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Abstract.

We study the connections between Gelfand—Dickey (GD) systems and their modified coun-
terparts, the Drinfeld—Sokolov (DS) systems in the case of general matrix—valued coefficients
with entries in a commutative algebra over an arbitrary field. Our main results describe
auto—Backlund transformations for the GD hierarchy based on Miura—type transformations
associated with factorizations of n-th order linear differential expressions.
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1 Introduction

The main topic of this paper is to detail the connections between Gelfand—Dickey (GD)
systems and their modified counterparts, the Drinfeld-Sokolov (DS) systems. Similar to the
well known case of the Korteweg—de Vries (KdV) and modified Korteweg-de Vries (mKdV)
hierarchy [28], these connections are effected by Miura—type transformations associated with
factorizations of n—th order linear differential expressions. A characteristic feature of the
underlying formalism is an explicit description of auto—Béacklund transformations of the GD
equations.

In order to explain some of these points in more detail we consider matrix—valued formal
pseudo—differential expressions of the type

Lo = Y 4@, (1.1)

P. = Z pj(x)d., x€R, n,re€N, (1.2)

j=—o00
commuting with each other, i.e.,
[Py, L) = 0. (1.3)

Here we assume ¢;(z), 0 < j < n (and hence p;(z), —oo < j < r) to be m x m matrices,
m € N with smooth entries in  and, in order to avoid technicalities in the introduction, that
the highest coefficient ¢, is a (nonzero) constant (i.e. independent of z € R) multiple of the
identity m x m matrix

q, = diag(c,... ,c), c#0. (1.4)

(¢n an invertible diagonal m x m matrix, or even more generally, ¢, invertible, would be
sufficient.) Moreover, we assume that

Gn—1pp =0, 1<pv<m (1.5)

and that Py, = p,0% is Lo, = ¢,0) admissible (see Section 2). Under the present simplifying
assumption (1.4) this is equivalent to the fact that p, is also a (nonzero) constant multiple of
the m x m identity matrix

py = diag(d, ... ,d), d#0. (1.6)

(Actually, we deal later on with general matrix algebras with entries in a commutative algebra
over an arbitrary field, but for the sake of simplicity we only consider the algebra of smooth
complex—valued functions in the introduction.) The Gelfand—Dickey equations associated
with the Lax pair ((P,)., L,) are then defined by

d

%Ln =[(P)y, Ly), reN, (1.7)



where (P,), = Z pjé?f; represents the formal differential operator part of P,. In terms of the
§=0
coefficients g; of L, (1.7) yields the GD system

atrqj,/,b,l/ = fj,r,,u,u(QOy L 7Qn72>7 0 S j S n— 27 1 S M,V S m, (18)
where
n—2
[(PT)-H Ln]u,u = Z fj,r,u,uag;y 1< Hn, v <m. (19)
j=0

The special scalar case m = 1, n = 2, r € N, r # 0( mod 2) then represents the KdV
hierarchy whereas n = 3,r € N, r # 0( mod 3) describes the Boussinesq hierarchy of
equations. The modified Gelfand—Dickey or Drinfeld—Sokolov system associated with (1.7) is
defined as follows. Consider m x m matrices ¢(x,t), 1 < k < n with smooth entries in (z, )
such that

> ép=0. (1.10)
k=1

Introduce the matrix differential expressions

a0y + &) 0 0 0
M, = 0 a0+ do) : : :
: ' ' 0 0
0 0 g™ (0 + hnr) 0
(1.11)
0 0 0 q¢/"o,
@9, 0 0 0
Moy = 0 g/"0, . : , (1.12)
: ' 0 0
0 0 ¢/"9, 0
¢/m = diag(ct™, ..., ™). (1.13)
Then
M! =diag(Lypas--- s Lon), (1.14)



where

Lk = Apsno1 - Aei e =D s, ok = G, (1.15)
=0
Ap=q)™(0n + 1), Appn = Ar, 1<k <n. (1.16)

Because of condition (1.9), g,—1 satisfy (1.5), i.e.,
G-1hpr =0, 1<k<n, 1<pv<m (1.17)

and hence all L, are of the type (1.1). Moreover, due to (1.17), one can conjugate L, j into
LO,n = QHa;La

Ln,k = Kn,kLO,nK,;]lﬁy 1 < k < n, (118)

where K, denotes a certain formal pseudo—differential expression (the Zakharov—Shabat
dressing operator)

-1

Kop=1+ > Xuk¥ 1<k<n. (1.19)

j=—o0

Next, suppose that Py, = p,05, r € N is Ly, admissible in the sense of (1.6) and define

Qo, = diag(Py,,...,Py,), (1.20)
Q, = K,Q0,K,'=diag(P.1,...,Pnn),
Pr,k = Kn,kPO,rKyzllc; 1< k < n, (121)
where
K, =diag(Kp1,... ,Knn)- (1.22)

Then the Drinfeld-Sokolov (DS) equations associated with the Lax pair ((Q,)., M,) are
defined by

d

M =[(Q)1, M, reN. (1.23)

Equation (1.23), rewritten in terms of the coefficients ¢ of M,,, then yields the DS system

Ot Okpy = Gy (@1, ), 1<k<n, 1<pv<m. (1.24)

At this point we are ready to describe the close connections between GD and DS systems. In
fact, suppose (¢1, . .. , ¢,) satisfy the DS system (1.23) resp. (1.24). Define Ay, L, and g; x,
1 <k <nasin (1.15). Then the identity (1.14) together with the diagonal structure of Q,

3



in (1.21) readily proves that (qo,--- ,qn—2x), 1 < k < n are n solutions of the GD system
(1.7) resp. (1.8). In short, one solution (¢1, ... ,¢,) of the DS equations implies n solutions
(Qoks -+ »Gn-2k); 1 <k <mn of the GD equations. In the scalar case m = 1 this observation
goes back to Sokolov and Shabat [33] (see also [2], [4], [8], [23], [30], [35], [36]). Our main
purpose in this paper is to prove a converse of this statement in the following sense: Given a
solution (g1, ... ,qn—21) of the GD equations (corresponding to the Lax pair ((P.1)+, Ln 1)),
construct a solution (¢1,... ,¢,) of the corresponding DS equations and hence n — 1 further
solutions (gok,--- »Gn-2x), 2 < k < n of the GD equations related to each other by (1.11),
(1.15), and (1.16) and hence by generalized Miura—type transformations. This result will be
proven in a general algebraic setting in Section 4 and supplemented by a detailed analytic
treatment in the scalar case m = 1 in Section 5. As a by—product one obtains the auto—
Bécklund transformations for the GD equations in terms of the factorization of L,, ; in (1.15).

Returning to the special case m = 1, it should perhaps be mentioned at this point that besides
the n x n matrix Lax pair ((Q, )+, M,,) for the DS equations (1.23), originally due to Sokolov
and Shabat [33] and further developed in [2], [4], [8], [23], [30], [35], [36], scalar Lax pairs have
also been developed for (1.24), see, e.g., [20]-][22], [27]. Since the Bécklund transformations,
however, are most naturally described in terms of factorizations (1.15) of L,, = L, 1, we have
consistently chosen the approach effected by (1.11), (1.21).

In Section 2 we recall the general algebraic framework in connection with GD systems as
developed by Wilson [34] (see also [8], [23], [25], [35], [36]). Although we provide a fairly
complete collection of the results of [34] in order to set—up the basic notation needed in
Sections 3-5, we assume a certain familiarity of the reader with this material (and hence
provide no proofs).

In Section 3 we develop the corresponding algebraic set—up for the DS equations. We derive
the analogs of all the GD results of Section 2 for the general matrix—valued DS systems
(m € N) following the lines of Kuperschmidt and Wilson [23] and Wilson [36] (see also [30])
in the scalar case m = 1. Although our generalization to arbitrary m € N appears to be novel,
we only sketch some of the proofs since the main techniques involving circulant matrices are
familiar from the work [23].

In Section 4 we prove our main results concerning the connections between GD and DS sys-
tems within the general algebraic approach developed in Sections 2 and 3. In Theorem 4.1
we recall the well known fact that a solution of the DS equations yields n solutions of the
corresponding GD equations. In Theorem 4.2 we prove a first form of a converse to Theo-
rem 4.1 by assuming the existence of a factorization of L,, = L, of the type (1.15), (1.16).
If in addition the coefficients (qo g, - - - , gun—2) associated with L, g, 1 < k <n (see (1.15)) all
satisfy the corresponding GD equations (1.7) respectively (1.8), then (¢1,... ,¢,) in (1.15),
(1.16) satisfies the DS equations (1.23) respectively (1.24). Under the additional hypothesis
of the existence of formal eigenvectors of L,, = L, ; we prove our main result in Theorem 4.9:
given a solution (qo1,- .. ,¢n—21) of the GD equations, we find necessary and sufficient con-
ditions in terms of a basis of the formal eigenspace of L, such that (¢1,... ,¢,), constructed
with the help of this basis, satisfies the DS equations. Corollary 4.10 then describes the auto—
Backlund transformations of the GD equations associated with the factorization of L,, = L,, ;.



Our general approach includes recent generalized (m)KdV equations discussed e.g., in [3], [24]
and the references therein.

While Sections 2—4 are purely algebraic in nature, we finally give a detailed analytical treat-
ment of the particular scalar case m = 1 in our final Section 5 by specializing to sufficiently
differentiable complex—valued coefficients ¢; in the n—th order (scalar) differential expression
L,. Under minimal differentiability requirements on the coefficients ¢; we derive the zero—
curvature representation of the GD equations as a by—product of Theorem 5.8. We then
continue along these lines and reprove all major results of Section 4 in the analytical context.
In particular, we provide a detailed study of factorizations of L,, and its relation to solutions
(¢1,...,¢n). Our hypotheses in Section 5 are sufficiently general to include singular solutions
(such as rational ones). This point is significant since blow—up of solutions in finite time
even for initial data in the Schwartz space is known to occur for GD and DS equations under
appropriate conditions (see, e.g., [6] and [19]). Due to the very general conditions on the
coefficients g; the results in Section 5 are new. In particular, in contrast to other possible ap-
proaches based on bi-Hamiltonian structures or inverse scattering techniques [4], [7], [31] we
do not require (almost) periodicity or decay conditions on the coefficients ¢; as |z| — oo. The
special cases n = 2,7 = 3 and n = 3,7 = 2 representing the (modified) KdV and Boussinesq
equation were separately studied in [16] and [15] respectively.

Due to the very general framework developed in Section 4, our methods can be applied to
the case where L, is a formal pseudo—differential expression and hence to the Kadomtsev—
Petviashvili (KP) hierarchy. These results will appear elsewhere [17].

2 Gelfand—Dickey Systems

In this section we give a short summary of the algebraic set—up of Wilson [34] (see also [§],
23], [25], [35], [36]) in the context of Gelfand-Dickey (GD) systems [13], [14] (see also [1], [8],
[32]). Let A be a commutative algebra over the field (F,+,-) (as usual, we denote the unit
element for addition by 0, and the unit element for multiplication by e), 0 a derivation on A
and

N
A[g]:{zajgjmjeA,ogjgN,NeNO} (2.1)
=0
the polynomial algebra generated by A U {¢}, where

J .
fa=a, fa=3) (ﬁ)a%j—l, jEN,

1=0
a® =a, ¥ = (0'a), €N, a € A. (2.2)

We also need

A((E™Y) = { S i layed j< M, Me Z}, (2.3)

j=—o0



where
la=> (-1 (j +l )a(%”, j€eN, a€ A (2.4)
=0

Denoting by M,,(A), m € N the algebra of m x m-matrices over F with entries in A, we
introduce

Lo =Y €, ¢ = @] € Mu(A), 1<j<n, neN (2.5)
j=0

assuming the following basic hypothesis on ¢, and ¢,_; for the rest of this section.

Hypothesis 2.1. (i). Suppose q, is a diagonal matriz of the type
¢, = diag(c1,... ,cm), ¢, € F\{0}, 1< pu<m. (2.6)
If ¢, =c, then g1, =0, 1 < p,v<m. (2.7)

At this point it suffices to restrict A to

! ) .
b=t {{q§’i’”}o<lg‘€<lwﬁ—1 \ {qnfl’“/”’/ it ¢ = C'/}IGNJ 28)

and denote again by 0 the corresponding restriction of 0 to B. 0 naturally extends to the
algebra M,,(B) by (0q)u, = 0(qu). We also introduce

M,,(B)[€] = {ergj |7, € Mu(B), 0<j <N, N ¢ NO} , (2.9)

=0

whose elements are called formal differential operators, and

M (B)(€7Y)) = { 3 5,6 |, € Mu(B), j< M, M € z}, (2.10)

j=—o00

M
whose elements are called formal pseudo—differential operators. For S = Z ijj

j=—o0

€ M,,(B)((¢71)) one writes

M -1
Se=) s, 8= s¢ (2.11)
=0

j=—o0



and calls the differential expression S the (formal) differential operator part of S. The order
of S is defined by

order (S) = max{j € Z|s; # 0}. (2.12)
Associating the degree (weight)
deg(q}),) =n+1—j (2.13)

with q](fl)w, B becomes a Z-graded algebra and 0 is then homogeneous of degree 1. This

grading naturally extends to M,,(B) and, defining

deg(€) = 1, (2.14)

extends to M,,(B)[£] and M,,(B)((€71)). M, (B)[£] is then a Z-graded algebra and L, is
homogeneous of degree n. The product of two homogeneous elements of M,,(B)((£71)) of
degree r and s respectively is then homogeneous of degree r + s. The derivation 0 on B has
kernel equal to F',

Ker (0) = F, (2.15)

but in general  will not be surjective, i.e., Ran (9) C B. As shown in [34], it is possible to
extend B to an algebra B and 0 to a derivation 0 on B such that

Ker (9) = F, Ran (0) = B (2.16)

and also the grading extends to B with 0 being homogeneous of degree 1. The following key
result (which requires B instead of B) describes the Zakharov—Shabat dressing operation in
an algebraic setting:

Theorem 2.2. There exists an element K, € M,,(B)((€71)) of the type

1
K, =e,+ Z waj, Xn,j € Mm(B), j < -1, e, =diag(e,... ,e) (2.17)
j=—00
such that
Ln - KnLO,anla (218)
where
LO,n - ann (219)

The normalization K, = e, + [ lower order terms | together with the assumption that K, be
homogeneous of degree zero uniquely determines K, .



In the following we shall, without further notice, always work with the unique degree zero
part of K,. Without repeating the details of the proof of Theorem 2.2 in [34], it should be
mentioned that it is Hypothesis 2.1 which allows one to determine the coefficients x,, ; of K.
For a given element L € M,,(B)((£7')) we denote by

Cp({L}) ={P € Mu(B)((¢) [ [P, L] =0} (2.20)

([P, Q] = PQ — QP the commutator of P and Q) the centralizer of {L} in M,,(B)((¢7!)) and

its center by

Z(Cp({L})) ={Q € Cp({L}) [[@Q, P] = 0 for all P € Cs({L})}. (2.21)

Similarly C({L}), Z(Cp({L})) denote the corresponding subalgebras with B replaced by its
extension B. We also denote by C({¢}) the centralizer of {¢} in M,,(B) and by Z(Cp({¢}))
its center.

Theorem 2.3. (7).
Cs({Lon}) = Cr({Lon})- (2.22)

M
(ii). S = Z ;8 € My(B)((€7Y)) commutes with Lo, = q.£" iff each s;, j < M is a
Jj=—00
constant matriz commuting with q,. Cp({Lon}) is commutative iff ¢, # ¢, for all p # v.
(Cs({Lon}) is of course commutative if m = 1.)

(iii).
Z(Cp({Ln})) = Cs({Ln}) = Z(Cp({Ln})). (2.23)

In particular, Cg({L,}) is commutative. If ¢, # ¢, for all u # v (or if m = 1) then
Cs({L,}) is commutative too and hence coincides with Cg({L,}). Next, following [34], we
call P, = p,&" € M, (B)[¢], r € Ny, Lo,,~admissible iff

pr = diag(dy, ... ,dy), d, € F (2.24)

and d,, = d,, whenever ¢, =¢,, 1 < pu,v <m.

One then proves

Lemma 2.4. By, = p.{" € M,,(B)[] is Lo, —admissible iff Py, € Z(Cp({Lon}))
(= Z(Cs({Lon}))). Or equivalently, Py, = p,&" is Lo, —admissible iff p, € Z(Cp({gn}))-



Theorem 2.5. Assume that Py, = p,{" € Mn(B)[¢], r € N commutes with Lo, i.e.,
[Pors Lon) = 0. Let K, € My, (B)((£71)) be given by (2.17), i.e., L, = K,Ly, K", and
define

P = K Ry, K, ' € My (B)((¢7")) (2.25)
so that P. commutes with L,, i.e., [P, L,] = 0. Then actually

Py € Mu(B)((€71)) (2.26)
iff Por is Lon—admissible, i.e., iff Py, € Z(Cp({Lon})).
Theorem 2.6. Let Py, = p,&" € M,,(B)[¢] be Ly, —admissible. Then
(i). Cp({Ln}) contains a unique element of the form

P, = PRy, + | lower order terms | (2.27)

which s homogeneous of degree r.

(ii). Cp({Ly}) consists of the (in general infinite) sums of elements in (i). In particular, the
leading coefficient in any element of Cp({Ly,}) is a constant matriz commuting with qy,.

If d is a derivation on B, then d is called an evolutionary derivation on B iff d and 0 commute
ie., iff

d(9b) = (db), b € B. (2.28)

d (like 0) naturally extends to M,,(B) by (dq),, = d(g,,) and also extends to M,,(B)[¢],
M, (B)((£71)) coefficientwise, i.e.,

d (Z sj§j> - 42 (ds;)e’. (2.29)

(An evolutionary derivation is uniquely defined by its values on all g; ., \{gn—1, if ¢y =
v}, 0 < 7 < n —1, above. These values can be arbitrarily prescribed.) For P €
Cp({L,}),order (P) > 0, the evolutionary derivation dp associated with P is defined by

aPQn,u,V = Oa
Opqju, = { coefficient of & in [Py, L,],.}, 0<j<n—1, 1<pv<m. (2.30)

Associating a “time” parameter tp € R with P,
athj,u,u = anj,u,IM 0 S ] S n— 17 1 é o, vV S m (231)

represents the system of nonlinear evolution equations corresponding to the Lax pair (P, Ly).
If P = P. is homogeneous of degree r > 1 then the right-hand-side of equation (2.31) are

9



differential polynomials in ¢; homogeneous of degree n—j+r. Since [P, L,] = 0 by hypothesis
(P € Cs({Ln})),

[Py, L, = [-P_, L. (2.32)

Thus (2.32) represents a formal differential operator of order at most n — 1,

[Py, L] = [=P-, Ln] € Mn(B)[¢]. (2.33)
Since

[—P_,L,] = (¢, — c)p-1,,E" " + [ lower order terms ], (2.34)
the coefficient of "' of [Py, L, = [—P-, Ly],, vanishes for ¢, = ¢, as in the case of L,

(see (H.2.1)). (2.31) can be rewritten as

d

e = 0pLa =[Py L) (= [P, L)) (2.35)

In the special case where m = 1, the sequence of nonlinear evolution equations

d
ELTL =[Py, Ly), reN, (2.36)
where ¢, =€, ¢,-1 =0, t, =tp, and

P, = e£" + [ lower order terms | € Cg({L,}), r € N (2.37)

are homogeneous of degree r, represents the Gelfand—Dickey hierarchy [13]. Whenever r is a
multiple of n, i.e., r = hn for some h € N and hence P, = L", the evolution equations (2.36)
are trivial. More generally, one calls (2.31), (2.35) a Gelfand-Dickey system.

Example 2.7. m=1,q, =¢,¢,-1 = 0.

For n > 1,r > 1 we have

r—2
Po= (Lo =e& + Y p&, (2.38)
j=—00
ie., forr=1,2,3,

(P)+ = €€, (2.39)
2

(Po)y = e+ o dn=2s (2.40)
3 3 3—n

(P3)+ = 663 + _Qn—2£ + — (Qn—?) + —aqn_Q) . (241)
n n 2

10



n=2r=123>57:

QO,tl

QO,tg

QO,t5

QO,t7

e€* + qo,
eé,
3 3
3 — J—
el + 2Qo§+ 48(]07
5 5 3 ]‘5 2 5 2 2 5 3
e’ + §qo€ + Z(‘?q()ﬁ + §(3QO + 50g0)§ + 1—6(33 o + 6¢00qo),

7 35

(2.42)
(2.43)

(2.44)

(2.45)

1 1
e&T + §qo£5 + Zaqog”‘ + g(35q§ + 1059%q0) €% + — (1759%qo + 210gDqp)E>

16
1
+§(70q§ + 245(9q0)* 4 350g00%qo + 1619 )¢

1
+@(210q§aq0 + 4200q00%qo + 210g90°qo + 630°qp).

aQO7

1 3

—9? —qo0

1 qo + 2Qo qo,

15
8
(57610 + 14¢00°qo + 420900 qo + 709%qu0°qo + T0q50%qo

1 ) 5)

Ea5QO + g(]o&%]o + 18q082q0 + qgﬁqo,
1
64

+280q00q00%q0 + T0(dq0 ) + 14oqgaqo).

These are the first four equations of the KdV hierarchy.
n=3r=124:

e + i€ + qo,

e,
2
2 —_—
65 + 3(]17
4 4 2 2
et + §Q1§2 + (g% + §8Q1)§1 + 5(52611 +30q0 + ¢3).

11

(2.46)

(2.47)
(2.48)

(2.49)

(2.50)

(2.51)
(2.52)

(2.53)

(2.54)



q17t1

CIO,tl

q17t2

QO,tQ

ql,t4

QO,t4

dq1,

8(]07
_aZQ1 + 26(]07
2 2
32% - —5’3611 — -q10q1,

3 3

1 2 2 2 4 4
—§34Q1 + 583(]0 - §Q132Q1 - g(a(h)Q + gfha% + §Q08Q1>

2 1 2 4 2 2
29 —*qy — =q10%q, — =0q,0? —0q,0 Zq,10*
9 Q1+3 qo 3Q1 T 3 G ql+3 5 qO+3q1 qo

1, 4
——q;0 —qo0qo.
9(11 Q1+3qO qo

These are the first three members of the Boussinesq hierarchy.

Theorem 2.8. Let P,() € Cp({L,}).
(i). If order (P) > 0 then

aPQ = [P+7Q] = [—P,,Q]
(7). If order (P) > 0, order (Q) > 0 then

OpQ+ = [—P-, Q4]+

and the corresponding evolutionary derivations Op and Og commute,

[ap, aQ] = 07

i.e., the flows defined in accordance with (2.31) commute.

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

For P = Z P&’ € M, (B)((€7")), the coefficient p_; is called the residue of P and one

writes Res (P) = p_;. If d is an evolutionary derivation on B, then T" € B is called a
(polynomially) conserved density for d iff dT" € Ran (0) (i.e., iff dT" = 0X for some X € B).
One then proves

Theorem 2.9. For any Q € Cp({L,}), Tr[Res (Q)] is a conserved density for all evolutionary
derivations Op associated with P € Cg({Ly}) (order (P) > 0, see (2.30)). If Q is homogeneous
of degree s, then Tr[Res (Q)] is homogeneous of degree s+ 1. (Here Tr(.) denotes the trace of
m X m matrices.)

12



3 Drinfeld—Sokolov Systems

In this section we provide a short algebraic treatment of Drinfeld—Sokolov (DS) (or modified
Gelfand-Dickey) systems [9] following and extending the treatment in Kuperschmidt and
Wilson [23] and Wilson [36] (see also [30]). We freely use the notation employed in Section 2
and assume the following hypothesis for the rest of this section.

Hypothesis 3.1. (i). g, = diag(ci,... ,cm) has an n-th root (i.e., c,, 1 < p < m have an
n—th root)

g = diag(c}/n, ALY (3.1)

m

(In order to avoid problems with the nonuniqueness of the n—th roots of c,, we shall fix the
choice of c,l/n, 1 < u < m in Sections 3 and 4.)

(ii). ¢ € Mp(A), 1 <k <n and

if ¢, = ¢, then Z Grpp =0, 1< p,v<m. (3.2)
k=1

Given Hypothesis 3.1, we restrict the algebra A to

o= (o)

and denote the restriction of 0 to D again by 0. d naturally extends to M,,(D). On D one
defines a Z—grading by associating the degree

0] : _
leng \{¢n7ul7ul if C,U'/ = CV/}IENO:| (33)

1<k<n

deg(gf),,) =1 +1 (3.4)

with qﬁ,(cl’)lw. 0 is then homogeneous of degree 1. Since we are now interested in n x n
formal matrix (pseudo-) differential operators with entries in M,,,(D)[¢], (M,,(D)((671))) we
introduce

(M, (D)[E])" = {ZRj§j |R; € Myn(D), 0<j <N, Ne€ NO} (3.5)
and
(Mn(D)((E))" = {.Z 5,67]8; € Mya(D), j< M, M e z}. (3.6)
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The role of the basic operator L,, of Section 2 is now played by

0 0 o (em )
gl " (emé + 61) 0 0
M = 0 erz/n(em5+¢2) € (Mm(D)[f])n7
: B 0
0 T 0 QTIL/TL(emg + ¢n—1) 0
en = diag(e, ... e) (3.7)

and on (M, (D))", the algebra of n x n matrices over F' with entries in M,,(D), one can
introduce a ( mod n)-grading as usual. More precisely, on any algebra of n x n matrices
(with entries in any associative algebra) the natural ( mod n)-grading is defined as follows:
R = [Rpil = is called homogeneous of degree r iff Ry; = 0 except when &k — 1 = r(
mod n). Thus M,, is homogeneous of degree 1 ( mod n) and M! is homogeneous of degree
0( mod n), i.e., M is a diagonal matrix differential expression.

Defining

deg(§) =1 (3.8)

enables one to extend our Z-grading to (M,,(D)[£])" and (M,,(D)((¢71)))". In fact, one has

Lemma 3.2.

MZ = diag(Ln,b ety Ln,n)y (39)
where

Lok = Agynyr- ApAg, (3.10)

Ar = q/™(em€+ ), Apsn = A, 1<k <. (3.11)

Thus each operator Ly, is of the type of the operator L, considered in Section 2.

In order to derive the analog of Theorem 2.2 in connection with M, one again needs to extend
the algebra D and the derivation 0 on D to an algebra D with derivation 9 on D such that

ker(d) = F, Ran () = D. (3.12)
Then also the Z-grading on D extends to one on D with 0 being homogeneous of degree 1.

Theorem 3.3. There exists an element KC,, € (M,,,(D)((£71)))" of the type

K, =diag(K,1,. .., Knn), (3.13)
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-1

Kn,k‘ - em+ Z Xn,k,jgj € Mm(D)((f_l))a

Kooin :}Q%q;kgn (3.14)
such that
M, = K, Mo K (3.15)
where
0 0 - - 0 g/
"0 - 0
Mo =| ° q,f/"g . (3.16)
0 0 -~ 0 g/ 0
is the (constant coefficient) leading order term of M,. The normalization K, = e, +

[ lower order terms | together with the assumption that each K, j, 1 < k < n be homogeneous
of degree zero uniquely determines KC,,. In particular,

Lok = KnikLonK,;, 1<k<n. (3.17)

The proof requires a straightforward generalization of the arguments in [34], [35] and relies
on Hypothesis 3.1. We shall always use the unique degree zero part of I, in the following.
For a given element M € (M,,(D)((¢71)))" we denote by

Cp({M}) ={P € (Mu(D)((¢))" | [P, M] =0} (3.18)
the centralizer of {M} in (M,,(D)((£71)))™ and its center by
Z(Cp({M})) ={Q € Cp({M}) [[Q,P] = 0 for all P € Cp({M}) }. (3.19)

Similarly Cp({M}), Z(Cp({M})) denote the corresponding subalgebras with D replaced by
its extension D.

For the uniqueness of the degree zero part of IC,, in Theorem 3.3 one uses part (i) of
Theorem 3.4. Given My, as in (3.16) let R be defined by

Rl,l e Rl,n ~
R=Ruiii=| + . |, Re(MD)EM)", (3.20)
Rn,l T Rn,n
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where

Rei= Y Riij€, Riij € Mu(D), (3.21)
j=—00
1.€.,
Riijin - Regjim
Ri1j = [Rriglit—1 = : : , 1<kl<n, —oo< j<@22)
}%k7LJQn1J, e }%k,hj,ﬂlﬂn
Then

(1). R commutes with My, iff each Ry, ; is a constant matriz which commutes with a'" and
Rii1141 = Riy (i.e., R is circulant as an n X n matriz).

Co({Mon}) = Co({Mon})- (3.23)
(iii).
Z(Cp({Mn})) = Z(Co({Mn)) = Cp({M.}). (3.24)
In particular Cp({M,}) is commutative.
Sketch of Proof. (i).
[R,Mon] =0 implies [R,(Mp,)"] =0, or equivalently,
(R, diag(Lon,- .. . Lon)] =0, ie, [RpsLon =0, 1<ki<n. (3.25)

Theorem 2.3 (ii) now implies that all Ry ; are constant matrices and [Ry, ;, ¢,] = 0 which is
1/n 1/n

equivalent to [Ry . @™ =0,ie., Rk757j7u7y(0u/ —c/") =0, or equivalently, Ry ..(c,—c,) =
0. This implies
,R,Mo,n - M07nR = O, i.e., RkH,lHq}/" = q}l/anJ = Rkqufl/". (326)

Hence R must be a circulant. Parts (ii) and (iii) then follow as in [34], [23] in connection with
Theorem 2.3.

Remark 3.5. Circulant matrices commute with each other. Let

L Cy e e Cpq Ch
Cn Cn1
C =circ(ey, ... ,cp) = C”'_l R ' : (3.27)
Ca
Co  crr e Cpl Cn €l
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then writing C ; = ¢; we get for circulant matrices

Cik = Chji1 (subscripts are taken ( mod n)). (3.28)
Using the same notation for B = circ(by, ... ,b,) one infers that
[B7 C] = Z (Bj,mBm,k - Bj,mBm,k) = Z (bmfjJrlckferl - CmfjJrlbkferl) (329)
m=1 m=1

n n
= E brn—j+1Ck—m+1 — E bin—j+1Ck—m+1 = 0.
m=1 =1

In analogy to (2.24) we call

Qo,r == CiI‘C(Po,rl, cee 7P0,rn) € <Mm(D)[£]) ) ]30,7";C = prké‘?“k-’ prk S Mm(D)a
meN, 1<k<n  (3.30)

M n—admissible iff p,,,1 < k < n are constant matrices lying in the center of the centralizer
1/n .
of g/ ", i.e.,

pr € 2(Co{d™)) = 2(Co{a}),  1<k<n (3.31)

Remark 3.6. Hence Q,, is M ,-admissible iff I ,, is Lo ,-admissible for all 1 <k <n.

The analog of Theorem 2.5 is then given by

Theorem 3.7. Given M,, € (Mm(D)[§]>n, let K, = diag(K,1,...,K,,) be the corre-

sponding formal dressing operator (3.13) satisfying Mg, = K, ' M, K,.. Assume that Qq, =
circ(Poyys -« s Porn)s Pore = Dr§™ € My (D)[E] commutes with My, i.e. [Qor, Mo,] = 0.
Define

Q, = K, Q, K, € (Mu(D)(€7))" (3.3
(which implies [Q,, M,] =0). Then actually

Q, € (Mau(D)(E))" (3.33)
iff Qo is Mo n-admissible.

The elements of Cp({M,}) are characterized by
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Theorem 3.8. Let Py, = p,&" and Qg = circ(0,...,0, Py, ,0,...,0) be Mg, —admissible.
~—

k
(Note that Qg 1. is homogeneous of degree r with respect to the Z-grading and homogeneous

of degree —k + 1 with respect to the ( mod n)-grading.) Then
(i). Cp({M,}) contains a unique element of the form

Q, = Qo + | lower order terms | (3.34)

which is homogeneous of degree r and —k + 1 with respect to the Z and ( mod n)-grading.

(ii). Cp({M,}) consists precisely of the (in general infinite) sums of elements in (i). In
particular, the leading term in any element of Cp({M,,}) is a circulant constant n x n matriz
with m X m matrix entries commuting with q,.

In analogy to (2.30) an evolutionary derivation dg associated with Q@ € Cp({M,}),
order (Q) > 0, degree(Q) = 0( mod n), is defined as a derivation commuting with J that
satisfies

Doy Pr ) = (Q+ Mulksik),,, 1<k<n 1<pv<m (3.35)
Associating a time—parameter tg € R with Q,
atg¢k,u,v = aQ¢k,u,V7 1 S k S n, 1 S w, v S m (336)

then represents the system of nonlinear evolution equations corresponding to the Lax pair
(Qy, M,,). If Q= Q, is homogeneous of degree r > 1 (with respect to the Z—grading) then
the right-hand-side of equation (3.35) are differential polynomials in the ¢, homogeneous of
degree r 4+ 1. (3.36) can be rewritten as

d

WM" = 0oM,, = [Q4, M,] = [-Q_, M,]. (3.37)
Q
By (3.11) and Q = diag(P, ... , P,) this is equivalent to

d
——Ar = 00Ar = (Pry1)+Ar — Ar(Pr)+

dig
—(Pry1)-Ag + Ax(Pr) -
= Res(Py — Pry1), 1<k<n. (3.38)

Note that Ay is of order 1 and (Py)_ is of order —1, so that the right hand side of (3.35) is a
multiplication operator, i.e., a differential expression of order zero. (3.38) is equivalent to

Oto®r = D-1k — (g™ 'poiprigy™, 1<k <n, (3.39)
ie., to
8tg¢k,u,u =P-1kpur — (C}/n)_lcll//np—l,k-&—l“u,l/; 1 S k S n, 1 S u, v S m. (340)

18



Remark 3.9. If ¢,, = ¢,,, (3.40) simplifies to

atg@f,uoﬂfo = DP-1,k,po,v0 = P—1,k+1,p0,v05 1<k<n. (3'41)

Summing from £ =1 to k =n — 1 then gives

n—1

atg(b”,uo,lfo = Z atg Phpovo = P—Lnpowo — P=1,1u0,00 (3.42)
k=1

which shows that the evolutionary derivation dg is compatible with the specialization (re-
striction) of the algebra in (3.2), (3.3). In particular, if ¢, = diag(c,... ,c), ie., ¢, = ¢,
1 < p < m, then the first n — 1 DS equations for ¢y, ..., ¢,_1 imply the last one for ¢,.

In the special case where m = 1 the sequence of nonlinear evolution equations

d
gMn =0(Q,)s, M,], r€eEN, (3.43)
where ¢, = ¢/" = e, t, = to,, and
Q, = diag(P,1,...,P.,) € Cp({M,}) (3.44)
with
P, =ef" + [ lower order terms |, 1<k <n (3.45)

being homogeneous of degree r, represents the Drinfeld-Sokolov hierarchy [9]. Whenever r
is a multiple of n, i.e., 7 = hn for some h € N, the equations (3.43) are trivial since then
Q, = M. More generally, (3.36), (3.37) are called Drinfeld-Sokolov systems.

Example 3.10. m = 1,¢/" = e.

For n > 1 we have

qTL,k = € anl,k = Oa
n [—1 n—1 1
bar — 3 b0 (z 5 ¢m>
=1 m=1 =1 m=1

= 3((” — Do+ (n—2)Pp1 + - + ¢k+n—2) + (0192 + ... + du1¢n), (3.46)
1<k <n.
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n=2r=123>57:

Ak = €£ + ¢k7 k= 17 27 ¢2 = — ¥, (347)
B 0 A, _( Pa. O
o (D) (T ), o
(Prr)s = €&, (3.49)
3 3
(P3)y = e+ 5(]0,k5 + ZGQO,ka (3.50)
5, 9 3, 19 2, D09 2
(Psr)y+ = e+ §QO,I€§ + Za%,k;f + §(3q07k + 50%qo k)€
5
+1_6<383QOJ€ -+ 6q0,k8q0,k), (351)
7 7 5, 99 4 1 2 2 3
(Pri)y = &'+ §QO,k€ + Z&Io,kf + §(35q0’,€ +1050%qo k)&
1
+1—6(17583QO,k + 2100,k 0qo,k) €
1
+§(70q3,,€ + 245(0qo 1)? + 35040 10 qox + 1610%qo 1 )€
1
+a(210q§,kaqo,k + 4200q0 £ 0ok + 210¢0.£0%qo 1 + 630°qo 1), (3.52)
where
qo,k = qf)lgbg —f— ngk, ]{3 = 1, 2 (353)
This yields the first four equations of the modified Korteweg-de Vries (mKdV) hierarchy,
Py, = 0, (3.54)
1 3
P11y = Zf)gqﬁl - 5425?3@517 (3.55)
1 5 5 5 15
Ores = 1—635¢1 - §¢%33¢1 - §¢13¢132¢1 - §(3¢1)3 + gﬁ&?l, (3.56)

brer = 6i4 (a%l 14205 h, — 846106101 — 1406,0%$1 3 d1 — 126(9h1)28P by
7001061 — 182001(9%61)” + 5606}0610°61 + 42003(961)" — 14065061 ).

(3.57)
n=3r=172
Ak = 66 + ¢k7 k= 1a 2737 ¢3 = _(gbl + ¢2)’ (358)
0 0 A Py 0 0

My = |4 0 o), o= 0 B, 0 |, (3.59)

0 AQ O 0 O PT,3
(Pir)+ = €&, (3.60)

2

(PQJC)_A'_ = 652 + gql’k, (361)
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where

Qi = 3<2¢k + <Z5k+1> + (P12 + P13 + P293) (3.62)
dor = O0u+0n(0001 = 00) + drdads.  Ge=Gris, k=123 (363)

This yields the first two equations of the modified Boussinesq hierarchy,

brp = O, (3.64)
Okty = _%82¢k — 232%“ — 20,00y — ga(qbﬂbz + P13 + P203), (3.65)
¢k = ¢/€+37 k= 17273'

Finally, the analogs of Theorems 2.8 and 2.9 read

Theorem 3.11. Let P, Q € Cp({M,})
(1). If order (P) > 0, degree(P) = 0( mod n) then

0pQ =[Py, Q= [-P_, Q] (3.66)
(i1). If order (P) > 0, order (Q) > 0, degree(P) = 0( mod n), degree(Q) = 0( mod n) then
Op(Q4) = [-P-, Q4 (3.67)

and the corresponding evolutionary derivations Op and Og commute,

[0p, Do) =0, (3.68)
i.e., the flows defined in accordance with (3.36) commute.
Theorem 3.12. For any P € Cp({M,}), Tr[tr(Res (P))] is a conserved density for all
evolutionary derivations Og associated with @ € Cp({M,})(order (Q) > 0, degree(Q) = 0 (

mod n) see (3.35)). If P is homogeneous of degree s, then Tr[tr(Res (P))] is homogeneous of
degree s + 1. (Here tr(.) denotes the trace of n x n matrices.)

4 Connections between GD and DS Systems

In this section we exhibit connections between GD systems and their modified versions, the
DS systems, in the spirit of Miura’s transformation connecting the Korteweg—de Vries (KdV)
and modified Korteweg—de Vries (mKdV) equation. As in Sections 2 and 3 we shall rely on
algebraic methods deferring an analytical treatment to Section 5.

Assuming Hypothesis 3.1, let

Lo = Apno1 - A Ay =Y _qiié, 1<k<n (4.1)
j=0
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be the operators defined in (3.10), (3.11). Then the g, are matrix—valued differential poly-
nomials in the ¢, of degree n — j (since deg(¢,(€l)) =1+ 1). Especially,

qn,k = {n, (42)

n—1

otk = Y (@) " orilgy/™), 1<k <n. (4.3)
=0

Due to the well known special case n = 2, m = 1,

Gk =0l =€ k=0, Gop=d1d2+ 0, 1+ =0, k=12 (4.4)

which represents Miura’s transformation [28] linking solutions of the KAV and mKdV hier-
archy, the expression of ¢jz, 0 < j < n—1,1 < k < n in terms of the (¢1,...,¢,) in
(4.1) corresponds to the generalized Miura transformations between GD and DS systems. As
will become clear during the course of this section, these generalized Miura transformations,
together with the DS equations, provide auto—Béacklund transformations for the GD system.
As a simple consequence of Lemma 3.2 we shall next prove that any solution (¢q,... , ¢,) of
the DS system (3.36) yields n solutions of the associated GD system (2.31) in terms of the
q¢jr in (4.1). More precisely, we have

Theorem 4.1. Assume Hypothesis 3.1. Suppose Q = diag(FPy,...,P,) € Cp({M,}) and
that (¢1,... ,¢n) satisfies the DS system (3.36),

Do Phpy = OPhpw, 1<k<n, 1<pv<m (4.5)

Define q; by (4.1). Then (qok,--- sqn-1k), 1 < k < n satisfy the GD system (2.31) with
P=P,1<k<n,

(9tpkqj,k,M7V =0pQikpy, 0<j<n—-11<k<n,1<pv<m. (4.6)

Proof. Since (4.5) is equivalent to

d
@Mn = [Q+7Mn]7 (47)
one infers
d
My =00, M) (45)
o

Taking into account the diagonal structure of M’ by Lemma 3.2,

M =diag(Lyns--- 5 Lon), (4.9)
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(4.8) is equivalent to

d
——Lng = [(Pr)y; Lng], 1<k<n (4.10)
dtp, ’
which in turn is equivalent to (4.6). O

Since Jg in (4.5) is defined as a derivation over D but Op, in (4.6) is a derivation over
B, our notation in Theorem 4.1 and its proof implicitly imply that the coefficients in P,
originally expressed in terms of the (matrix) differential polynomials in the ¢y, are rewritten
as differential polynomials in the ¢;;. This notational convention will be assumed in the
following.

A first form of a converse of Theorem 4.1 is provided by

Theorem 4.2 . Assume Hypothesis 2.1 and suppose that L, = Z;‘l:o &, Py, =
pE" pr € Z(Cs({aqn})), P = K,Py,.K,;' for some r € N are homogeneous of degree

n and r respectively. Moreover, suppose (qo, ... ,qn_1) satisfies the GD system
d
%Ln =0p L, =[(P)+, Ly). (4.11)

Assume there exists a factorization of L, = L, 1 of the form

L,,=A4, A, (4.12)
where

Av=q/"(E+ ), o €Mu(4), 1<k<n (4.13)

This determines (K,, = K, 1, P, = P1)

0 o --- 0 A,
A, 0 - 0 0
M, = | 0 A . 1 |,

: R 0 0

o o0 --- A,; O
(Mn)n = dlag (Ln,b v aLn,n) 5 Ln,k = Z Qj,k€j7 1 S k S n, (414)

j=0
and

Q, =diag(P.1,...,Pr), Py = Kn 3 Pos K, ), 1<k<n. (4.15)
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If (Qoks--- s Gn-1k), 1 <k <n satisfy the GD system

%Ln,k - [(Pr,k)—l—a Ln,k]a 1 S k S n,
then (¢1,. .., ¢n) fulfill the DS system

d

d_trM - aQr [(QT)+7 ]

Proof.

Ay = K, k’+1Qn/n§Knllg

implies

ditr k= (%Kn,k+1) Ky p1 Ak — Ak(di Kni) Ko ps
and

Lok = Kn il K,
yields

ditan’k: (ditrK )Knk,L
Moreover, (4.16) implies

(Ko = = (Pra)-

dt, :
which together with (4.19) yields

d

%Ak = —(Prgt1)-Ax + Ap(Frr) - = (Prps1)+ Ak — Ar(Prg) +-

For the rest of Section 4 we assume the simplifying hypothesis

Hypothesis 4.3. Let /" = g, = p, = ey = diag(e, ... ,e).
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By Hypothesis 2.1 (i), Hypothesis 4.3 implies that ¢,—1,, = 0,1 < p,v < m. (While
Hypothesis 4.3 is not essential for the rest of Section 4, it considerably simplifies the amount
of notations involved.)

In the following we need to postulate the existence of a formal eigenvector associated with
enmé&. To this effect we introduce hypothesis

Hypothesis 4.4. For a fited A € F \ {0} assume there exist n different roots kg, i.e.
(k)" = A, Kr # ke, k # K, 1 < kK < n. Suppose there exist Vo(kg) € A such that
OVo(kr) = keWo(ki), 1 <k <n.
Then

OYo(kr) = krto(kr), 1<k<mn, (4.24)
where (ki) denotes the m x m matrix

Yo(kr) = emVo(ky) = diag (eWo(kg), ... ,eWo(kr)), 1<k <n. (4.25)
We then define the action of e,,£ on 1y(ky) by

em& o (k) = 1o (Ky), jeEN, 1<k<n (4.26)
and consequently,

em&l o (k) = Iﬁiwo(lik), jel, 1<k<n. (4.27)

Next we introduce the m x m matrices ¥,

1
Yt = Kptho (ki) = Yo(ki) + Z XnjFatho(Kk), 1<k<n. (4.28)

j=—00
Using Hypothesis 4.3, L,, becomes
Ly = emE" + @u 2" 2+ + qo, g € Mm(A), 0<j<n-2 (4.29)

According to Theorem 2.2 this determines K, given Ly = €,,£". The n m X m matrices v,
now solve

(Lp, — N)ni =0, Kp =X 1<k<n. (4.30)

Furthermore, let the matrices 1), satisfy the following conditions:
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Hypothesis 4.5. (i). Assume that {1 1 }1<k<n is a basis of the (algebraic) nullspace ker (L, —
A).

(i1). Define the m x m matrices I, by

Tivo = 0Dp, 1<k<n—1,
Cine = ikl ey = Timsraaa D s (4.31)
1<k<n—-1-1[ 1<I[<j 1<j<n-1

and suppose that the matrices I'j i ;, 1 < j < n —2 are invertible.

Explicitly, one computes

Loko = Yng, 1<kE<n—1,

F2,k,2 = (((aan,k)w;}g - <82wn,k+1>¢;1k+1)> (<8wn,k>w;i - (8¢n,k+1)¢;}9+1)_1
- ((82¢n,k+1)1/};i+1 - (82¢n,k+2)¢7;}€+2)) ((a¢n,k+1>¢;,}g+1 - (a¢n,k+2)¢;}c+2)_1> ’

1<k<n-3.

Condition (ii) guarantees that one can recover ¢;,0 < j < n —2 from the ¥, 4, 1 <k <n-—-1
by successive elimination from the system L,¥,; = 0,1 < k < n — 1. It also enables
one to factorize (L, — A) into n first-order differential expressions (see (4.43) below). In
the special scalar case m = 1, these conditions reduce to the nonvanishing of Wronskians
W, ... ;) #0,1 <k <n asin Theorem 5.11.

Given Hypothesis 4.3, we shall abbreviate the corresponding GD system (2.31) (2.31) as
GDn,r,j<q07 s 7qn72) = 07 0 S j S n— 27 (433)
where

GDn,r,j,u,V(QOy cee 7Qn—2) - atTQj,u,u - aPTQj,u,V = 07 0 S .] S n— 2, 1 S 19284 <m.

Theorem 4.6. Assume Hypotheses 4.3, 4.4, and 4.5, let L,, be defined by (4.29), Py, = en&’,
and P, = K, Py, K,;'. Then the GD system (2.31) (2.31) is fulfilled

GDn,r,j(QO; e ,qn_g) = 0, 0 S ] S n — 2 (435)
if
(O, — (Pr)4) Ynp = Z¢n,lan,k,z, 1<k<n-—1, (4.36)
=1
where oy, i, are constant m X m matrices.
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Proof. We have

(GDn,r,n—2(q07 s an—2)£n_2 +.. .+ GDn,T,O(Q(]? s 7%1—2)) ¢n,k (437)
d d

- [(E _ <P,,>+) ,Ln} Yo = KE - (PT>+> (Lo A)} Yo

=—(L,— N (0, — (P})+)tnk, 1<k<n-1 (4.38)

Condition (i) of Hypothesis 4.5 then gives the equivalence of

(O, — (Pr)+) Yng = Z P 10 k1 (4.39)
=1
and

(Ln = N0y, — (P))tnp =0, 1<k<n-—1. (4.40)

Hence (4.35) implies (4.36).

Conversely, Hypothesis 4.5 (ii) is precisely the condition which allows one to eliminate
GD,,,;(.) in the system

(GDn,r,an(Q[h L 7Qn72)£n72 + ...+ GDn,T,O(QO? s 7Qn72)) wn,k = O: 1 S k S n— 1.

Thus (4.36) implies (4.35). O

In order to handle the case A = 0 excluded in Hypothesis 4.4, one assumes the existence of
an element x € A such that dr = e. Then

Yor(0) = epz™, 1 <k<n, (4.41)

2/}n,k(O) = Kndjo,k( w(] k Z Xng L — kijil (442)

]7—00

and ¢, 1(0) then replaces ¢, in the treatment above.

Next set f)ml = Lny — A = L, — A. Condition (ii) of Hypothesis 4.5 allows one to calculate a
factorization of L, ; as described below.

Ly = A, - AjA, Ap = (emé + o), 1<k<n, (4.43)
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where ¢y, are defined by

Cgl - (a¢n 1) @bn iv 1211%%1 = O (4 44)
o2 = ((OPnn)n) — (Pn2)r}) ((0Unn)Un} — (Ovn2)¥nd) " + (Onn) Ui,
= — (0(Ar2)) (Alwn,Q) L Ak =0, (4.45)
an_l = - <8(An—2 e Al,@bn,n—l)) <An 2" Alwnn 1)17
Apoy - Apy = 0, (4.46)
n—1
bn = =) o (4.47)
k=1

Note that Zi:l QZ;]C = Fj,l,j—lrj_—ll,l,j—hl S j S n — 1.
This determines Mn and f)mk by

9 0 --- 0 An
A0 0 0
My=| 0 A -+ 1|, (M,)" = diag (im, . ,ZM> o (4.48)
L o
0 0 Ay 0

and Ly, by Ly, = f)n kA K'n r and K, j are then determined by L,, , = K, ;Lo an}g; I~/n B =
Kn kLo, nK I Note that K,  and Kn  have the same structure. Only the terms which contain
qo.k> o,k d1ffer since qor = Gox + A

Introducing

P = KniPor K, 1<k<n, P, = P4, (4.49)
and

Q, =diag (Pr1... Pry), (4.50)

we can define the corresponding DS system by

d

d_trMn_[(Qr)JraMn] = 0. (4'51)

We shall abbreviate (4.51) by

[/)\én,r,k((gh s 7¢n> = 07 1 S k S n, (452)



where

ﬁén,r,k,u,u(ﬁgh ce 7€Z~5n) = atrﬁgk,u,u — agrék"u’y =0, 1<k<n, 1<puv<m.

(4.53)

Since for 1 <k <n
K;llc[’nykkﬂ,k - em(gn + >‘>7 PO,T = 6m§T> (454)
Pri = KnwPor Ko = KoiPo, Koy Pog = en(€" 4+ M), (4.55)

we see that 9, and Mn commute and therefore the evolution equations (4.51) are well defined.

Example 4.7. n = 2, m = 1,(];/2 = ¢,0o = —¢1. In this case we have ]3\3277,’1(@;17@52) =

mKdV,(é,).

r=1,357:
mKdV, (1) = é1, — 0y =0, (4.56)
— 1~ 3.~ 3. .-
mKdVs(¢1) = @14, — (Za o1 — 5 1001 + §>\3¢1) =0, (4.57)
—_—— ~ ~ 1 ~ ~ ~ ~ ~ ~
mKdVs(61) = i — 1o (30)\28¢1 FAN100%1 — 608296,) + 306106,

—10(81)? — 406196,0%01 — 10520°G, + 8%31) —0, (4.58)

mKdV: (1) = 1y — 6i4 [140»”3&1 pe (—420&%% + 7063951>

A (420&%8&1 —140(961 ) — 56061961826, — 140628%¢, + 1485&1>

—1400%0¢p; + 4204201 )? + 56003 Dh 021182001 (8 )
+70010%dy — 126(8¢1)20%hy — 140¢,0%$18° 4
—844106:10'%1 — 1402071 + a7¢31] — 0. (4.59)
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In order to display the A-dependence of these modified equations we note that go in P,y is
expressed by qo = A+ F(¢1, ¢2,...). This A-dependence comes exclusively from the term Py,
in (4.56) since the explicit A-dependence cancels in K, . Thus we get

r/n

Pr,k = Kn,k em(gn + A)r/nk;lle = Z < l

=0

)f(n,k emNE KL (4.60)

Writing pr—nl,k: = f(nk emg’”*”lf(; ]1“ allows us to simplify the differential expression

nl<r
=~ [r/n -
(Pr,k)—i- = Z < /l )/\Z<Pr—nl,k)+‘ (461)
1=0
Example 4.8. n=2m=1,r=1,3,5,7:
(Pk)s = (Pg)s, (4.62)
. 3 .
(Ps)+ = (Psgp)+ + §>\(P1,k)+, (4.63)
~ 5. =~ 15, =
(Psg)r = (Psg)t + iA(Ps,kﬁ + §A2<P1,k)+7 (4.64)
- 7. = 35 5, ~ 35 .5, ~
(Pri)y = (Pry)s + §>\(P5,k)+ + §>\ (P3r)+ + E)\ (Pri)+- (4.65)

Now we are in position to formulate our main new result concerning the converse of Theo-
rem 4.1.

Theorem 4.9. Assume Hypotheses 4.3, 4.4, and 4.5, let L,, be defined as in (4.29), Py, =
enl", and P, = K, Py, K, *. Suppose that (qo, - .. ,qn_2) satisfies the GD system (4.33)

GDn,r,j<q07 v 7Qn72) = 07 0 S J S n— 27 (466)

or equivalently, that

(O, — (Pr)+) Yng = Z%,lamm, 1<k<n-1 (4.67)
=1
Define (&1, o &n) by (4.44)-(4.47). Then (¢~51, . ,gEn) satisfy the DS system (4.52)

DSpyi(@1,. . dn) =0, 1<k<n (4.68)
iff
appy =0 for h+1<[<n, 1<h<n-1. (4.69)
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Proof. We have (P,; =F,)

}bn,l
d A1¢n,2
[(dt QT)"M ]
A o All/}n n
— ~ ~ k-1 - n
= Dsnmk(gbla s 7¢n)5k7(l+1)( mod n)( Am)¢n,k] i1’ (4-70)
m=1 T

DSyt (@1 6)ns = (O = (Pr2)s) A1 = Ai(Dy, = (Pra)+))
= _Al(atT ( ) )Q/}nlu

- _Alzwnlanll = ZAlwnlO‘nll (471)

=1

Thus DSp,1(¢1, ... én) = 0iff apyy = 0,1 > 2.

]/)\Sn,r,Q((gla s >én)/’ilwn,2 = <<at - ( ) >A2 AQ(atr N (Pr’2)+)> Alwn,Q
= (&(0, — (Pr2)1)) Artina,
= —/Lfll(@t - ( )+)wn 25

= —AgAlzwnlangl— ZA2A1¢nzOén21, (4.72)

where we used (4.71). Therefore [A)énﬂa,g(gz;l, . ,gzgn) =0iff a0, =0,1> 3.
Iterating this process we finally get

—~

DSn,r,n((;la s 7(5n>14n71 e Alwn,n

=—Ay . A0, — (Pra))nm = —Ln Y ¥ni0tnp =0 (4.73)

=1

and hence (4.68) holds iff (4.69) is valid. O

Clearly the case A = 0 formally recovers the homogeneous GD and DS systems of Sections 2
and 3.

The auto-Backlund transformations of the GD equations are then described in

31



Corollary 4.10. In addition to the hypotheses in Theorem 4.9 assume that
atﬂ/}n,k - (P'r">+77bn,k7 1 S k S n—1 (474)

instead of (4.36). Then by (4.1), the solution (¢1,...dn) constructed in Theorem 4.9 of the
DS,k equations (4.52) yields (n — 1) further solutions (qok,- .. qn-2k), 2 < k < n of the
GDn,j equations (4.34), i.e., qj satisfy

GDyrj(Qoks - - - s Gn—2) = 0, 0<j<n-2 2<k<n. (4.75)

We might recall at the end that due to Hypothesis 4.3, the first n — 1 f)\énmk equations,
1 <k <n—1imply the last DS, ,,, equation by the argument in Remark 3.9.

5 Scalar GD and DS Hierarchies

In our final section we provide a detailed analytical treatment of the scalar GD and DS
hierarchies. Factorizations of L, will be used to describe the generalized Miura transforma-
tions linking the GD hierarchy and its modified analog, the DS hierarchy. The associated
auto—Backlund transformations for the GD hierarchy are also studied in detail.

In order to fix the notation we now choose FF' = C, m = 1 and A to be the algebra of
C*>—functions or R with 0 = 0, the corresponding derivation on A.

Hypothesis 2.1, without loss of generality, is then replaced by
Hypothesis 5.1.

=1 ¢1=0 (5.1)
and hence the differential expression L,, is now of the type

Ly = 0"+ Guo(2)0" %+ - + q1(2)0, + qo(7). (5.2)

The algebra B = C [{q§l)} leng }, the grading (2.13), (2.14), identifying £ = 0,, are then
0<j<n—2
defined as in Section 2. Choosing

P, = K,0.K;' = L'/" = 9" + [ lower order terms |, r <N (5.3)
the sequence of nonlinear evolution equations

Op. L, =[(P)+,Ln], €N, (5.4)
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or equivalently, viewing ¢; = ¢;(z,t,) as a function of (z,t,) € R?,

atTQj = aPTQj = fn,r,j(QOa s ,C]n72), 0<j<n—-2,reN (5-5)

then represents the GD hierarchy [13]. Since P, is homogeneous of degree r and dL.q; = gV

has degree n + [ — j, the f;, in (5.5) are differential polynomials in the g, 0 < j' <n —2
homogeneous of degree n + r — j.

We shall abbreviate the system (5.5) also by

GDnrj(qos - -+ 1 Gn—2) =0, 0<j<n-—2, (5.6)
where

GDyyr (o, - - Gn—2) = 01.¢; — farj(Qo,- - ,Gn—2), 0<j <n—2. (5.7)

Turning briefly to the DS hierarchy, we define the matrix differential expression

0 0 0 0y + du(z),
9, + é1(x) 0 0
0 0 8+ dus(2) 0

where, according to Hypothesis 3.1, we now assume

Hypothesis 5.2.

Gn = q}/” =1. (5.9)

oreA 1<k<n and Y ¢ =0. (5.10)

k=1

The algebra D = C {{ g)} len, }, the grading (3.4), (3.8), identifying & = 0,, are then
1<k<n
defined as in Section 3. Then

M? =diag(Lynas--- 5 Lon), (5.11)
Lyy=Akin- A1 Ay =0, + anZ,ka;Li2 + - 4 k0 + Qo (5.12)
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Since deg(gzﬁ,g)) = [+ 1, the ¢ in (5.12) are differential polynomials in the ¢, ... , ¢, homo-
geneous of degree n — j. Introducing

Q, = diag(L/},... , Li/") = diag(Py1, ... , Prp), 7 €N, (5.14)

the sequence of nonlinear evolution equations

d
EMn =0(9Q,)+, My], reEN, (5.15)
or equivalently, viewing ¢y, = ¢x(x,t,) as a function of (z,t,) € R?

atrgbk = 8Qr¢k - gn,k,r(¢1a s 7¢n)7 1 S k S n, re N (516)

then represents the DS hierarchy [9]. Since Q, is homogeneous of degree zero ( mod n), L;/ 5

are homogeneous of degree r, and gb,(f) are homogeneous of degree [ + 1, the g, in (5.16) are
differential polynomials in the ¢/, 1 < k' < n homogeneous of degree r + 1.

We shall abbreviate the system (5.16) also by
Dsn,r,k(qbb B a¢n) = 07 1< k < n, (517)
where

DSnri(@1,-- - 0n) = 00Ok = g1, -, dn), 1<k <n. (5.18)

At this point we turn from an algebraic description of the GD and DS hierarchy, which we
used to define (5.6) and (5.17), to an analytic one and replace Hypotheses 5.1 and 5.2 as
follows: Throughout this section we denote by € a simply connected open subset of R? unless
specified otherwise and consider arbitrary but fixed integers n > 2 and r # 0( mod n). In
order to simplify our notation we shall write ¢ instead of ¢, in the following. We then assume

Hypothesis 5.3. Let q;,0 < j <n —2 be complez—valued functions on §2 such that
¢) =2 eC(Q), 0<I<r+j (5.19)

Hypothesis 5.4. Let ¢, 1 < k < n be compler—valued functions on €2 such that

[
qﬁ,ﬁ”_%ec‘)(ﬁ), 0<i<n+r—1 (5.20)
and
> Gu(zt)=0 on Q. (5.21)
k=1
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Our choice of Q instead of R? in particular, enables us to consider singular solutions (e.g.,
rational ones) by restricting the attention to those connected components in the (z,t)-plane
where the solutions are finite. It also takes into account that even for initial data in the
Schwartz space one cannot expect global solutions for the GD and DS equations in general.
(For the Boussinesq equation, the case n = 3,7 = 2, blow-up of the solutions in finite time is
described, e.g., in [6] and [19]).

We start our analytical treatment by a careful investigation of differentiability properties of
both solutions ¢;, ¢ of the GD,,, and DS, , equations as well as solutions ¢ of L,y = 0.
By solutions of linear or nonlinear (partial) differential equations we mean classical solutions

!

throughout this section. If 1/ is a solution of L, = 0, we define the degree of ¢)() = % as
x

deg(y W) =1, 1eN,. (5.22)

Lemma 5.5. (i). The highest x—derivative of q; occurring in f,,; in (5.5) is of the order
r+j —7j.
(i1). The highest x—derivative of ¢ occurring in gn,r in (5.16) is of the order r.

(1ir). Ezpressing ¢;r, 0 < j < n —2 as a differential polynomial in terms of ¢1,... , ¢y, the
highest x—derivative of ¢ir in g, is of the order n —j — 1.

Proof. The highest z—derivative of ¢;: in f, , ;, say qj(f) occurs if q](.f) is an isolated summand
in f,,; (possibly multiplied by a constant). Thus

deg(q))) =n+1—j = deg(forj) =n+7—j (5.23)

and hence | = r + 5/ — j. This proves (i). (ii) and (iii) are proved analogously. O

Lemma 5.6. Let q;,0 < j < n — 2 satisfy Hypothesis 5.3 and let 1y, 1 < k < n be a system
of solutions of L, = 0. Introduce the Wronskians Wy = W (i1, ... i), 1 <k <n. Then

o _ o'W,

Wy =—F7¢€ c'Q), 0<I<n+r (5.24)

Proof. Since 1/},(;/) has degree [, the Wronskian W}, is homogeneous of degree k(k — 1)/2 and
hence W,C(l) has degree [k(k —1)/2] +1, 0 <1 < n+r. Any determinant with rows of the
type (W), cee ,(Cl)) with degree less than k(k — 1)/2 vanishes since then at least two rows
are equal. Using L,y = 0, 1 < k < n, one can reduce W,El) to a sum of terms consisting of
products of differential polynomials of the ¢; and k x k determinants involving only derivatives
of the ¢, up to order n — 1. Suppose q,(gr+k+m) is among these terms for some m > 1. Then
k(k—1)/2]+1l=n—j+ (r+j+m)+c+d, where d is the degree of the k x k determinant
and ¢ > 0 accounts for the degree of other factors which might occur in the product. Thus, if
I <n-+r,then d < k(k—1)/2 (since m+c¢ > 1) and hence this term vanishes by the previous
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argument. Hence W,f,l), 0 <1 < n+risasum of products of the ¢g; and their z—derivatives
up to the order r + 5 and the 1, and their x—derivatives up to order n — 1 all of which are
continuous on (). O

The next two theorems show that under Hypothesis 5.3, the system L,y = 0, ¢, = (P,)
simultaneously admits solutions.

Theorem 5.7. Let R be an open rectangle in R?, (xo,ty) € R. Suppose ¢j, 0 < j < n —2
satisfy Hypothesis 5.1 and the Gelfand-Dickey equations GD,, ; ;(qo, ..., @n—2) = 0,0 < j < n—2
on R. Then, for any choice of (c1,...,c,) € C", there exists in R a unique solution ¥ (x,t) of
the initial value problem

Lo(®)¢(z,t) =0, oz, t) = (P)r()w(x,t), (... 0" D) (@0, t0) = (c1, ..., cn).

(5.25)
Proof. Suppose R = (z1,x3) X (t1,t2) and define in R the n x n—matrix
0 1 0 o0
: 0o . o
Ap(x,t) = o |- (5.26)
0 0o - 0 1
—¢ —¢1  —Gn—2 0
Next, assuming that ¢ (x, t) satisfies,
Ly(t)d(,t) = 0, (5.27)
we may use deg(L,) = n, deg(P,) = r, and deg(¢®) = [ to write
0 ~ & ~
i (P @@.0) = 3 B, )5 (). (5.28)

k'=1

The B, are differential polynomials in the ¢; homogeneous of degree r + k — k' and they
define in R the n X n—matrix

By(2,1) = (B (2, O]} oo (5.29)

Note that both B, and B,, are continuous matrices since the highest x-derivative of g;
occurring in B, is of order » + j — 1 which can be proven by simple grading arguments like
those in the proof of Lemma 5.5. Also A, and A, ; are continuous since according to (5.5)
and Lemma 5.5 the g;, involve only z—derivatives of ¢;; up to the order r + j' — j. We shall
construct C'-solutions of the system

ug(x,t) = Ay (z, t)u(zx, t). (5.30)
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According to Theorem 7.5 of Chapter 1 in [5] (for the complex-valued case see the remarks in
Section 1.8) there exists a unique C'-solution w,,(x,t) of the system (5.30) under the initial
condition wy, ;(zg,t) = Omy in a strip (a1, x) X (to — €,to + €) (here wu,,,; denotes the I-th
component of u,,). Due to the linearity of (5.30) in u and the fact that A, and A, ; are
bounded in any compact subset of the rectangle R = (z1,23) X (t1,%2) we may extend this
solution to all of R.

Next note that
u(@,t) = Y (t)tm(z, 1) (5.31)
m=1

also solves the system (5.30) and is in C*(R) if the ,, are continuously differentiable. We
now choose the =, such that u satisfies the initial condition given in the theorem, i.e., such
that u(zo,ty) = (c1,...,c,)T. Let U be the matrix whose m-th column is u,,, i.e., U is the
fundamental matrix which is initially (i.e., at * = z and for all ¢ € (t1,%5)) the identity
matrix. Let y(t) = (71(t), ..., 7 (t)) be the unique solution of the linear system of equations

dy
=) = (B,U = Up)(zo, t)1(1) (5.32)

under the initial condition y(to) = (c1, ..., cn)?. Then u € C'(R) is the unique solution of
(5.30) under the initial condition wu(xg,ty) = (c1,...,¢,)". Moreover, by construction, the
function u(xg,t) satisfies the equation

ur(zo,t) = By (o, t)u(xo, t). (5.33)

We now intend to prove that this function u(z,t) also satisfies

w(z,t) = Bp(z, t)u(x,t). (5.34)
Define
v(z,t) = u(x,t) — Bo(z, t)u(z, t). (5.35)

Then v(zg,t) = 0 by (5.33). In addition,

Ug (2, 1) = Ap(z, t)u(z, t) + Ay (z, u(x, t) (5.36)
proves that u,, € C°(R) and hence u,; = u;,. Thus

Uy = Uty — Bygu — Bruy = (At — By + Ay B, — B Ay )u + Av. (5.37)
If we can show that

(An,t - Br,ac + [Anu B’r])u = O, (538)
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then v, = Av with v(xg,t) = 0 yields v(z,t) = 0 and hence (5.34). Since u € C'(R)
the equations (5.30) and (5.34) are equivalent to the differential equations in (5.25) upon
identifying

u(z,t) = (P, t),... oV (z )T (5.39)

Also u satisfies the given initial condition. It remains to prove (5.38). Define the matrix
differential expressions

0 1 0 0
: 0 ) oo
A= : . 0 (5.40)
0 0 B |
O —L, 0 -+ - 0

and, introducing the abbreviation P = (P,)4,

J2 0 0 .o 0
P’ P 0 0

B P o p! p U (5.41)
: : : .0
pn-1) (n;l)P(n72) (ngl)p(nfi%) R

where P’ (PY) denotes the differential expression obtained from (P,), by differentiating its
coefficients once (j times) with respect to x. In particular, PU) is a differential expression
of order at most » — 2. Then A® = A, ® whenever ® = (f, f/,..., f* T and B® = B,®

whenever ® = (f, f/,..., f® )T and L,f = 0. But Bu is of the type (f, f/,..., f® T
and u is of the type (¢,v',...,¢—1)) with L, = 0 since u, = A,u. In order to guarantee
these properties we first solved the problem (5.30) and then the problem (5.34) instead of
going the other way around. We now infer

ABu = A,Bu = A, B,u (5.42)
and
(B, + BA)Yu = Byu+ Bu, = (Bu), = (Byu),
= B,,u+ Byu, = (B, + B, A,)u. (5.43)
Thus (5.38) is equivalent to

(Any — By + [A, B))u =0, (5.44)

Calculating —B,+ [121, B’] yields that only its last row contains nonzero entries. This last row
is given by

([P, L) — [P,d"] — P™, —nP=D (("fl) + (’.H)> po=d) ,—nP’>. (5.45)



Since (") + ("7)) = (?), the row (5.45) applied to u = (¥, ... , "7 yields [(P)4, L),

J Jj—1
Since the last component of A, ;u is given by

(Apptt)n = _<%Ln>¢a (5.46)

we finally infer

(Apt — Bro + [An, B)u = (A, — By + [A B))u
T
= (0.0, ( P)esLal)¥) =0, (5.47)
thus concluding the proof of the theorem. O

We now extend the proof of Theorem 5.7 to arbitrary simply connected open subsets R of R2.

Theorem 5.8. Suppose q;, 0 < j < n — 2 satisfy Hypothesis 5.3 and the Gelfand-Dickey
equations GDy, ;. (qo, ..., qn—2) =0, 0 < j <n—2 on Q. Let (xo,ty) € R. Then, for any choice
of (c1,...,c,) € C", there exists in Q) a unique solution ¥ (x,t) of the initial value problem

Lo0(z,t) =0, t(z,t) = (B)o®)(z, 1), (@, ...; b ) (20, 20) = (c1, ., C).
(5.48)

Proof. First note that any point (z,t) € 2 and the point (zo, ty) may be joined by a compact
arc contained in {2. This arc may be covered by a finite number of open rectangles all of
which lie entirely in €2. In particular there is a sequence of open rectangles Ry, ..., Ry such
that (zo,t0) € Ro, (z,t) € Ry and R;_1 N R; # 0, j =1,...,N. This follows since 2 is open
and connected. Now we define u(z,t) = (1(x,t),...,0" D (x,t))T for any (z,t) € Q in the
following way. According to the last theorem we may define uniquely a function ug on Ry by
solving the system of differential equations

Uy = Ayu, w = Byu (5.49)

under the initial condition ug(zg,ty) = (c1, ..., cn)T. Next we define u; on R; as solution of
(5.49) under the initial condition u;(xy,t1) = ug(z1,t1) where (zq,%;) € Ry N R;. Note that
due to uniqueness of solutions of initial value problems for (5.49) we infer u;|g,nr, = Uo|RrRyNR,
and that the definition of u; does not depend on the particular choice of (z1,t1) € Ry N Ry.
Repeating this construction we define successively the function u; on R; and finally ux on
Ry. Now let u(z,t) = un(z,t). We only have to prove that this definition does not actually
depend on the choice of the rectangles joining (zo, tp) and (z,t). This can be done by imitating
the proof of the monodromy theorem for the continuation of analytic functions (see, e.g., [26],
Theorem 8.5 in Section I11.40). We note the requirement that € is simply connected enters
here. In the following we give an outline of the procedure. Consider two distinct points joined
by a curve A consisting of line segments parallel to the axes. Any cover of A with rectangles
will give the same value of u at one end of A for a given value of u at the other end. We
therefore may use the term “continuation of uw along A”. Suppose now that (z¢,%y) and (z,1)
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are joined by two curves A; and As of the above type. Let ui(z,t) be the continuation of
u(zo, to) along Ay and wus(x,t) the continuation of u(xg,ty) along Ay. In contradiction to our
claim that w(zg,ty) defines u(x,t) uniquely, suppose that uj(x,t) # us(z,t). Continuing,
therefore, uy (z,t) along —As (i.e., reversing the direction of Ay) we find a value of u in (xg, o)
which is different from wu(zg, tg). Without loss of generality we assume in the following that the
curve A = A — A, is not self-intersecting (except that the initial and the final point coincide).
Since 2 is simply connected the polygon described by this curve is a subset of 2. We now
divide the closure of this polygon into a finite number of closed rectangles which intersect only
in their edges. Consider now two vertices of these rectangles, (x1,¢;) and (z2,t2), which are
joined by a part of A as well as by some edges lying inside A (call this part A*). Continuing
now u(zy,t;) along A and along A* we obtain two values of u in (x9,t3) which may or may
not coincide. In the former case we replace in the following discussion the part of A joining
(x1,t1) and (x4, ) by A* thereby obtaining a new smaller polygon (whose boundary is in the
following also denoted by A). In the latter case the object of our following considerations is
the polygon whose boundary is the part of A joining (xy,%;) and (x2,t3) and the curve —A*.
In any case we have obtained a smaller polygon with the property that continuation of u
from a point (z,t) along the boundary back to (z,t) does not coincide with the initial value.
We may repeat this process until we have obtained just a single rectangle as our polygon
having the property that continuing u from one corner to the corner diagonal to it gives two
different results as one goes in positive or negative direction. This, however, is impossible,
since the value of u at one point determines u everywhere in the rectangle uniquely. Thus our
assumption that u is somewhere not uniquely defined leads to a contradiction and thus the
theorem is established. O

Remark 5.9. Since 9, and hence u, in (5.47) satisfies arbitrary initial values at arbitrary
(o, t0) € Q, we actually infer the so called zero—curvature representation of the GD,, . equa-
tions in the form

Ant = Bra + [An, B.] = 0. (5.50)
Lemma 5.10. Suppose q;, 0 < j < n—2 satisfy Hypothesis 5.3 and GD,,j(qo, - - - , ¢n—2) = 0,
0<j<n—2. Leti,..., 1, be a system of solutions of L,ip =0 and ¢, = (P,) . Then
the Wronskian W (1, ... ,1,) is constant (possibly zero) in .

Proof. Denoting W (¢4, ... ,1,) by W, we have

Whe= tr(4,)W, =0 (5.51)
and

Wi = tr(B,)W,. (5.52)
By (5.50),

tr(B,,) =0, tr(B,) =0 (5.53)
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and hence tr (B, (z,t)) = f(t), is independent of x. On the other hand, since each B,y x(z, t)
is homogeneous of degree r > 1, so is

tr (By(z,t)) = > Bris(z,t) = f(1). (5.54)

Since f(t), being constant in x, has degree zero, f(t) must vanish implying tr(B,) = 0 and
hence W,,; = 0 by (5.52). O

Next let 91, . .. , 1, be a fundamental system of L, = 0. In order to factorize L,, as in (5.12)
we define

Wo=1, Wy=W(1,... %), 1<k<n (5.55)
and
o = (In[Wit/Wi])ey, 1<k<n (5.56)

whenever the latter is nonsingular. (5.56) is well known to yield the factorization (see e.g.
29], p. 108)

L, = (ax + ¢n) T (az + ¢2)(ax + ¢1) (557)

and clearly

n

> = (In[Wy/ W), = 0. (5.58)

k=1

For factorizations in the special cases n = 2 and n = 3 see, e.g., [16] , [28] and [10], [11], [15]
and the references therein. The general case n > 2 is discussed e.g. in [2], [4], [10], [18], [23],
[29], [33], [36].

We shall prove in Theorem 5.13 that if in addition to L,1 = 0 the 1 satisfy ¢, = (P,) ¢
then ¢4, ... , ¢, satisfy the DS,, . equations (5.17). But first we prove

Lemma 5.11. Suppose q;, 0 < j < n—2 satisfy Hypothesis 5.3 and GD,, . j(qo, - - - , ¢n—2) = 0,
0 <j<n-—2. Assume that 1y, ... 1, is a system of solutions of Lp,1p =0 and 1y = (P,) 1.
Let Qg be any open connected subset of 2 such that the Wronskians W (11, ... ,¢) are different
from zero on Qg for k =1,...,n. Then the ¢y defined in (5.56) satisfy

D), 1<k<n, 0<I<n+r—1 (5.59)
Moreover, given the ¢y, define q;; as in (5.12). Then
GreC(Q), 0<i<r+k 0<j<n-2 1<k<n (5.60)

In other words the ¢y, satisfy Hypothesis 5.4 and the q; satisfy Hypothesis 5.3 on the set €.
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Proof. The ¢y, k =1, ...,n are well defined in €. Equation (5.59) follows from Lemma 5.6.
The g ; involve z—derivatives of ¢1,...,¢, up to the order n — j — 1 by Lemma 5.5. This
proves (5.60). O

An analytic version of Theorem 4.1 then reads

Theorem 5.12. Suppose ¢y, 1 < k < n satisfy Hypothesis 5.4 and DS, ;k(¢1, ... ,¢n) =0,
1 <k <mn. Define q; by (5.12). Then the q;, satisfy Hypothesis 5.3 and

GDn,r,j(QO,k? cee aQn—Q,k) = Oa 0 S j S n— 27 1 S k S n. (561)
Proof. Combine Lemma 5.11 and the proof of the Theorem 4.1. O

Next we shall derive our main result which amounts to a converse of Theorem 5.12. Given a
solution (qo, ..., gn—2) = (¢1,0, ---» @1,n—2) of the GD,,, equations, we shall construct a solution
(@1, ..., ¢n) of the DS,,, equations (5.17) and n — 1 further solutions (qok, ..., ¢n—24) for 2 <
k < n of the GD,,, equations (5.6) which are all linked to the ¢; by the generalized Miura
transformations contained in (5.12), (5.13).

Theorem 5.13. Suppose q;, 0 < j < n — 2 satisfy Hypothesis 5.3 and q;, € C°(Q), 0 < j <
n—2. Let y(x,t),... ,¥,(x,t) be a fundamental system of solutions L, (t)(z,t) = 0 in Q
considering t as a parameter. Let Qg be any open subset of 0 such that Wy = W (11, ...,¢x) #0
in Qo fork=1,...n—1. Define ¢, 1 < k <n according to (5.56) on Qq. Then

L,=A, - AyA;, (5.62)
where
Ay =0, + ¢, 1<k<n. (5.63)

Moreover, (qo, ..., gn—2) satisfies the equations GDy, . ;(qo, - .. ,qn—2) = 0,0 < j <n—2 on
uf
on ) or, equivalently, iff
(0 — (Pr)+ )t = Z g, 1<k<n-1, (5.65)
1=1

on ), where ay; are (in general t-dependent) constants. Finally, assuming
GDyyri(qos s Gn2) = 0,0 < j < n —2, we find that (¢1,...,¢,) satisfies the equations
DS, k(P1,--. 0n) =0, 1 <k <n onQy iff

ap; =0, h+1<I<n, 1<h<n-1L1 (5.66)
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d
Proof. (5.62) has been discussed in (5.55)—(5.58). Since L, = 0 yields (%Lnﬁbk = —Lppy

equation (5.7) implies
d n—2 '
(Lo ) = [(Pr)s Lt = =La(0 = (P) b = ;0 G (0: -+ + Gu2)t -
(5.67)

Thus GDy,»(qos -+ Gn—2) =0, 0 < j <n—2implies L,(0; — (Pr) )¢y =0,1 <k <n—1.
Conversely, if L, (0; — (P,)+)tr = 0,1 <k <n —1 then (5.67) for k = 1,...,n — 1 represents
a homogeneous system of equations for GD,, ,. ;. The determinant of the matrix associated to
this system is W,,_;(z,t). Hence

GDyrj(qos - -+ Gn—2) =0, 0<j<n—2 (5.68)

on the set where W,,_1(z,t) # 0. Next we show that WW,,_; has only simple zeros as a function
of z (if any). Suppose that

oW,,_
Wi (o, to) = (— Y (o, to) = 0. (5.69)
T
By hypothesis we have
¢1 ¢n—1
SN (TR yo=)
0% Wo(tr, ..., tn) (w0, o) = Y (=)™ (0, 1) (j+1) G+1) | (5.70)
j=0 wl wnfl
Y Y
Since
(T
aVVn—l
O ($07 0) ¢§n_:1>,) o @ngl—_lj) ) ( )
R
we may replace the last line in (5.70) by
n—3 . n—3 .
<ZC]‘¢§]), e 7ZCj77Z)£LJ—)1>' (572)
§=0 =0
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Inserting (5.72) into (5.70) yields

1/}1 ce wnfl
T =
0 # (—1)”+1+]@/)7(1])($0, to) WH) ce ngll)
=0 : :
TR
¢§j) . w(le
_ oW, n—
D (@0, t0) () (o, to) + B (o, t0) ot (w0, o)
n—3
= — Z Y (w0, to)Wa—1(x0, to)
=0
oW, _ n—
_1/11(1”_2) (IO’ t0>( or 1 )(ZE07 tO) + 7\ng Y (‘7;07 to)Wn_1<l’0, to) (573)

Since the right-hand-side of (5.73) equals zero by assumption (5.69), this contradiction proves
that W,_1(x,t) has only simple zeros for fixed t € R. Thus (5.68) extends to all of
by continuity of the functions GD,,, ;(qo, ... ,¢u—2)(x,t) viewed as functions of z. We also
remark that therefore

n—2
Ln(at - (Pr)Jr)wn = - Z GDn,r,j<qO7 s 7Qn72>w7(1j) = O (574)
§=0
on ), i.e.,
L0y — (P )Yr =0, 1<k<n on . (5.75)

In order to prove (5.66) we consider

{ d M - [(QT)JM Mn]}(wb A1¢27 s 7An71 cee AQAlwn>T

% n
= (DSn,T,n(¢17 I (bn)Anfl e A2A1wn7 Dsn,r,1<¢17 I (bn)wl? DSn,r,Z((blv s ?¢H)A1w2’
e 7DSn,r,n—1(¢17 SRR ¢n)An—2 e A2A1¢n—1)T7 (576)
where we used
d
M= [(@): M
0 0 e 0 DSn,r,n((bla ey (bn)
DSy (1, b0) 0 !
= 0 DSn,T,2(¢17 cee 7¢n) :
z 0 3 :
0 s 0 Dsn,r,n—l(gblv s 7¢n) 0
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(5.77)

with M,, and Q, defined in (5.8) and (5.14). (Here we are using the notation employed in
(5.12) and (5.14) with L,, = L1, P, = P,1.) Using

Dsn7rvk(¢1’ trt ¢n> = gbt - (P’mk-‘rl)—‘,—Ak‘ + Ak;(P7r-7k)+
= (at — (Pr,k+1)+)Ak — Ag <8t - (Pr,k)—i-)a 1<k<n (5.78)

(we recall Ayy,, = Ag, 1 <k <n) and
Ay =0 (5.79)

(cf. (5.55), (5.56), and (5.65)), one computes

DSn,r,1(¢17 <. >¢n)w1 = (815 - (Pr,2>+)A1w1 - Al (at - (Pr,1)+)¢l

= -4 Z o Py (5.80)
k=2
and hence
DS, 1(¢1,... s ¢,) =0iff a1, =0, 2<k<n (5.81)

since A1¢x, 2 < k < n, are linearly independent by construction. Next, assuming oy = 0,
2 < k < n, which implies (see (5.78))

(at - (PT72)+>A1 — A, (at - (Pr,1)+), (5.82)
one computes from (5.65), (5.78), (5.79), and
AsArty = 0 (5.83)

(cf. (5.55), (5.56)) that

DSan((bl, s ’¢n>A1¢2 = <8t - (Pr,3)+>A2A1@/}2 — Ay <at - (Pr,2)+>A177Z)2

= =0 = (Po)s ) Ay = —Asdi (9= (P)s e = —Aodi Y anuth. (5.84)

k=3
Thus

DS, 2(¢1,... s ¢n) =0iff agp, =0, 3<k<n (5.85)
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since Ay A1, 3 < k < n are linearly independent. An iteration of this argument, assuming
apg=0forh+1<[<nand1l<h<n-—1, which implies

DS k@1, 0n) = (& - (Pr,k—i-l)—i-)Ak — Ay <8t - (Pr,k)+> =0, 1<k<n-—1,
(5.86)

finally yields

Dsn,r,n(¢17 cee 7¢n)An—1 e A2A1,¢}n = _Ln,l <8t - (Pr,l)—i-)d]n - O (587)

d
since %Lng = |:Ln717 (Pr,1)+] implies Ly, 1 ((% — (PT71)+)¢ = 0 for any solution ¢ of L, 19 = 0.
O
The following result details the auto-Backlund transformations for the GD,,, equations in
terms of factorizations of L,,.

Corollary 5.14. In addition to the hypotheses in Theorem 5.13 assume that 1y, = (P,) 1y
for 1 <k <n—1 (instead of (5.64)). Then, by (5.12) and (5.13), the solution (¢1,... ,dn)
of the DS, equations (5.17) constructed in Theorem 5.13 yields (n — 1) further solutions
(Qoks -+ s Gn—2k), 2 <k <n of the GD,,, equations (5.6), i.e., q; satisfy Hypothesis 5.8 and

GDn,T,j(qo,k7 s aQTL—Q,k) = Oa 0 S j S n— 27 2 S k S n. (588)

Remark 5.15. As shown in Remark 3.9, the DS, , , equations for k = 1,...,n — 1 imply the
DS, equation, i.e.,

DSn,r,k(¢1> oo 7¢n> = 07 1< k <n-1 (589)
implies
DSy yn(61, - .. s ba) = 0. (5.90)

Remark 5.16 To know n—1 linearly independent solutions of L, (t)1 = 0 is, in fact, sufficient
in the Hypothesis of Theorem 5.13 according to the well-known fact that another one may
always be obtained by a quadrature (see e.g. [18], p.122-123). In fact, integrating W, =
W(yn,...,1,) = C one obtains

n—1
(LS Z(Ck + Py )y, (5.91)
k=1
where
(I)k = (—1)”“““0 /x dl’/Wn_l(l’/)_2W(1/J1, ‘e 71/%—17 1/Jk+1, N 777bn—1)(x/>7 (592)

C, ¢ are (in general t-dependent) constants, and W,y = W (¢, ... ,¥n_1).
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Remark 5.17. The final part of the proof of Theorem 5.13 following identity (5.78) can be
slightly modified. Let ¥} be the solutions of

ie.,
Wi, :
Uy, = o o equivalently, W, = A, 1--- A1y, 1<k<n-1. (5.94)
k—1

Then (see (5.56))
& = —0, In T (5.95)

and

n—1
Upy — (Pop)s
DS (-azlanl,... =0, I, 1,0, ) :qul) :—ax( bt é“’“” ’“)
k
=1

1<k<n—1, (5.96)

where the coefficients of (P, )+ are expressed in terms of Wy, 1 < k <n — 1. Identity (5.96),
which is of interest of its own, follows by multiplying (5.78) from the right with ¥, and from
the left with W, '. This immediately yields

o, (Pt (0= (B s
’ \Ijk ’ Akfl U Alwk

_ 9 (Akl A (0, — (Pr,1)+)¢k)
’ A1+ Aty

= —0, ((Akl co Ag) T A Ay Z ak,ﬂﬁz) (5.97)
=1

= —0, (Otk,k + (Apoy - Apg) ! Z i (Ag—1-- 'Al)l/n) =0, 1<k<n-—-1

I=k+1

We emphasize that despite the simplicity of the proofs in Theorem 5.13 (and Remark 5.17),
the results obtained are valid under extremely general conditions on the coefficients ¢;. In
particular, in contrast to other possible approaches based on bi-Hamiltonian structures or
inverse scattering techniques [4], [7], [31], we do not require (almost) periodicity or decay
conditions on the coefficients ¢; as |z| — oc.
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Finally, we further clarify the relation between solutions (¢, ... , ¢,) of the DS, , equations
and factorizations of L,. Clearly a fundamental system of solutions of

uniquely defines a factorization of the differential expressions L, (t) for any value of ¢ (pro-
vided [L,, P;] = 0). In our final theorem we show that the knowledge of a factorization of
L, (t) also uniquely defines an equivalence class of fundamental systems of solutions of (5.98)
corresponding to a given factorization. The significance of this statement is that it shows
that one only needs to consider solutions of the system (5.98) in order to get all possible
auto-Bécklund transformations for the Lax pair (P, L,) our approach might produce, since
one obtains all possible factorizations of L,, associated with the given P,.

Definition 5.18. Two fundamental systems of solutions of L, = 0 and ¢y = (P.)11 are
called equivalent if and only if they define the same set of functions (¢1,... ,¢,) in (5.56).

It is easily seen that this notion of equivalence defines an equivalence relation on the set of
fundamental systems of solutions of L,® = 0 and ¢, = (P,);¢. The system of solutions
obtained by replacing any ) by the sum of linear combinations of the q,... ,¥x_1 (with
t-independent coefficients) and a nonzero (t-independent) multiple of 1 represents the same
equivalence class as 1, ... ,9,_1. Because of Remark 5.16 a choice of v, ... ,1,_1 already
characterizes an equivalence class.

Theorem 5.19. Suppose q;, 0 < j < n — 2 satisfy Hypothesis 5.3 and the GD,,, equations.
Consider solutions 1, ... 0,1 of Lyt =0 and ¢, = (P.)1 ¢ and factorizations of L, of the

form

Ly = (02 + ¢n) -+ (On + ¢2) (00 + ¢1) (5.99)

with
> =0 (5.100)

as constructed in (5.55)-(5.58). Then, on any open set Qo C Q where Wy, = W (i, ... ,¢y) #
0,1 <k <n—1 the functions ¢y in (5.99) are well defined, satisfy Hypothesis 5.4 and the
DS, equations. Conversely, on any open set )y C 2 where a factorization of L, is given by
(5.99) with functions ¢y, satisfying Hypothesis 5.4 and the DS, , equations on Qg there is an
equivalence class of fundamental systems of solutions of L, = 0 and 1y = (P,) 41 associated
with the given factorization.

In other words, on )y there is a one—to—one correspondence between equivalence classes of
solutions of L,ip = 0 and ¢, = (P,) 14 and factorizations of L,, of the form (5.99) such that
(@1, .. ,0n) satisfies Hypothesis 5.4 and the DS,,, equations.
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Proof. By definition, the mapping from the equivalence classes of fundamental systems of
solutions of L,® = 0 and ¢y = (P,) ¢ to factorizations (5.99) of L, given by (5.55)—(5.58) is
injective. The functions ¢ defined this way satisfy Hypothesis 5.4 according to Lemma 5.11
and the DS,, , equations according to Theorem 5.13. We shall prove that this mapping is also
surjective. Specifically, suppose a given solution (¢4, ... ,¢,) of the DS, , equations satisfies
Hypothesis 5.4 on a set {)5. Then there exists an equivalence class of linearly independent
functions 1, ... , 9,1 which solve L, = 0 and ¢, = (P,) ¢ on £y. Moreover, using (5.55)—
(5.58), they yield the factorization (5.99) with the ¢ being the given solution of the DS,,
equations. Choose (zg,ty) € Q. Let Wy = 1 and define recursively on any open rectangle
R = (z1,x9) X (t1,t2) C Qp containing (xg, to)

Wi(z,t) = Wi_1(x, t)ax(t) exp [— /f dx' g, t)}, (5.101)

Zo

where ay is the unique solution of the first order linear ordinary differential equation

%ak(t) = ak(t){/mdf%,t(x/,t)

o

+exp [/: dx’qbk(x’,t)} <(Pr7k)+ exp [— /a: dx”qbk(a:”,t)D} (5.102)

zo

under the initial condition ax(tg) = 1. Equation (5.102) is well defined since the bracket {-- -}
does not depend on . In fact, computing 0,{- - - }, one infers

8x{...}:¢k7t(x,t)+exp[ /xd;p’gbk(x',t)] (Ak(PT,kueXp[_ / dx"gbk(g;",t)}).
b b (5.103)

Since by the DS,,, equations (see (5.78)) ¢r+ = (Prxt1)+Ax — Ax(Prx)+ and since

Ay exp ( — /m dx" gp(x”, t)> =0, (5.104)

z0

we find that (5.103) indeed equals zero. Thus we have defined functions W) which do not
vanish in R. Moreover, we note that W € C°(R),0 <1 < n + r and W,ST’) € C°(R),0 <
m < n. Next we put

U= =W, (5.105)
and remark that 1;1 is an element of the set

S={g| v eC'R), 0<I<n+r, ™ cC%R), 0<m<n}. (5.106)
Next, suppose that we have defined ¥, ... ,1s_1 € S. Then

Wi, .. e, ¥) = Wy (5.107)
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is a linear inhomogeneous ordinary differential equation for ¢ of order £ — 1 with t as a
parameter. By Theorem 7.5 in Section 1.7 of [5] (and its generalization in Section 1.8) there
exists for the associated first order system a unique C'-solution (&k, ...,zz,ikﬁ)) under the
initial condition (¢(zq,1), ..., ¥ 2 (o, 1)) = (1,0, ...,0) on a strip (21, 2) X (to — 8, to + 8) for
some § > 0. Due to the linearity of the equation in ¢ and to the fact that the coefficients
of the equation and their ¢t-derivatives are bounded on any compact subset of the rectangle
R, we can in fact continue the solution into all of R. Using the differentiability properties
of W, and of the functions w] one actually infers that ¢, € S. We remark that this choice
of the initial condition is for convenience only since the general solution of equation (5.107)
is given by the sum of ¢, and a linear combination (with ¢-dependent coefficients) of ¥, ...,

Ur_1. This process determines a linearly independent system of functions ¢, ... ,¢,_1 on R.
From (5.105) one gets

A =W (hy, ) /W (t) (5.108)
for all sufficiently smooth 1. We prove by induction on k that for k =1,....n

A Ay =W, ) W (3, ). (5.109)

Both differential expressions are of the same order with leading coefficients 1. Suppose (5.109)
holds for k — 1. Then both differential expressions have ¢, ... ;1,1 in their kernels. vy is
of course in the kernel of the expression on the right hand side of (5.109). Since also

Ag - Ay Ay = Ap(Wi/Wi_y) = 0 (5.110)

by (5.101) and (5.104) the kernels of the differential expressions and therefore the differential
expressions in (5.109) themselves are identical. From L, = A, --- A3A; one infers L, =
0,1 <k<n-—1in R. Since (5.102) is equivalent to

Wi/ Wi1)e = (Prg) + (Wi /Wi—1) (5.111)

one gets

0 = (0 — (Br)+) (Wi /Wi-1)

= (P A A Ay + (%Ak_1>Ak_2 o Ay Ay
+Ap 1 (Apma - As Ayt ). (5.112)
From (P, x)+Ak—1 = Ag—1(Pr—1)+ + ¢r—1.+ and (thk 1) = ¢r_1+ we then obtain
= <at - (Pr,k:)-l-) (Wi/Wi-1) = Aja (at(Pk—1)+)Ak—2 s Ap Ayt (5.113)
Iterating this procedure £ — 1 times yields
A A2A1<8t (Pr)s )@sz—O 1<k<n-—1. (5.114)
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Thus
~ k=l ~
(0= (P ) = > e, (5.115)
=1

where the ay; are (in general t—dependent) constants. Differentiating (5.115) k —2 times with
respect to x yields

Q1 221 e @k,l ! <6t - (Pr)Jr)?ka
: = ' : : . (5.116)

) Nt | oo a)

Here the inverse matrix on the right exists since Wj_; # 0. The fact that the ﬂj are elements
of the set S shows that the ay.;, ¢ =1,....,k —1, k =1,...,n — 1 are continuous in ¢. Finally,
we define the functions )y, i.e., the solutions of L, = 0 and ¢; = (P,), 1, as a linear
combination of the functions 1/~Jj with t-dependent coefficients. Any such linear combination
will satisfy L,y = 0. Let
k—1
@Dk($, t) = bk,kgbk(x, t) + Z bk,k’ (t)@bkl ($, t). (5.117)

k'=1

Then the equation 0 = (0, — (P,)+ )1 is equivalent to

K k-1 k-1 K
0= Z (bk,k’,t¢k’ + br Z Oék:',j%') = Z <bk,k’,t + Z bk,jaj,k’> Uy (5.118)
j=1

k'=1 k'=1 j=k'+1

where by, is a constant different from zero. From this equation we may obtain recursively
(going backwards) the functions by s (f) for ' = k — 1,...,1 by quadratures using the linear
independence of the 2/;]-. Therefore, by construction, the functions ; will satisfy ¢, = (P,)+
in R. Any choice of the integration constants and of the constant by s, yields a representative
of the equivalence class of solutions of L,1» = 0 and ¢y = (P,).+% which reconstructs the
original DS, ,-solution (¢1,...,¢,) in R. Note that starting from a different point (zo, %)
in the same rectangle yields the same class of solutions (41, ...,4,_1). The construction
may now be performed in any open rectangle contained in €2y. If two of those rectangles
have a nonempty intersection then the last argument shows that the classes coincide on this
intersection. Therefore these equivalence classes of solutions are well defined in all of 2. O

Remark 5.20. With some extra effort one can show that for a fundamental system of
solutions ¥, ...,¢, of L, = 0 and ¢, = (P,)1¢ the Wronskian W (1)1, ..., ¥y), viewed as a
function of x, has, at most, zeros of order n — k for k = 1, ...,n. In particular these zeros are
isolated. This implies that the solutions of the DS,, , equations constructed in Theorem 5.13
have at most simple poles. One may therefore extend the definition of the class of solutions
of L,y =0 and ¢y = (P,)+ in the last theorem to sets €2 on which there exist solutions ¢y
of the DS, equations which have, as functions of z, only simple poles.
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