) = E trq2d,
q=0

r=3n+1lorr=3n+2, néeN
of (arithmetic) genus v — 1. For r > 4 these curves are non-hyperelliptic.

(5.30)

0<s<2n+1,

tr,r = 17

Examples illustrating this formalism can be found in our final Section 8.

Finally, introducing a deformation parameter ¢, in (qo,q1) (i-e., @(z) — q(z,t,.), £ =
0,1), the time-dependent Bsq hierarchy is defined as a collection of evolution equations
(varying r=3n+1lorr=3n+2, n € Np)

i Pt). Lat,)] = 0. (x.

t,) € R?,
dt, )

r=3n+lorr=3n+2, n € Ny,

L3(tr> -

(5.31)
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or equivalently, by

qdo,t, — 3971—1—1,33 =0
Bsq, (g0, 1) = )
qit,. — 3fn+1,a: =0

(z,t,) €R?, r=3n+lorr=3n+2, necNy (532)

that is, by
( qo,t, + % Fr,xa::ca:x + % q1Fr,xac:c + % q1,:cFr,xa:
+(% QI,xr + % q%)Fr,x + (% q1,xxr + % q1q1,x)Fr
BSClr(QOa Q1> = +3(Z - q0>Gr,ac - qo,mGr =0 y (533)

qit,. — 2Gr,xxx - 2q1Gr,x - q1,a:G7“

] +3(Z - QO)Fr,x - QQOJFT =0

(r,t,) €ER?*, r=3n+lorr=3n+2, ncN,.
Explicitly, one obtains for the first few equations in (5.32),

dot; — Goz =0
Bsq, (g0, q1) = )
qutl - qlvx = 0
qo,ty + % q1,zzx + §Q1Q1,x - dOQO,w =0

BSClQ(QOu Q1) = )
ity — 2 90,0 — d()ql,az =0

(5.34)
1 1 2 4 2
Qo,t4 + 18 q1,mac;tzx + 3 q1q1,ac;rz + 3 ququ + 9 Q1q1,z

Bsa,(qo, 1) = —3 40000 + €1(§ Qroes + 2 Q1G1e) — d1Gos =0 :

2 4 4 _
\ 91ta — 390,022 — 391902 — 341,290 — C12qo. — del,m =0

Qots + § Qozwaes T 15 W0 zar + 3 (1d0was + 5 Nalos
+2 G1oloae + 5 0w + 3 G011, + do (55 G wavae
+§ N1 zax + %ql,qu,m + %C]%QLI - %%C]o,x)
Bsds(q0, 1) = +c1 (3 Qroee + 2 @1010) — digo =0 )
Qts + § Qszar T 2 a0 + 22 Qallae + 2 G

_% 090,20 — dO (% q0,xxx + % 1490,z + % q1,xq0)

L —12¢0; —di1 g1z =0
etc.
24



Remark 5.3. Due to our choice of Ls in (5.1) (as opposed to Ly mentioned immediately
after (5.1)) our Bsqy system in (5.34) differs slightly from the standard Bsq system
discussed, for instance, in [8], [14], [27], and [46]. In fact, the simple transformation
(put dy = 0 for simplicity),

- 1 -
qo — qo = qo + g B =0 (5.35)
transforms Bsq, into
q~0,t2 - (.?o,m + % (61,x1’x + (jlq~1,a:) =0
Bsd,(Go, §1) = i i i ) (5.36)
qit, — 2 q0,x + q1,z0 = 0
which in turn transforms into the nonlinear string equation
1
Uy = bu:m: + CL(uz)xx - 5 Ugrrrr, (537)
where
1
¢ (x,t) = ~1 (6 au(z,t) + 3 b), t=to, (5.38)

with a € R\ {0},b € R arbitrary constants. Moreover, we should emphasize that our
Bsqy system in (5.84) or (5.36) differs from the Kaup-Boussinesq system (see, e.q.,
[42] and the references therein), whose algebro-geometric quasi-periodic solutions can
be derived from an associated hyperelliptic curve (not branched at infinity) [35], [43] as
opposed to the non-hyperelliptic case typical in our paper (for genus larger than 2).

Remark 5.4. As in Section 2 (c¢f. Remark 2.3) we decided to start by postulating
the recursion relation (5.2) as the point of departure for developing our formalism.
Alternatively, we could have started with

(LS - Z)¢<P) = 07 (Pr - y(P))?/J(P) = 07 P = <Z7y<P)) S K:rfl \ {Poo} (539)
in the stationary case, respectively by
0
(Ls = 2J6(Pt) =0, (57

in the time-dependent case. This then yields (5.2) as a consequence of (5.10), (5.11),
and (5.20) and analogously one infers (5.31)-(5.34).

PY(Pt,) =0, t €R (5.40)

6. THE STATIONARY BsQ FORMALISM

We continue our study of the Bsq hierarchy and focus, in particular, on the stationary
case. Our main strategy will be to develop the Bsq material in close analogy to the KdV
discussion in Section 3 and establish the connections between the polynomial approach
described in Section 5 and a fundamental meromorphic function ¢(P, ) defined on the
Boussinesq curve KC,_; in (5.30). Moreover, we discuss in some detail the associated
stationary Baker-Akhiezer function (P, x,x), the common eigenfunction of L3 and
P,, and associated positive divisors of degree (r — 1) on C,_;.

Before we enter any further details we should perhaps stress one important point. In
spite of the considerable complexity of the formulas displayed at various places in Sec-
tions 57, the basic underlying formalism is a recursive one as described in depth in

Section 5 (cf. (5.2), (5.10), and (5.11)). Consequently, almost every formula in this paper
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can be generated quite comfortably by using symbolic programs (such as Mathematica
or Maple).

We recall the Bsq curve K,_; in (5.30)

Ko Froalzy) = (y — kr(z))d + (y — kr(2)) Sp(2) = To(2) = 0, (6.1)
n 2n+1—s
k.(z) = Zkrygze, Se(z) = Z Sppely, 0<s<2n+1,
=0 p=0

TT(z):Ztnqzq, t., =1, r=3n+lorr=3n+2, necN,
q=0

where r € 3Ny + 1 or 3Ny + 2 will be fixed throughout this section and denote its com-
pactification (adding the branch point Py,) by the same symbol IC,_;. (In the following
K1 will always denote the compactified curve.) Thus K,_; becomes a (possibly sin-
gular) three-sheeted Riemann surface of arithmetic genus (r — 1) in a standard manner.
We will need a bit more notation in this context. Points P on K,._; are represented
as pairs P = (z,y(P)) satisfying (6.1) together with P,, = (00, 00), the point at infin-
ity. The complex structure on K,_; is defined in the usual way by introducing local
coordinates (p, : P — (2 — zp) near points Py € K,_; which are neither branch nor
singular points of K,_1, (p_ : P — 1/2'/3 near the branch point P, € K,_; (with an
appropriate determination of the branch of z!/3) and similar at branch and/or singular
points of IC,_;. The holomorphic map %, changing sheets, is defined by

ICrfl - ’Crfl
* N . ) 6.2
{ P:(Z,yJ(Z))HP :(Z7yj+1 (m0d3)(z)7 .]:17273 ( )
P = (P")*, etc,

where y;(z), j = 1,2,3 denote the three branches of y(P) satisfying F,_;(z,y) = 0,
that is,

(Y= 91(D = 1))y = ys(2) = (y = ko(2))* + (y = ko(2)) So(2) = T1(2) = 0. (6.3)
Finally, positive divisors on IC,_; of degree r — 1 are denoted by

Icr—l - NO
D ) k it P occurs k
Poobrrs Y P D p (P) = times in {P},..., P}
0if PE{P,...,P_1}

(6.4)

Given these preliminaries, let (P, x, z) denote the common normalized eigenfunction
of Ly and P,, whose existence is guaranteed by the commutativity of L3 and P, (cf.,
e.g., [10], [11]), that is, by

[P, L3] =0, r=3n+1 or r=3n+2 (6.5)
for a given n € Ny, or equivalently, by the requirement
Jni12 =0, Int1,0 = 0. (6.6)
Explicitly, this yields

Lstp(P,x,x0) = z0(P,x,z0), Pup(P,z,x0) = y(P) (P, x,x0), (6.7)

P = (z2,6y(P)) e 1\ {Px}, z€R



for some fixed xg € R with the assumed normalization,
¢(P, l’(),l‘o) = 1, Pe ICT_l \ {Poo} (68)

(P, x,x0) is called the stationary BA-function for the Bsq hierarchy. Closely related
to (P, z, o) is the following meromorphic function ¢(P,z) on K,_; defined by

_ Yu(Pw, m0)
o(P,x) = Pty PekK,._1, xeR, (6.9)
such that
(P, x,xo) = exp [/ da'¢p(P,2')], Pel._1\{Px} (6.10)

Since ¢(P,z) is a fundamental object for the stationary Bsq hierarchy, we next intend
to establish its connection with the recursion formalism of Section 5.

In order to derive the analog of (3.16), (3.17) , etc., it seems helpful to define a variety
of further polynomials with respect to z,

1 1 1
A(z,2) = —Gp(2,2)° — 3 q(7) F(z,7)* + 1 Fro(z,2)* — 3 Fo(z,2) Fy22(2, ),
(6.11)

B.(z,x) = (2 — qo()) (— 2 F(2,2)* Gy(2,3) + % F(z,2)* Fu(2,2))

— Go(2,2)? Grplz, 1) + i Fro(2,2)? Gz, 1) — Fo(2,7) Gy o(z,2)?

- % G12(x) Fo(z, 7)? G,(z, 1) — % Q1 z(x) Fr(z, r)? F,.(z,x)

+ é Gr(2,2)? Frpo(z,2) — % q1(2) Fr(2,2)? Fru(2, 7)

— o1 Fre5 ) Fra(,) g Fol,0) Fraa (2,0

+ % q(2) Fo(2,7) Go(2,1)* — % () Fo(z,2)°

@) F(50) Gol2,0) B 2) 5 00) B2, ) B3,

4 F200) Gy (2,) Graa(5,) = 3 Fo(2,2) Fra(2,2) G (2,)

— % G122 (7) Fro(2, x)? — % F.(z,2) G (2,2) Fy puu (2, @)

b2 F200) Fral200) Prawa (5 0) = 5 Fy (2,0 Fraeaas,0), (6.12)
Co(z,7) = (2 — qo(2))F(2,2)* — §q1 (x)F.(2z,2)G, (2, 2) + % Q12(7)Fo(2,2)?

+ Gole, 2G5, 2) + 5 Frales)Grale, ) = 15 Fra(,2) B (5, 2)

- éGr(z, T)F, (2, 1) — Fo(2,2) G g (2, )

b3 0@ (2 0) B2, ) 5 (2, 2) P (2,7, (6.13)
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E.(z,z) =(z — q) <2Fr(z, 7)G,(2,7)° + %ql(x)Fr(z, r)?

1
+ Fo(z,2)F, . (2,2)G (2, 2) + 3 F.(z, x)zFr,m(z, x))

1 1
+ G () F(2,2)F 0(2,2)G, (2, ) — 9 0 (x)2Fr(z, ZL‘)2GT(2, x)

1 1
— 5 (2)Fy2(2,2)G,r(2,2)% + e () F(2,7)°F,4(2, 7)
5 2 5 3
D) () F(2,2)° G2, 2) — 2 @ () F, (2, )
1
+ 3 () Fo(2,2)G(2,2)G,0(2,2) — qi(2)G (2, 7)?
1 1
+ 1_8 q1 (QJ)Q1,x($)Fr(Z'> 56)3 - 6 91,m($)Fr(Z, x>Fr,z<Z) x)GT(ZJ l’)
1 1
- E C]1,x(-’f)Fr(Z, l’)an(Z, 37)2 - E q1 (ZL‘)FT(Z, x)Fr,xa:(Zy $>GT(Z7 Qf)
7 1
+ % QI(x)Fr(za I)FT@(Z, x)FT,LELU(Z) ZE) + g Fr,a::v(z7 ZL’)GT(Z, ZE)GT@(Z, l’)
1 1
+ 6 FT@(Z, x)Fr,xrp(za z)Gr,m<Zv Z') + E ql,x(x)Fr(Z7 x)2Fr,xm<27 .Z')
1 1
— F, 2 —F, F, 2
+ 18 T’,.Z‘Z'(Z7 :B) GT(Z7 ':C) + 36 T7$(Z’ x) T,J;‘x<27 $)

1
-2 GT<Z7 x>2Gr,mm(z7 .T) - g q1(x)F'r(Za x)QGr,a:r(Z7 I)

- Fr,x('z; x)Gr<Za x)Gr,xa:(Za QZ') - % FT(Z7 x)Fr,m:(Za x)Gr,x:t(z7 Q?)

1 1
+ Q1($)Fr(zv x)QFr,x:ca:(Z7 I) - 4 Fr,x(za J:)Fr,xwz(za l’)GT(Z, l’)

18 6
— % Fro(2,2)Frpe(2,2) + % Fo(z,2)F, 10(2,2) Fy g (2, x), (6.14)
Ti(2,0) = Hyalz,2) + (2 = @o(e) = 5 010(0)) Fy(z, ), (6.15)
D, 1(z,x) =¢(r) <(z — qo(z) — %qux)Fr(z, r)® — G,(z,2)* + i Go(2,2) Fo(2,7)°

@) Bz Go(2,) + 5 G2 Fralo,2) = £ Byl )

~ G 8@ P2 Fra(z0) = Fo(22) Gr(215) Gl

+ % Fo(z,2) Fo(2,2) Gy (2, 2) — % F.(z,2) G (z,2) F 40(2, x)

b F2 ) Fral2,2) Frae(2,2) = Fy(5,2)? Gre 5, 2)

— SE (2,0 Frana(z,7)), (6.16)

N, (z,z) =¢€(r) ﬁ (144 (z — qo(2))? Fr(z,2)* — 144 (2 — qo(2)) G (2, 2)? Fr (2, )

— 144 (z — qo(2)) 1 () F,(z, x)ng,,(z, x) — 144 (z — qo(x)) G,(2, 2)?



+120 (2 — qo(2)) qu(2) F(2,2) B 0(2, ) — 24 @100 Fr(2,2) G (2, 7)?

=36 (2 — qo(x)) Gr(2,7) Fro(2,2)* + 16 1 (2)* Fr (2, 2) Fro(2,2)°

+ 288 (2 — qo()) Fr(2,7) Go(2,7) Gy (2, 7) — 144 q1(7) G,(2,2)* G2, 7)
+ 48 q1(7) G,(2,7) Fyo(2,7) Gra(z,7) + 60 q1(2) By o(z,7)* Gra(2, )

+48 (2 — qo(2)) 12 B (2,7)° = 24 1 (7) 1.0 (2, 7)° G, (2, )

— 841, G (2,7)? Fa(2,72) + 201 () 10 Fr(2,2)* Fo(2, 7)

—84q1, Gr(2,7) Fra(z x) +48 (2 — qo(7)) Fi(z, ) By aaa (2, 7)

+48q1, Fr(2,2) G (z 2)Gry(z,2) +24q1 . Fr(z,2) F . (2,2) Gr (2, )
+20q1(z) Fp(2,2) Frn(2,7) By ane(2,7) — 96 q1 (1) G (2,2)? Fy 2 (2, 7)

— 96 q1(2) G (2,7) Fyo(2,7) By pu(2,7) — 24 q1(2) Fro(2,2)? Frpu(2, 7)

— 288 (2 — qo) Fr(z ) Graz(z,2) + 144 ¢ (z) Fr(2,2) G (2, x) Gy pr (2, )
— 120 ¢1(x) Fo.(z, x) 2(2,2) Graa(2,2) — 288 Gr(2,2) Gy i(2,2) Grga(2, )
— 144 F, 1 (2,7) Gy (2, 2) Graw(2,7) — 48 q1.0F (2, 7)? Groa(2, 7)

+ 144 F.(z,2) G, m( z)? — 96 q1(2)* Fr(2,7) Go(2,2) Fr.(2, 1)

— 24 Q100 Fo(2,2) G (2,7) Fr (2, 2) — 6 Q10w Fr(2,7) By (2, 2)?

—21q1. Fra(z, "E) —24qi(x) Fr(2,7) Gr(2,2) Frea (2, T)

— 65, 0(2,7) Frppne(2,7) + 48 Go(2,7) Grn(2,2) By 22 (2, 7)

+ 24 F, o (2,2) Grn(2, ) Frpan(2,7) + 8 1o Fr(2,2)? By aa (2, 7)

— 48 F(2, @) Graa(2, ) Frwa(2, ) + A Fo(2, @) Frpya (2, 1)

— 24 G (2,2)? By g (2,7) — 24 G (2, 2) Frn(2,7) Fy e (2, 7)

+ 144 (2 — qo(2)) Fr(2,2) Fro(2,2) G (2, 2) + 4 qix F.(z, x)3>, (6.17)
where
w={ 1 127 ey (6.15)

The quantities A4,,... , N, in (6.11)-(6.17) are of course not independent of each other.
There exist various interrelationships between them and S,., T, (cf. (6.1)), some of which
are summarized below.

Lemma 6.1. Let (z,2) € C x R. Then

(). 4, Gy =BGy + 5 Foa) + o B4 S, F Gy 5 Fra) =0 (6.19)
(it). B, C, + A, E, + S, [4, (G, + % E..)—F.C]-T F (G, + % F,,) =0. (6.20)
(iii). Co = B J, — (G + %Fm)(Hr k). (6.21)
(iv). B, = % S, F, + % €(r) Dy—1 4. (6.22)
(v). (r) (G + % Fo) Dy i = F, B, — A — S, F2. (6.23)
(vi). e(r)C, Doy =T, F? — A, B,. (6.24)
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1
(vid). Dy Ny = By B, = T[4, (Gr 4 5 Fru) = F.G). (6.25)

(viti). e(r) A, N, = T, (G, + 5 Fya)? = O, (6.26)
(i2). €r) F N. = G2+ B, Gy + 5 Fra) +S,(Gr+ 5 Fra)? (6.27)
(0): NoaCr 5 o) = Nolar Fo+ Foe) — () 1, [2 (G L Fr) S, 4 3B
(6.28)
Proof. This is a straightforward (but tedious) consequence of (5.15), (5.17), (6.11)—
(6.17). O
Next we derive a first formula for ¢(P,z). By (5.21) and (6.7) one infers
Pib = ot + (G — 5 Fratbe + Hyth = g (6.29)
and hence
(Pb), = Frste + Frthes + Cr — 5 Pt + (Gr = 3 Frabue
+ Hy ot + Hyiby
= Fratbue + (2 = 0~ 5 0.0 Ftb — @ Ft + (Grs — 3 et
F (G G P o Bt =yt (6.30)

Using (6.29) in (6.30) in order to eliminate 1., in terms of ¢ = 1, /1) one infers
(G + % Foo)y—H,)+ (2 —q — %(11,:c)Fr2 + H, . F,

(= H)F, = (Gra = 5 Fraa) F + @ F? + G2 = 1F2,

In fact, (6.31) is just one of three expressions one can derive linking ¢ and F,, G,.
Lemma 6.2. Let P = (z,y(P)) € K,—1 and (z,x) € C x R. Then
(Gr(z,2) + 1 Fou(z,2)) (y(P) — ki (2)) + Cr(2,2)

O =

(6.31)

(P, w) = F(z,2)(y(P) — ke (2)) — Az, @) (6.32)
_ BED)HP) = k() + A 2) (5(P) — k() + By (z,2)
: €(r)Dr-1(z, ) (6.33)
) S e . (6.34)

(Gr(2,2) + 3 Fra(2,2)) (4(P) = ko (2))” = Col2,2) (y(P) = ko (2)) = (2, 2)

Proof. (6.32) follows from (5.21), (6.11), (6.13), and (6.31). (6.33) is a consequence of
(6.1), (6.23), (6.24) and (6.32). Similarly, (6.34) follows from (6.1), (6.26), (6.27), and
(6.32). O

By inspection of (5.10) and (5.11) one infers that D,_; and N, are monic polynomials
with respect to z of degree r — 1 and r, respectively. Hence we may write
r—1

Dia(z,z) = ]Iz —w(2)], (6.35)

j=1
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r—1

No(z,z) = []lz - w()]. (6.36)

=0
Defining Dirichlet and Neumann data in analogy to (3.21) and (3.22) by

fii (@) = (ps(x), (i (2))) = (i (@), ky (i (x)) +
<

D(x) = (velx), y(Du()))

- (W<x>7kr(W(I)) — Cr(ve(z), )

G (ve(x),x) + %Fr,x(ug(a:), x)

) S ’C'r'—17

0</<r-—1, zeR, (6.38)
one infers from (6.32) that the divisor (¢(P,z)) of ¢(P,z) is given by (cf. (6.4))
((P, 7)) = Digo)....o-1(@)(P) = PP jia(@).sir1 () (P)- (6.39)

That is, vp(z),... ,0_1(z) are the r zeros of ¢(P,z) and Py, fi1(x),. .., fi—1(x) its r
poles.

Further properties of ¢(P,z) and ¢(P,x, z) are summarized in

Lemma 6.3. Assume (6.5)-(6.9), P = (z2,y(P)) € K,_1 \ {Px}, and let (z,z,1¢) €
C x R?. Then

(7). ¢(P,x) satisfies the second-order equation
1

Gra(P, ) + 3 ¢2(P,2)¢(P,x) + ¢(P,x)* + qu (x) 9(P, ) = 2z — qo(x) — 5 ().
(6.40)
(1), 6(P.) 6(P",2) (P z) = Dfﬁji) (6.41)
(iii). ¢(P,z) + ¢(P*, x) + ¢p(P**, x) = %. (6.42)
(v). (Y(P) — ke(2)) o(P, ) + (y(P*) — kn(2)) 6(P", )
(0). (P, 2, 20) B(P*, 2 50) $(P™ 2, 70) — %. (6.44)
(vi). V(P x, x0) Y (P*, 2, x0) Yp (P, 2, 20) = N (2 2) (6.45)

Dr_l(Z, [L'()) '
2x) 13 r
(vii). P(P,x, xy) = Ll;:ll(—(z,’x()))} exp{/ da'e(r)D,_1(z,2') "
x [Fr(z,2") (y(P) — kr(z))2 + A (z,2") (y(P) — ke (2)) + % Fo(z,2") S,(2)] } (6.46)

Proof. (6.40) is clear from ¢ = ¢, /¢ and Vues + q1the + (g0 + 5 1.0 — 2)8 = 0. (6.42) is
a consequence of (6.22), (6.33), and

y(P) +y(P*) +y(P™) = 3k.(2), (6.47)
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(y<P) - kr(z))2 + (y(P*) - kr(z))Z + (y(P**) - kr(z))Q = _25r<z)‘ (648)

Similarly, (6.43) follows from (6.1), (6.33), (6.47), and (6.48). In order to prove (6.41)
one employs (6.32), (6.47), (6.48), and

(y(P) = ke(2)) (y(P7) = kr(2)) (y(P™) = kr(2)) = To(2),  (6.49)
(W(P) = ke(2)) (W(P*) = ke (2)) + (y(P7) = ke (2)) (y(P™) = ki (2))
+Y(P™) = ke(2)) (y(P) — ki (2)) = 5:(2)  (6.50)
to get

* ok T?“ (Gr+lFr,x)3+SrOT (GT+1FT7I)2+C§
o(P,x) o(P*,x) (P, ) = TR g FTA 4 -

Using (6.16) and (6.17) one verifies that the numerator in (6.51) factors into D} ; N,
and the denominator into D}, D,_q, where D} _; is defined by

D31z a) =elr) (2 = wle) + 5 0 ) Folz, ) = Gl 2)® 4§ Col,0) Bz, 2)?

(6.51)

6
—q(2) F(2,2)* G, (2,2) — % Go(z,2)* Fo(z,2) + % F,.(z,2)*
+ G 01(0) P50 Fra(s, ) + Fo(2,2) G (22) Gra2,0)
+ %Fr(z, z) F.(z,2) Gy o(z,2) — %FT(Z’, z) Gp(2,2) Frpa(2, )
- i Fo(z,2) Frp(z,2) Fp 10(2,2) — Fr(2, r)? G2, )
4 S B0 Fraaa(,1). (652

(6.44) immediately follows from (6.41) and (6.46) and (6.45) from (6.44) and (6.41). It
remains to prove (6.46). The latter directly follows after inserting (6.33) into (6.10) and
then replacing B, according to (6.22). O

Thus, up to normalizations, D,_; represents the product of the three branches of 1 and
N, the product of the three branches of 1,.

Returning to D,_1(z,z) and N,(z,z) we note that (5.2), (5.10), (5.11), (6.16), and
(6.17) yield

Do = 1,
1 3
Dy =2z —q(x) - G Gz(x) —doqu(x) — d,
1
Dy =2 (6482 + 2% (648 qo(x) — 108 g1 +(7)) + 2 (216 go(2)* + 48 qu (2)°

+72q1(7) go () — T2 0(2) 1o () — 18 q12(2)? + 36 1 () q1,20(7))

+ 24 qo(x)” + 48 go(x) 1 () + 24 qo(2) 1 () Goo () — 12 o(7)* q1.0()
+8q1(2)° qro(r) = 12¢1(7) @oo(2) qra(x) = 6 qo(2) 1a(7)” + 3 qr0(2)’
+ 24 qi(x ) Q0.22() + 12 qo(2) ¢1(x) 1,22(2) — 6 1(2) ¢1.2(2) G102 ()
+4q1(2)° qrpae () + 648 dy® + 1944 dy 22 + 648 1% go(z) + 648 dy go()

+ 216 dl qO(I’) + 648 012 dl a1 (IE) + 864 C12 QQ(.I') q1 (l’) -+ 432 C1 dl q1 (i[))z
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+360 c1 o) 1 () + 72y 1 (2)° + 216 ¢4 dy qo o (%) + 7201 4o() Goo ()
+72dy 1 (%) qo.o(7) + 108 ¢1% g1 o (1) — 108 d1* g1 (1) — T2y qo(7) q1.0()
+ 144 er® @1 (2) quo() + 60 1 1 (7)° quo(x) — 36 €1 oo (7) G0 ()
—18d; ql,,v(ac)2 +216¢,2 Qo,22(x) + 144 ¢1 ¢1 () qo.20(x) + 108 ¢1 dy G1 0 ()
+ 36 1 G0(7) 122 () + 36 dy 1 (7) 1 22(7) — 18 1 q1.2(7) G120 ()

2 (= 648¢,% +1944.d,” + 1296 dy qo(x) + 216 ¢; 1 (2)? + 216 ¢1 go 0 ()

- 216 dl Ch,a;(x) + ]-08 C1 q1,1:ac(x)) + 36 C12 q1,acacac(x) + 24 1 q1 (J}) Q1,m;a:($)> )

etc., (6.53)
and
N1 = z — qo(x),
No = (2 = a0(e) + ¢ 012(0))’ = dof(= — ao())ar (0) — 5 s (@)1 ())
B 1ael@) — B — (), (6.54)
Ny = (3888 41296 2% gy, (x) + 22 (288 01 (2)° — 2592 gol2)? + 432 4 (%) qo. ()

(
— 432 qo(x) q1..(z) + 864 ql,m(az:)2 + 1080 ¢1 () q1 22 () + 216 qlwmx(as))
+ z (1440 qo(x) ¢1(x) qox(x) — 1152 qo(x)3 — 720 qo(x)Q ¢1.2()

+192 ¢y (2)? Q1.2(7) — 432 ¢1 () qo.2(2) 1.2(7) + 432 go() ql’z(x)z + 252 qlvz(x)S
— 144 ¢:(2)* o o () 4 864 g0, (7) Go,ze(7) + 720 go(2) q1(7) 1,00 ()

+360 q1() 1.2(2) Q1aa (%) + 2401 (2)° Q1 zza(2) — 144 60,2 (%) @1 200 (7)

+ 144 go(%) @100 (%) + 72 q1.0(%) s (7)) — 144 go(2)" — 288 go(2)* g1 (2)°
+432q0(2)” 1(2) qo.o () — 144 go(2)” qr () + 2880 (2) 41 (2)* g1 ()
+4840(2) 1(7) qo.0 () 1.2(7) + 48 4o(2)? 1.2(7)” — 401 (2)° @0 ()’

— 84 q1(7) qo(7) Ch,x(l‘)2 + 84 qo() qu(x)S —432qo(z) 1 (@2 0,22 ()

+ 2L quo ()" + 2880() Go.e (%) Qo0 (%) + 168 1 ()° 1.0 () 0,0 ()

+ 144 G0 o (%) q1.0(7) Qo0 (7) — 144 q1(2) G000 (%) + 120 g0 (7)* 41 (%) 1 ()
+120 g0(7) 1 (%) 1 2(%) @122 (7) + 30 41 (7) @1 () G 00 ()

+7200(2) 1(2)” @100 (%) — 48 90(2) G0,.0(%) @1 000 (%) — 28 01(2)* @1,2(T) G100 ()
— 24 G0 (2) 1.0(%) Q1.zza(2) + 48 1(2) Q0,00 (%) Q1200 () — 41 (2) G1a0a(2)°

1
+24 qo(x)2 U woza(T) + 24 qo(7) q1,0(%) @1 goza(T) + 6 ql,m(x)z quzm(l’)) 3888
+ (1944 dy 2 + 22 (1944 d,> — 648 ¢, — 648 dy o) + 216 ¢; qu ()’

—432¢1 oo () +432d1 q1 o () + 108 ¢1 g1 40 () + 2 (648 dy” + 1296 ¢1° go ()
— 1296 dy % go() — 1080 dy qo(z)* + 648 12 dy ¢u () + 864 ¢12 qo () qu (2:)

+432¢1dy qq (30)2 + 144 ¢y qo(x) 1 (x ) +72dy qq (x)3 —432¢1 dy qo.. ()
33



etc.

+ 288 ¢1 qo(7) qo(x) + 288 dy g1 () qo.(z) — 216 e ¢z (x) + 216 d;? ¢1.2(x)

— 288dy qo(z) g1 () — 28812 1 (@) qro(z) + 24 ¢1 qu(2)? quo ()

— 144 ¢1 goo(x) 1(x) +270d; ql,x(a:)2 + 432 ¢1% qo.pa () + 7201 1 () G000 (7)

+ 216 ¢1 di @120 (7) + 72 €1 G0(7) G122 () + 360 dy 1(7) G120 ()

+ 36 ¢1 1.0 (%) Qraa(T) — T2¢1° Qawa (@) — 1201 1(2) @1,000(2) + T2 d1 1 g000(7))
— 648 d,> qo(z) — 648 ¢,® qo(:v)2 — 648 d,? qo(x)2 — 648 1% dy qo() 1 ()

— 216 d; qo()® — 864 ¢+ qo(z)” qu(z) — 432 ¢y dy qo(z) @1 (2)? — 360 ¢1 qo(z)” g (2)?
—72dy qo(x) i (2)® + 432 ¢1 dy qo(2) qoo(z) + 144 ¢1 go(2)? go o (2)

+ 216 d1% q1(2) oo () + 288 dy qo(2) q1 () qoo () + 216 ¢1% qo(2) @1 ()
— 216 d,” qo() q1..(7) — 144 d; q(2)” Q1.2(z) + 108 1% dy q1 (%) q1.2(7)
+432¢0% o) 1 () @1 (%) + 216 ¢1 dy 1 (2)” qu (@) + 264 €1 o) g1 ()
+60d1 g (2)° qra(r) — 7201 dy Qoo() Qo) + 48 €1 0(2) o2 () @12 ()
— 48.d1 1(2) Go (%) Qo) — 18¢1® quo(@)” + 126 di” qro(7)” + 66 di go(7) 1.2 ()
— 48017 q1(2) quo(2)* = 34 ¢1 1 (2)? q1,2(2)” — 121 qoo (@) @1,2(7)” + 425 g1 2(7)°
—432¢1% qo(2) qo,0a (x) — 216 €1 dy @1 (%) Go,00(x) — 360 ¢1 go(2) ¢1(2) Go 5 ()

— 72dy q1(2)? Qo000 () + 144 dy G0,0(2) Qo0 (%) + T2¢1° q1.0(T) G000 ()

+108.¢1 1(2) 41,0(%) Qo2 (¥) = T2 €1 Qo ()" + 108 €1 di? g1 ()

+ 721 dy o) Qe () + 121 4o(2)” Quaa() + 180 dy” 1 () G ()

+120d1 qo(7) 1 (%) G1ze(7) + 36 c1 dy @1 2(T) G122 () + 12 ¢1 Qo () G1,2(7) G122 ()
+60dy 1(7) 41,0(2) 1,00(%) + 3 €1 G1.2(2)% Q10 (2) + T21% G0(2) G100 (2)

+36 ¢1d1 1(%) G1.2aa(7) + 60 €1 q0(7) 01() @1 200 (%) + 121 1(2)” 1 200 (7)
—24d, CIo,z(x) ql,zxx(x) —12 012 %,z(fﬁ) q1,zxw(x) —18¢ Q1($) Q1,x($) %,mm(x)

+ 24 Cq QO,:E:B(:C) q1,:vxac<x> -2 &1 q1,a:xz<x>2 + 36 d12 qum(SU)
1
648’

2 QLx(x)

+ 24 dl (Jo(x) q1,xxzx (27) + 12 dl q1,z (.T) q1,zx:r:p(x))

Concerning the dynamics of the zeros u;(z) and vy(x) of D,_1(z,x) and N,(z,z) one
obtains the following analog of Dubrovin’s equations in Lemma 3.2.

Lemma 6.4. Assume (6.6) and let x € R. Then

(1)

/“L]ﬂ’(x) = r—1 )

1<j<r—1. (6.55)
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(ii).
—e(r) Jy(ve(), 2)[3 (y(Be()) — ko (ve(@)))” + S, (ve(2))]

r—1

[ [ve@) = vin(2)]

m=0
m#£L

Vi (z) =

Y

0<f<r—1. (6.56)

Proof. Combining (6.22), (6.23), (6.32) and (6.37) yields

€(r) Dy 12 (@), ) = Fr (), 0)[3 (y(i15(x)) = ko (15(2)))” + S (2))]  (6.57)

which in turn implies (6.55) using (6.35). Similarly, combining (6.27), (6.28), (6.32) and
(6.38) yields

. 2

€(r) Nz (ve(@), 1) = J(ve(w), ) [3 (y(0e(x)) = kr(ve(@)))” + Sp(ve())] (6.58)
implying (6.56) by means of (6.36). O
We emphasize that 2 (y—k,) in (3.36) and (3.37) and 3 (y —k,.)?+ S, in (6.55) and (6.56)
is precisely the y-derivative of the Burchnall-Chaundy polynomial, that is, 8% Fr1(z,y).

We conclude this section with a few trace formulas for the Bsq invariants in terms of
pj(x) and v(z) analogous to the KdV case in Lemma 3.3.

Lemma 6.5. Assume (6.6) and let x € R. Then

(i). Forr=2:

1

5 12(%) + (@) + do g1 (2) + dg = () (6.59)
and forr > 2:
r=1 (mod 3) :

1
é(h,x( ) _q0 _3d1 Z,u]l

Jji=1
1 | 5 7 ,
E qum(iE) + § q(),xzx( ) + 1_8 q1( )q1,x:c(x> + % ql,x(I)
1 1 2 1
+ 3 9o () @10 () + 9 q1(2)qox(x) + o ¢1(2)? — qo(z)” + 3 diq1,4(7)
r—1
—3(11(]0(37)+C?—3d%_3d2 = - Z :uj1<x) sz(x)7 (660)
j1,J2=1
Jj1j<j2
etc.
r =2 (mod 3) :
1
6 G12(%) — qo(x) + d — 31 = Z (2
J1=1
1 1 5 7 1

—_— J— —_— —_— 2 J—



1 2 1 1
t9 q1(7)qo . () + T @ ()’ — qo(x)® + (5 a - d3) 1.0 () + (dg — 3¢1)qo()
r—1
—3c8 —3cy+3d3d; = — Z i () pjy (), (6.61)
i1,J2=1
]J'1]<j2
etc.
(ii). Forr=2:
1
3 Gz(x) —2qo(z) —doqu(z) — dg = —vy(x) — 11 () (6.62)
and forr > 2 :
r=1 (mod 3) :
g ( + 3d1 Z I/g1
£1=0
2 1 1 1 5
9 Q0,222 () + 3 qo(x)q1 () + 13 Q1,z(i€)2 BT G () @1 22 () + 9 Qo.2(2)q1 ()
r—1
2
- 2_7 ql( ) + del,x(I) - C:I) + Sd% + 3d2 - Z Vh(x) l/g2<5(7), (663)
féiﬂjzo
etc.
r =2 (mod 3) :
1 r—1
§ (:E)—}—Scl—dg:—zz_:oygl(x)
2 1 1 1 5
9 q0 :v:v:c( ) + g qO(ZE)QI,x(m) + 1_8 Q1,x($)2 - ]._8 Q1( )qu(I) + § q0,$(x)q1(x)
r—1
2 1
o7 q(z)® — (g dy — 01) Qo(x) +3¢] +3c —3didy = KZZOV&(%) ve,(x), (6.64)
1,£2=
01<bo

etc.

Here ¢y, o, dy, dy,ds can be expressed in terms of zeros of S.(z) and T,(z) in analogy to

(3.40).

Proof. 1t suffices to substitute (6.35) and (6.36) into (5.10) and (5.11) (taking into
account (5.2)) and comparing powers of z. O

Explicit examples illustrating the formalism of this section are provided in Section 8.

7. THE TIME-DEPENDENT BsSQ FORMALISM

In our final Bsq section we extend the polynomial approach of Sections 5 and 6 to the
time-dependent Bsq hierarchy.

We start with a stationary (m — 1)-gap solution (q(()o)(:v), qgo)(:p)) associated with K, 1

satisfying
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0 0 -3 fnJrl,m =0
Bsqm(qé),qg)): , teR, m=3n+lorm=3n+2 (7.1)
-3 In+l,z = 0
for some fixed n € Ny and a given set of integration constants {c;}1<p<n, {d¢}o<r<n. Our
aim is to construct the r-th Bsq flow

Bsq, (do, 1) = 0, (qo(@,to,)s (@, to,)) = (0 (2), ¢ (x)), z€R (7.2)

for some fixed r € 3Ny +1 or » € 3Ny + 2 and ¢y, € R. In terms of Lax pairs this
amounts to solving

d .
77 Ls(t,) — [P.(t.), Ls(t,)] = 0, ¢t €R, (7.3)
[Pn(tor), Ls(to,)] = 0. (7.4)
As a consequence one obtains
[P(t.), Ls(t.)] =0, t, € R, (7.5)

3
(Pm(tv“) - km(LS(tr))) + (Pm<tr) - km<L3(tr)))Sm(L3(tr)) - Tm<L3(tr)) = 0,
tr €R (7.6)
since the Bsq flows are isospectral deformations of Ls(tg,).

We follow our KdV convention of Section 4 and denote the integration constants in
P, by {¢},{dr} and use the notation k,, F,, G,, H,, etc., in order to distinguish them
from ky,, Frn, Gy Hp, ete., associated with P, and the integration constants {c,}, {d,}
in P,.

Instead of working directly with (7.3) and (7.5) we find it preferable to take the following
equations as our starting point,

1 - 5 =~ 5) ~ 3 2 -
:__Fra:xzxx__ Fraczx__ J:Frzx_ n T 5 2F7":c
q07t7' 6 El 6 ql I 4 q17 I <4 q17 + 3 ql) ki
1 2 - ~ ~
- (6 QI,:m:m + g Q1Q1,a:) Fr - 3<Z - q0) Gr,x + qo,z G'r;

QLtT =2 ér,xa}x + 2(]1 ér,x + q1,x ér -3 (Z _ (]0) Fr,x + 2 qO,:c FT? (.CU, tr) S RQa (77)

1 1 1 )
__me:c:r;a:Fm _Fmraszmx__Fz - a4 Fm;m‘Fm
6 ) +6 ) ) 19 = M. 6ql )
5) ) 1,1
19 acFm;tFm ey F2 — -\ Tz 2 F2
o Loatm, +12 QL' . 3(2 q1, +C]1) m

+2 Gm,:me - an,x + QIGEn - 3 (Z - CIO)Fme - Sm(Z)7 (l’, tT) € R27 (78)

1 1 1 1
18 3 3 24 ) m,x + 18 ql ) m + 36 ) » 5
1 1 1 1
36 ’ 18 * ’ 9 ’ ’ 108 ™
2 G Fsn P Fy 4 — FanF2 — o 1 P B2 o + = 2 Fyn o F2
9 Nl mazzcl’ mal'm 18 Nzl mazt o, 79 Q1 L' m,zx m,z 18 Q Lmzxt
7 1 7 1 1
— 1 F? Fn— — QreaF2 Fon — — o F L — ~ G F2 F 4 — qraqi Fpn o 2
+ 36 A1l 2o 24 ai, m,T 48 Azt e 6 B Lz + 192 1,291 T4 m
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2 1 1
-+ (2—7 - — + -5 A,z + (Z - qO)Z)Fr?@ + (Z - qO)an + = Fm,xmmefn
1

18 6
1
2 2 2 2 3 2 4 1 2
- ql(z - QO)Fme + g 1F G + 6 QIFm,mem - g QIFm,xGm,sz + g QIFme@
+7 FG2—|—4FG G—l—l F,.G? L F.Gpn .G
12 ql,x m,r " m 3 1 L'm m,xx~Tm 6 ql,xx m-Tm 3 q1,a: m-Yym,z - m
1
(z,t,) € R?,
where (cf. (5.10), (5.11))
Fu(z,2,t) = Y fus(z,t,)2, (7.10)
£=0
Fulz,a,t0,) = Y fil@)2,
£=0
Gm(z,2.t) = > gus(,t,)2, (7.11)
£=0

Gm(zax7t0,7") = ngz)ﬁ( )

for fixed tp, € R, m € 3Ng+1orm € 3Ny + 2, r € 3Ny + 1 or r € 3Ny + 2. Here
fo(x,t.), ge(z, t,) and fg(o)(x),g,go)(a:) are defined as in (5.2) with (go(x), ¢1(x)) replaced
by (qo(z,t,), q1(x,t,)), and (q[()o)(x), qio)(x)), respectively.

In analogy to (6.35) and (6.36) we introduce (cf. (4.10), (4.11))

m—1

Dyq(z,x,t,) = H z — pi(x,t,) (7.12)
7j=1
m—1

Np(z,x,t,) = [z — ve(z, t,)], (7.13)
=0

where D,,_; and N, are defined as in (6.16) and (6.17) (with F,., G, replaced by F,,,, G,,).
This implies in particular, that (cf. (6.25))

Dyi(z,2,t, )Ny (2,2, ) = B(z,2,t) En(2,2,t) — Tn(2)[An(2, 2, t)
1
X (Gu(z, 2, t,) + 5 Fra(z,2,t,)) — Flz,2,t,) Cn(z,2,t,)],  (7.14)

where A,,, B,,,C,, and E,, are defined as in (6.11)—(6.14) (with F,, G, replaced by
F..,Gy). Hence Lemma 6.1 (with r replaced by m) holds in the present context.
Similarly, Lemma 6.2 remains valid and one obtains

(G(z,2,t) + 3 Froo(z,2,t,.)) (y(P) = kn(2)) 4+ C(z, 2, t,)

EFn(z,2,t,) (y(P) — kp(2)) — An(z, 2, 6)
38
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Fo(z,2,t,) (Y(P) = km(2)) + A (2,2, 6) (y(P) = kn(2)) + Bul(2, 2, 1,)
e(m)Dy—1(z,z,t,)

(7.16)
= — e(m) Nz, 1,) (Gl 1) + % Fo (2,2, 6)) (3(P) — ko (2))°
- Cm(za m,tr) (y(P> - km(z)) - Em(Z,:E, tr)>_17 (717)

P =(z,y(P)) € Kn-1.
In analogy to (6.37) and (6.38) one then introduces Dirichlet and Neumann data by
/ij(ZL’, tT) = (Mj<m7 t?‘)v y(ﬂj(x, tr)))

= (y,j(l‘, tr), km(#](xa tr)) +

Am(,uj(xutr)vxatr)) cK
(x m—1,

Fon(pj (. tr), @, 1)
1<j<m-—1, (a,t.)€R? (7.18)
Do, ) = (velw, to), y(0u(x, 1))
b ) = T
0<l<m-—1, (z,t.)€cR? (7.19)
and hence infers that the divisor (¢(P,z,t,)) of ¢(P,z,t,) is given by

(B(P,2,t,)) = Dioaste), om0} (P) = Dt @t i1 1) (P)- (7.20)
Next we define the time-dependent BA-function (P, x, zo, t,, to,)

)) € K1,

x tr _
V(P x,xq, tr, tor) :exp{/ dx’gb(P,x’,t,«)%—/ ds[Fr(z,xo,s)(gbr(P,xg,s)

o to,r
- 1 -~ 1 -~
+ ¢(P7 X, 8)2> + (GT(Z,SUO, 8) - 5 FT,QC(’Z?'TOJ S))¢(P7 ‘1;075) + (6 Fr,x:p(zaxOJ 8)
2 ~ - ~
+ g Q1($07 S)Fr(za Lo, 8) - Gr,x(za o, 8) + kr‘(z))] }a (721)

PeKn1\{Ps}, (x,t)€R?

with fixed (zo,to,) € R?. The following lemma records some properties of ¢(P,z,t,)
and (P, z, xo, tr, to,).

Lemma 7.1. Assume (7.7)-(7.11), P = (z,y(P)) € Kn_1 \ {Px} and let
(2,2, 20,t,,t0,) € C x RY. Then
(7). ¢(P,x,t,.) satisfies
¢wx(P7 :L‘7 t',’) + 3 ¢x(P’ x? tr) ¢(P7 :L‘, tr) + ¢(P7 I’ t,’,)s _I_ ql <$7 tr) ¢(P7 :L‘7 t"")

1
=z - q0($7t7‘) - 5 q1,x(x7tr)a (722)

O, (P, t,) = 0, [Fr(z, z,t,.)(o(P,x,t.)* + ¢ (P, t,))
+(Colz ) — %Fr,x@, et )P ty) + Hy(za,t)]. (7.23)

(7). Y (P, x, o, ty, to,) satisfies

¢xmm<P: X, T, tr; Z50,7") + QI(xa tr)wm<P: X, T, tra Z50,7")
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1
+ <QO(:1:7 t'r’) + 5 q1,x<x7 t?‘) - Z)w(P; T, To, tTa tO,T) = 07 (724)
U (P, 20,1 tor) = (Fr(2,2.4,) (8(P, 2, 1) + du( P, 1)

+ (ol ty) — % Fyolz, 0 t)O(P, 2, 1,) + Hy (22, 1,)) (P, 20, s o)
(7.25)
(ice., (Ls — 2) = 0, (P —y)th = 0, th, = Bp).
Nm ) ) vr
(ii1). S(P,x,1,) 6(P*,2,1,) (P, 2, ;) — % (7.26)
(i0). §(P,a,t,) + S(P*,,1,) + G(P 0, 1,) = Dtz o) (7.27)

Dpa(z,2,t,)
(). (Y(P) = kn(2)) ¢(P,z, 1) + (y(P*) — km(2)) 6(P*, 2, t,)

P = b)) (P 1) = P L LS ) Z 20 Bnl2 ),

(7.28)

Proof. (i). (7.22) follows from (7.8), (7.9) and (7.15). In order to prove (7.23) one first
derives from (7.7)—(7.9) and (7.15) that

324360, +3(6” + 62) + 0] (60, — (6 + 62) + (Cr — 5 R+ ) ) =0.
Thus
b= 0 (B +6) + (G~ S B)6+ ) = Cifi+ Cafy, (129)
where f;, j = 1,2 are two linearly independent solutions of
(07 + 360 +3(¢° + ¢a) + 1] f = 0

and C;, j = 1,2 are independent of = (but may depend on P and ¢,). The high-energy
behavior of ¢(P, z,t,) o O(|z]*?) (cf. (7.15)) then proves C; = Cy = 0 since the

left-hand side of (7.29) is meromorphic on K,,—; (and hence especially near P,,).

(ii). (7.24) is clear from (7.21) (¢ = ¢, /%) and (7.22). (7.25) follows from (7.21) and
(7.23).

(iii)—(v) follow as in Lemma 6.3 (ii)—(iv). O

Lemma 7.2. Assume (7.7)-(7.11) and let (z,x,t,) € C x R%. Then
(Z) Dm—l,tr (Z, Z, tr) - Dm—l,a}(za Z, tr) (ér(za Z, tr) - Fr,x(zv z, tr)

Eo(z,2,t,)
_ 7Fm(z,x, ) (Gm(z, T, t,) —

x 3 (I:.ir(z,x,tr) E(z) -
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+ Frm(z,x,tr) M(ql(x tr) Fp(z,2,t,) + Fm,m(z,m,tr)))

I (2, 2, 1)
(7.31)
Proof. In order to prove (7.30) one combines
8,5T8x(1n Dm_l(z,x,tr)) = 8x8tr(ln Dm_l(z,x,tr))
= (¢(P,x,t,) + ¢(P", 2, t,) + (P, 2. t,)),
(7.23), (7.27), and
D, Gum—2Fn.D
PQ P*Q P**2:— ml,z_ m 2t mx Um—1x
(P +9(P') + ¢(P) = = Op(5—) F D
1 /1
-~ (5 Frage +201Fy —3Gha). (7.32)
Similarly, in order to prove (7.31) one combines
Nm(zﬁx7tr) _ * *ok
at,(m) = (¢(P, @, t,)p(P*, 2, t,) (P ,%tr))tr’
(6.28), (7.23), (7.32), and
1 1 1 2(Gpn + 3 Frne)Sm + 3 E,
+ + = ’ . 7.33
o) o)t oP ()N, (739
O]
The remaining analogs of Lemma 6.3 (v)—(vii) then read
Lemma 7.3. Assume (7.7)-(7.11), P = (z,y(P)) € K1 \ {Px} and let
(2,2, 20,t,to,) € C x R Then
(Z) w(Paxaantr>t0,r>¢(P*7:C7x0>tratO,r)w(P**axaajOatrvtO,r)
N Dy1(z,2,t,)
= B @—tor) MDD T 7.34
Dm—l(zaxmto,'r) ( )
(ZZ) wm(PWTJxOJtT7t0,T)¢1‘(P*7xwautT7t0,T)1/}$(P**7x7x07t7"7t0,7‘)
_ 63kr(z)(t,~—t0,T) N (Z xz, 13 ) (735)
Di1(2, 20, o)
Dy (z,2,t) 11
(1i). Y(P,x,x0,ty, to,) = [Dm 1(12 Totor) } exp / Dy_i(z, 2 t,) 71
X [Fu(z,2,1) (4(P) = kin(2))” + A(z,7' 1) (y(P) = him(2))
2 br
+ g Fm(zy .ZU,7 t?“) Sm(z)} - / ds [E(T)Dm—l(za Zo, S>_1 [Fm(za L0, S)
to,r
2 2
~ 1 -~ 1 F Z,%o, S
X (GT’(’Z o, S ) 5 F (27]70, S) - (Gm(Z,ZL'O,S) - 5 Fm,x(za$073)) ﬁ)
FT(Z,I'(), 3)
P)—k — |+ k(2)(t, — tor) ¢ .
+(P) = k() S | )6~ to) | (7.36)
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Proof. (7.34) follows from (7.21), (7.27), and (7.30). (7.35) follows from (7.26) and
(7.34). (7.36) follows from (7.21), (7.16), (6.22), and (7.30). O

The dynamics of the zeros p;(x,t,) and vy(x,t,) of D,,_1(2,x,t.) and Ny, (2,,t,), in
analogy to Lemma 6.4, is then described in terms of Dubrovin-type equations as follows.

Lemma 7.4. Assume (7.7)-(7.11) and let (z,x,t,) € C x R*. Then
(Z) :ujw(xatr) = _€(m) Fm(ﬂj’(%h%%h)
. Bl 1) = kg, 8))” + Sy ()]
H (s tr) — (2, 2,)]
k2
s (0,12) = (Fonlias (0, 10), 2, 80) (Gt (. 6), 2. 1) = 5 By, ), 2,1,)
- FT(:uj(xv tf’)) z, tT)(Gm(Mj(xv tT)7 x, tT) - % Fm,:c(:“’j(xa t7’>’ xz, tT)))
em)[3 (0 1) — K ))* + Sy (.8))]

1<j<m-—1, (7.37)

Y

DN | —

H [/’L]($7 tT‘) - Nk(x7 tr)]
k=1
i
(7.38)

(12). veg(2,t,) = —e(m) Jp(ve(z), 2, 1))
By, 1)) = Bl 1))” + Sl 1,))]

m—1

Hz/gq:t (2, t,)]
o)

0<l<m—1, (7.39)

Vp g, (:Eu tr) = (Jm<yg(l', tr)a xZ, tr) (ér(yg(l', tr)v x, tr) + - Fr,z<l/€(x7 tr)a z, tr))

2
= T ty), 26 (Gl 1), 1) + % Frali(a 1), 2.1,)))
—e(m) [3 (y(@e(, ) = ko (e, )% + S (v, 1,))]

X — , 0</i<m-—1.
I v te) = vz, t,)]
(]
(7.40)
Proof. (7.37) and (7.39) are analogous to (6.55) and (6.56). (7.38) follows from (7.30)
and (7.40) follows from (7.31). O
The initial condition
(@0l tor) ar(w,t0,) = (a5 (0).0" (1), = €R (7.41)
effects
f(x,to,) = ﬂgo)(x), 1<j<m-1, z€eR, (7.42)
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Doz to,) =0 (z), 0<l<m—1, zeR (7.43)
(cf. (7.10)-(7.13)).

Finally, the trace relations in Lemma 6.5 extend in a one-to-one manner to the present
time-dependent setting by substituting,

(q0(2) q1(x)) = (qo(z, 1), qu (w, 1)), (7.44)
wi(z) — pi(z,t), 1<j<m-—1, vi(x) = vz, t,), 0<0<m-—1,

keeping {c¢}1<i<n, {ds}1<e<n as in Lemma 6.5 since K,,_; is ¢,-independent.

8. ILLUSTRATIONS
Our final section illustrates the stationary formalism of Sections 2, 3, 5, and 6 and
provides specific KAV and Bsq examples.
We start with the KdV case.
Example 8.1. Rational KdV potentials.
We abbreviate y; = wgy, j=1,2, wy=—1.
(i). =3 (genus g =1):

d? 2 d? 3 d 3

Lo 42 _¢ S48 . 3 8.1

2T da? 2 YT dad 22dx 2 (8.1)

Filz,y)=9*—2* =0, E,=0, 0<m<2, (8.2)

1
Fs(z,2) =z — et (8.3)
1 , 1
Di(z,x) =2 L Ny(z,x) =z tgit (8.4)
yi+ o
oz a) = B (85)
2 | 1 1
+Le+ 4
= - L =12 (8.6)
J 3
(ii). 7 =5 (genus g = 2):
d? 6 d? 15 d° 45 d> 45 d
[p=2 2 p=¢ 4 B C I 8.7
2T da? 1 T dx® 22 dad P da? 2t da’ (8:7)
Folzyy)=y*—2°=0, E,=0, 0<m<A4, (8.8)
3 9

Fy(z,2) = 2* — iRt (8.9)

3 9 3 36

Dy(z,z) = 2* — = z+ ot Ni(z,2) = 25 + = 22— — (8.10)
Yt

0i(z,x) = Z;_£Z+£ (8.11)
x? x4
234 3 2 - 38

_ 2T © =19 8.12

Y; j—3z+;—§ ( )



(iii). » =7 (genus g = 3):

L1 T 42 &5 210 4 315 A
2T dx? g2 TT AT 22drd | 23 dxt 2t dad
630 d? 2835 d 2835
7 8.13
a:5 d x? 2 dz 27 (8.13)
F(z,y)=9y*— 2" =0, E,=0, 0<m<6, (8.14)
6 45 225
3 2
F7(Z,SU) =z —?Z EZ'—F, (815)
6 45 225
3 2
Ds(z,x) e R L R
6 9 135 2025
_ 4 3 2
Ny(z,x) = 2 —|—;z - _FZ+—8’ (8.16)
yj—i—mﬁg 22—1—524—675
¢j(2,l‘)_ 23 _ 62 22+422_% (817)
PAR N P % PR
= oLl Lt , j=1,2. (8.18)
Y — 3+ 52— 7
Example 8.2. Elliptic KAV potentials.
Here p(x) := p(x,w,ws) denotes the Weierstrass p—function with periods 2w;, j =
1,3, Im(ws/wy) # 0, and invariants g, and g, see [1], Ch. 18.
(i). =3 (genus g =1):
d? d? d
Ly= 2 _ p=2 & 2y 8.19
b= 2, = Bpe) D ), (8.19)
Filzy) =y — (2 - %z— %) =0,
Ey = p(wi), Er=p(wa), E»=p(ws) (8.20)
Fs(z,2) = 2z — p(x), (8.21)
Di(z,z) = z — p(x), No(z,2) = 2* + p(z) 2 + p(z)* — gf, (8.22)
1y
yj — 3¢ (@)
; ==—=:_ 7 8.23
ol e
(T @( )
2 93>1/2 .
= =1,2. 8.24
— (2 -2:-2)7, =1, (8.24)
(ii). r=>5 (genus g = 2):
d2
L —6
2= T2 p(x),
e d3 45 d? 27 d
Pr=——-15 — = = () — — g9 — 45 2 — 8.25
21 27 27 81
Folzy) =y* — <Z5—ZQ z +Z93Z +ZQQ ZQQQ3>
9 27
=% - ((22 —3g2)(2* — 7 92% + 1 gg)> =0, (8.26)
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Fy(z,7) = 22 — 3 p(x)z + 9 p(x)?

Ey = (3g2)"*, Fy, =

Dy(z,7) = 2> — 3 p(x)
)

¢j(Z,ZB) =

Yy~

z+9p(x)?

3 @(WB), E2

4

1
Ny(2,2) = 2° +3p(x) 2* — 3 g2z + 993 — 36 p()°,

—3p(w2), Bz =—3p(w),
Ey = —(3g2)"?,

- — 92,

9
— — g2,

> 9/ (2)z + 9 ()¢ (x)

22 =3p(r)2+90(2)* = 7 9

23+ 3p(x) 22 — 3 g2z + 993 — 36 ()3

yi+ 29 (2)z — 9p(x)p'(x)

Finally, we turn to the Bsq case.

(i). r =2 (genus g = 1):

(ii). r=4 (genus g = 3):

Lj
-,F3(Zay)
F4(Z,$)

Ds(z,x)

Ny(z, )

ij(Z,ZE)

, 21 27 27 81 1/2 .
wz04V@“~me+sz“%1£z—zm%), j=1,2.
Example 8.3. Rational Bsq potentials.
We abbreviate y; = wgy, 1 <j <3, wg=exp(2mi/3).
e 3 d 3 d? 2
Ly = 9m~2am w Doz
Filzy) = vy’ —22=0,
Fy(z,z) = 1, Go(z,x) =0,
1 , 2 1
Di(z,x) = =z et No(z,x) = 2 +EZ+E’
(z + %)
¢j(2,$> = i
Yji — =2
3
2+ )2
— - ( a:31) — 1 S j < 3
(24 35y — =2+ 25)
@ 1d 15, db 20 & 40d
odxd a?dx 37 TN T gt 22da? | ¥ da’
= y3 - 24 = 07
)
= Pa G4(Z,.T) =z,
3 D5 5 200 1000
R R
10 225 27000
_ 4 3 2
= Z +EZ F —51;12 3
)y (o
oy~ (5 — 2%
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(8.27)

(8.28)

(8.29)

(8.30)

(8.37)

(8.38)
(8.39)
(8.40)

(8.41)

(8.42)



2YHE -y + (P a4 )

_ J 6
- 3 5 .2 200 1000
< z3 < z6 <= 9

10 225 27000
A A AR

(z4+Z) 2+ (Rz2-2)y; - (223—|— 222+ 82+ 5)’
1<7<3.
(iii). » =15 (genus g = 4):
LS — d_3_%i+%
dz3 22dx 23
d° 40 &3 120 d? 40 d 320

pp = - =% , = 2O 24
> b P2dd | BdR ddr B
JT4(Z,y) - y3_25: )
56
F5(z,z) = 2z, Gs(z,2) = ——,
x
8 224 12544 175616
Dy(z,z) = 24—;,23—F22+ - Z 4+ T
16 960 17920 200704 11239424
_ 5 4 3 2
Ns(z,x) =z +EZ +Fz— o T T AT T
56 24 , _ 12584
Ryt (B + 52+ 82—
¢j(2,$) — x4 y] ( g z9 )

RYj — ( 2 2% — 3:126 )

2 8 .2 3136 8 448 2 37632 702464
Zyj“‘( z _—)y]+$4z + 27 X T g0 2 T i3

(8.43)

(8.44)

(8.45)
(8.46)
(8.47)

(8.48)

(8.49)

(8.50)

(8.51)

338
— R g - A V1L
- 25416 54 4 960 3 1T920 2 200704 1123942
= % R B2 ¢ &, _ Dy, Ty (SR BE sy 500 o9 4 100352 | 2800w
1<j;<3
Example 8.4. Elliptic Bsq potentials.
(i). r =2 (genus g = 1):
d? d 3 d?
L = — — 3 _ — — / P - 00 — 2
92 2 93
=By 2B
Filzy) =y’ = Fy—2" =7 =0,
Fy(z,x) =1, Go(z,2) =0,
1 1 2
(Z,.Z') Z 4 5 @/($), N2(27x> = (Z - 5 p/(l’)) )
1
— 3 ¢(x)
! %—@@)
_ Yty +e()’ - %
z+lﬁ()
Z —_ =
(z — 3¢/ (2))? l<i<3

T -ty - o)z - L)
)

where y;, 1 < j < 3 denote the roots of (8.53).
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(ii). r=4 (genus g = 3):

a3 d 15
Ly = 4 (2 1 42y ,
3 5 1 (230 = 15p(x)) —— — o ¢/(2), (8.59)
&g P2 d 5
P = — =200 (x)— + (1 =
375 225
Fi(z,y) = y3+y<_ﬁ 22——\/39293+7\/39222>
1375 2625 3375
3 9t ng 93+ 5 95
1 3
NLECINEP 22 T ) (8.60)
36 2
Fy(z,2) = (— 2392 — 5 p(x)), Gy(z,x) = 2, (8.61)

> 1025 3 25
Dy(z,7) = 2° + B o' (x) 2% + 2 (w V393 + - 93+ 1009 p(z)
125 3 125
— 50 /302 9(2)* = 200 p(a)") + == V35 /() + = g ¢/ (x)
+250gs p(2)¢ (%) + 375 /392 p(2)*¢' (2) + 500 p(2)*¢ (2),

1145 135
Ny(z,x) :24—5p’(x)23+22< \fgg —4093—1-792@( z)

90 /302 p(a) + 225 p(0)°) + = (2 VB o/(a) + O gy o/ (a)

3 3375
~ 900g20(2)¢/ (¢) — 450 v/Bgs (0 (2)) + 2 VB adgs + o g

375 5 3375 3375
+E\/§g§ p(2) + =5 92930(2) = —— /392 93 p(2 )? — 6750 ga ()

7125 3 30375
— (- V393 + 4 g3) p(2)® + 6750 /3¢5 p(2)° + 27000 p(z)®,  (8.62)

) 175 20 25
B(z0) = (v (2 = 39/@) + 35 922+ 5 VB2 pla) = 202p() = 2 /(@)

—50.v/Bg2 p(a)9! () — 150 p(2)26'()) (s (— 2 v/3g5 — Bi(x))

F2 2 VB 2 g = 2 g ole) — 50y/Bg pla)? — 100p(0)*) (369
= D3<1z’x) (yjz (g @+5@($)) +yj ( fg; + —93+2 - 24—592@( )

— 50 1/3g2 p(x)* — 100 p(x) > - % g2 2% — ? 392 g3 p(z) +52° p(x)?

- B2 ol + B 2 ole) — T VB i ol - T g (e’

+250g5 00" + 1750 /333 p(0)" + %qzz () — 10 VB o) ()

= 20050 o/ e) = T30 VB~ 0 gu g+ 3000 0o ) (8.64)
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) 175 20
= Nitern) (12 (= 3 o/@) 4y (- s = 5 VEmEola) + 202 p(o)

2 000/(0) + 50 /B 0(0) /() + 10 (e o/ (0)) + (5 /30 — 5 ()

+ %ggz - % V35 zp(a) + %ggw(m) — 200 g2 2 p(x)* — 600 z p(z)*

+ % g3 ¢/ () = 4—30 392 2% 0 (x) — % V32 ol) ¢ (z) + % 2 () ¢ ()
- %75 95 9(x) ' (x) + 1875 /32 p()* ¢/ (x) — 150 v/3g2 2 p(x)°

+ 4500 p(z)* @/@)) 71, 1<j<3, (8.65)

where y;, 1 < j < 3 denote the roots of (8.60).
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