ALGEBRO-GEOMETRIC SOLUTIONS OF THE
BOUSSINESQ HIERARCHY

R. DICKSON, F. GESZTESY, AND K. UNTERKOFLER

ABSTRACT. We continue a recently developed systematic approach to the Bousinesq (Bsq) hi-
erarchy and its algebro-geometric solutions. Our formalism includes a recursive construction
of Lax pairs and establishes associated Burchnall-Chaundy curves, Baker-Akhiezer functions
and Dubrovin-type equations for analogs of Dirichlet and Neumann divisors. The princi-
pal aim of this paper is a detailed theta function representation of all algebro-geometric
quasi-periodic solutions and related quantities of the Bsq hierarchy.

1. INTRODUCTION

The Boussinesq (Bsq) equation,
Ut = Ugg + 3(u2)mz — Ugzzx, (11)

was originally introduced in 1871 as a model for one-dimensional weakly nonlinear dispersive
water waves propagating in both directions (cf. the recent discussion in [48]). It is customary
to cast the equation in yet another form and instead write it as the system of equations

1 2
qo,t + 6q1,x:px + géhfh,x = 07 qit — 2q0,x =0. (12)

Introducing
¢ (z,t) = —(6u(z, 37V%) + 1) /4, (1.3)
equation (1.1) results upon eliminating g, (cf. also [24]).

The principal subject of this paper concerns algebro-geometric quasi-periodic solutions of
the completely integrable hierarchy of Boussinesq equations, of which (1.2) is just the first
of infinitely many members. In order to be able to give a more precise description of the
concepts involved, we briefly recall some basic notation in connection with the Boussinesq
hierarchy.

The Boussinesq hierarchy is defined in terms of Lax pairs (L3, P,,) of differential expressions,
where L3 is a fixed one-dimensional third-order linear differential expression,

d? d 1
- Fi— 4 =1 + o, 1.4
de? By TN T (14)

and P, is a differential expression of order m # 0(mod 3), such that the commutator of L
and P, becomes a differential expression of order one. For the Boussinesq equation (1.2)
itself, we have m = 2, that is,

Ls

d? 2
e 1.5
dz? " 31 (1.5)
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and the resulting Lax commutator representation of the Boussinesq equation then reads

qo,t + %ql,xzx + §q1q1,x = 07

1.6
q1,t — 290, = 0. (1.6)

d .
Bsdy (g0, 1) = EL:J, — [P2, L3] = 0, that is, {

A systematic, in fact, recursive approach to all differential expressions P,, will be reviewed
in Section 2.

However, before turning to the contents of each section, it seems appropriate to review the
existing literature on the subject and its relation to our approach. Despite a fair number of
papers on the Boussinesq system, the current status of research has not yet reached the high
level of the KdV hierarchy, or more generally, that of the AKNS hierarchy. From the per-
spective of completely integrable systems, the reasons for this discrepancy are easily traced
back to the enormously increased complexity when making the step from the second-order
operator Ly associated with the KdV hierarchy to the third-order operator L3 in connection
with the Bsq hierarchy. On an algebro-geometrical level this difference amounts to hyperel-
liptic curves in the KAV (and AKNS) context as opposed to non-hyperelliptic ones that arise
in the Bsq case.

The classical paper on the Bsq equation, or perhaps more appropriately, the nonlinear string
equation, is due to Zakharov [57]. In particular, he introduced the basic Lax pair (L3, P»)
and discussed the infinite set of polynomial integrals of motion. In many ways closest in
spirit to our approach is the seminal paper by McKean [43] (see also [42]) describing spatially
periodic solutions of the Bsq equation. In contrast to [43] though, we concentrate here on the
algebro-geometric (i.e., finite-genus) case and make no assumptions of periodicity in order to
describe all algebro-geometric quasi-periodic solutions. The application of inverse scattering
techniques for the third-order differential expression L3 to the initial value problem of the
Bsq equation is discussed in great detail by Deift, Tomei, and Trubowitz [13] and Beals,
Deift, and Tomei [4]. General existence theorems (local and global in time) for solutions
of the Bsq equation can also be found, for instance, in Craig [12], Bona and Sachs [6], and
Fang and Grillakis [18], and the references therein. In particular, [4], [6], [12], [13], [37], [43],
and [44] further discuss and contrast the blow-up mechanism for solutions of the nonlinear
string equation obtained by Kalantarov and Ladyzhenskaya [31]. Other special classes of
solutions have been considered by a variety of authors. For instance, certain classes of ratio-
nal Bsq solutions are treated by Airault [2], Airault, McKean, and Moser [3], Chudnovsky
[11], and Latham and Previato [36]. In addition, the classical dressing method of Zhakarov
and Shabat to construct particular classes of solutions for very general systems of integrable
equations, as described, for instance, in [58], [59], [60], and [61], should be mentioned in this
context. Moreover, certain algebro-geometric Bsq solutions, obtained as special solutions of
the Kadomtsev-Petviashvili (KP) equation or by the reduction theory of Riemann theta func-
tions, are briefly discussed by Dubrovin [16], Matveev and Smirnov [38], [39], [40], Previato
[49], [50], Previato and Verdier [52], and Smirnov [54], [55]. The latter solutions appear as
special cases of a general scheme of constructing algebro-geometric solutions of completely
integrable systems developed by Krichever [33], [34], [35] and Dubrovin [15], [17] (see also [5],
[22], [47], [53]).

Our principal contribution to this subject is a unified framework that yields all algebro-
geometric quasi-periodic solutions of the entire Boussines hierarchy at once. In Section 2 we

briefly recall a recursive construction of the stationary Bsq hierarchy following the approach
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first outlined in our paper [14]. The stationary Boussinesq hierarchy is then obtained by
imposing the t-independent Lax commutator relations

[P, Ls] =0, m # 0 (mod 3), (1.7)

assuming g and ¢; to be t-independent. From the differential expression P, we construct two
polynomials S,,(z) and T,,(z) in z, which are both z-independent. This leads immediately
to the classical Burchnall-Chaundy polynomial (cf. [9], [10]), and hence to a (generally, non-
hyperelliptic) curve KC,,_; of arithmetic genus m — 1, the central object in the analysis to
follow.

In Section 3, the stationary formalism, and in particular, the curve K,,,_; are briefly reviewed.
Rather than studying the Baker-Akhiezer function # (i.e., the common eigenfunction v of the
commuting operators Lz and P,,) directly, our main object is a meromorphic function ¢ equal
to the logarithmic z-derivative of ¢, such that ¢ satisfies a nonlinear second-order differential
equation. Moreover, we describe Dubrovin-type equations for the analogs of Dirichlet and
Neumann eigenvalues when compared to the KdV hierarchy.

Section 4 then presents our first set of new results, the explicit theta function representations
of the Baker-Akhiezer function, the meromorphic function ¢, and in particular, that of the
potentials ¢; and gy for the entire Boussinesq hierarchy (the latter being the analog of the
celebrated Its-Matveev formula [29] in the KdV context).

Sections 5 and 6 then extend the analyses of Sections 3 and 4, respectively, to the time-
dependent case. Each equation in the hierarchy is permitted to evolve in terms of an inde-
pendent deformation (time) parameter t,.. As initial data we use a stationary solution of the
mth equation of the Boussinesq hierarchy and then construct a time-dependent solution of
the rth equation of the Boussinesq hierarchy. The Baker-Akhiezer function, the meromorphic
function ¢, the analogs of the Dubrovin equations, and the theta function representations of
Section 4 are all extended to the time-dependent case.

In Appendix A we provide an introduction to the theory of Riemann surfaces and their theta
functions. Appendix B is a collection of results on trigonal Riemann surfaces associated with
Bsqg-type curves.

It should perhaps be noted at this point that our elementary algebraic approach to the
Bsq hierarchy and its algebro-geometric solutions is in fact universally applicable to 1 +
1-dimensional hierarchies of soliton equations such as the KdV hierarchy [25], the AKNS
hierarchy [23], the combined sine-Gordon and mKdV hierarchy [21], and the Toda and Kac-
van Moerbeke hierarchies [8] (see also [22]).

2. THE RECURSIVE APPROACH TO THE BOUSSINESQ HIERARCHY

In this section we briefly recall the necessary material from our previous paper [14] without
proofs.

Suppose qg, q¢; are meromorphic on C and introduce the third-order differential expression

ngd—3+Q1i+EQ1z+qoa z e C. (2.1)
dx3 de 277
For each fixed m € Ny (= NU {0}) with m # 0(mod 3) we write
m=3n+e, ¢e€{l,2}, (2.2)
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and then construct two distinct differential expressions of order 3n+1 and 3n+2, respectively,
denoted by P,,, where m = 3n + 1 or m = 3n + 2. In order for these differential expressions
P,, to commute with L3z, one proceeds as follows (cf. [14] for more details).

.....

recursively by

(e & e (0,1) for e =1, 9

Bfe(;c) = 29§6_)17$m + 2C]lgés_)1 x + QI zgg 1 + 3Qsz 1,z + 2qo, :ch E) (2-3)

)
39{52 = 3qogé€—)1,a: + (Jo,xgéi)l - 6 fKil,xwzzax - 6 qlffil,zwa: — o0 xfg l,xx

3 2 1 2
- (Z q1,zx + g Q%)fe(i)m - (6 1 zax + § q1q1,x)fz(i)17 (= 17 e, n + 1.

However, as most of the ensuing discussion can be made for both cases simultaneously, we
write

fe=17  a=g", (2.4)
and only make the distinction explicit when necessary.
Explicitly, one computes
(i) Let m =1 (mod 3) (i.e., e =1):
=0 @’ =1,
3f" = o +3¢, 39 = a0+ 3d)",

4
Sf(l) qO cx T 5 Qoq1 + C§ )20 + d Q1+ 3051),

3
1 1 4 1 2
3 = 75 a:xzm__2 __3 > xx g
9’ 18I 6 Do~ g7t T g hdier T 50
1 1
+ Cgl)( —gles — 3 Q%) + d1 qo + 3d§1), (2.5)
ete.
(ii) Let m = 2 (mod 3) (i.e., € = 2):
fO = 7 g(()2) - d(()2)7
1 1
3f12 = 2qp + d(()z)ql + 3c§2), 39%2) = 5 A zz — 3 qf + d((f)qo + 3d§2)
3 = \— =7 rTTT T A T T A - A T 5
fa ( 9 q1, 9 q14:1, o7 1 12 Azt 3 qO)
2 4
+ d(()z) (g G0,z + 3 Qth) + 052) 2q0 + dﬁ ¢+ 30(2)
1 5 5 5 5
3(2): - = :r:xmc__z S Txxr ~ A zxr ~ T4 x x
95 = ( 5 . g 1o = 7g 90%er = g Noze = 15 doad, )
1 1 4 1 2
d(2) - T rrrx ~ A 2 == T
+dy” ( e 5 i 427 — 3 e+ 3 %)



1 1
+c? (- g Qler — 3 qi) + d?) go + 3dy, (2.6)

etc.,

..........

is convenient to mtroduce the homogeneous case where all free integration constants VaIHSh
We introduce

e P FE NI L SRR (2.7)
and use (cf. (2.3))
V=0 P=1 dV=1, 4P =0 (2.8)
We do not list these functions explicitly, however, this notation allows us to write
¢ ¢
€ 2 € ~(2
=3 @50+ 052, a? = @0l + oPa,) (2.9)
p=0 p=0
Given (2.3) one defines the differential expression P, of order m by
- @ 1 d
P - ( @ & @ 1 4
gz_; fnff dx2 (gnfé 2 nff,z) dx
1 2
=0
kme€C, £=0,...,n, m=3n+e,¢€c{l,2}, neNy,
and verifies that
[Pm7L3]_3f +la:d fn+1x:p+3.g£L+lm’
—3n+€, e€{l,2}, n e Ny (2.11)
(where [-, -] denotes the commutator symbol). The pair (L3, P,,) represents the Lax pair

for the Bsq hierarchy. Varying n € Ny and € € {1,2}, the stationary Bsq hierarchy is then
defined by the vanishing of the commutator of P, and Lz in (2.11), that is, by

[P, L3] = 0, m=3n+¢e, e€{l,2}, neNy, (2.12)
or equivalently, by
F. =0, g%, =0, ece{1,2},neN,. (2.13)

n

Explicitly, one obtains for the first few equations of the stationary Boussinesq hierarchy,
m=1(@{e,n=0ande=1):
902=0, q.=0.
m=2(ie,n=0and e =2):
1 2
- 6 QN zzx — g
m=4(le,n=1lande=1):
1 1 2 4, 4
13 N zrazr — 3 Q1Q1,xm5— 3 A1,:91,00 — 9 A+ 3 4040,z

N1, + dé2)QO,z =0, 2q.+ déQ)Ch,z =0.



0 1 2

+ C1 - 6 N, zxx — g Q1Q1,a:) + dgl)qO,x - Oa

2 4 4

BQOzxx+SQ1QOx+SQ1xqo+Cg )2QOx+d1 q1 1_07 (214)
etc.

By definition, solutions (qo, q1) of any of the stationary Bsq equations (2.14) are called sta-
tionary algebro-geometric Bsq solutions or simply algebro-geometric Bsq poten-
tials.

Next, we introduce two polynomials F,, and G,,, both of degree at most n with respect to
the variable z € C,

F(z,7) = me )2* (2.15)
=0
= zn:gff)e(x)zg, m=3n+c¢, e €{1,2}, n € Ny. (2.16)

In terms of homogeneous quantities we define (cf. (2.7) and (2.8))

Fr=F, | ) =0, p=t,. Gy = Gel, )l g, et (2.17)
We may then write
Fp=> (¢ Py +dY) Fyjen),  Gu= (¢ ,Gsjia+d) Gajp). (2.18)
§=0 j=0
Explicitly, the first few polynomials F,,, G,, read
Fl - O, G1 = 1,
Fyo=1, Gy=dP,
1 (1) 1 (1)
Fy= 3(I1+C1 ) G4=Z+§C]o+d1 ; (2.19)
2 9 9 1 1 @2 1
Fy=z+gq+dy §q1+c§), Gs=dyz — Tt — g i+ 500+ 77,
etc.
Given (2.15) and (2.16), (2.12) (or equivalently, (2.13)) becomes
2 Gm,mx:p + 2q1Gm,x + q1,xGm -3 (Z - QO)Fm,z + 2 qo,mFm = 07 (220)
1 5 5 3 2
_Fma:aca:acw = Fma:aca: - :L‘Fma:ac - T e me
G , +6Q1 , +4Q1, , +(4Q1, +3q1) ,
1 2
+(6 q1,zzx + g q1q1,:v)Fm + 3(2 - QO)Gm,z - qO,me = 0. (221)
Both equations can be integrated (cf. [14]) to get
1 1 1 5
Sm :__memchm _mexmex_ F2 - 4 meme
(2) 6 b) —"_ 6 y ) 12 m xTrxr 6 q]- >

) 5! 1,1
— Ta mesz Ta F2 — 5 \5 T F2 2Gm:m:Gm
1g Dalmatm & 75 0 e 3 (g D + @) P +2Gn,



— Gro + 01Gh = 3(2 = q0) G, (2.22)

where the integration constant S,,(z) is a polynomial in z of degree at most 2n —1+¢, m =
3n+e¢,e€{l,2}, neNy,

2n—1+e¢
Sm(2) = D Smpa’, m=3n+e e€{1,2}, neN, (2.23)
p=0
and
1 1 )
18 ’ 24 '
1 1 1 1
_meszma:mex_—Fg __FmF2 To mecxsz
36 fmamemarfmae = Jag Fmae = g tmbmane T g O marentn
1 1 1
- T :L’Fma:acacFQ__ Fma:a:acmeFm To xacFmac:L’FQ
1g Watmaratim = g @1 zerlmafim & 7 Qlaalman fim
2 7 7
~ meszmem__ szmF2 on F2 Fm
+ 9 q, , , = Qi l'maaty, ;T 36 (/]
b 2 2 1 2 7 3 1 2
+ 18 ql ) m 24 qu m,T 48 qu m,T + 19 q17 41 ) m
—ECI%FQ Fm+(3qu—iQf +iQIx;EQI+<Z_QO)2)F3
6 e 27 36 18 7 m
1 1
+ (Z - QO>G1?;»L + 6 m,mx:prfn - g Fm,xszm,xGm + Fmng’xx
1 2 2
+ g Fm,x:c (Gm@ + Gm,mﬁGm) - Fm,xGm,erm,x - q1(z - qO)Fme
2, 5 4 7
5 FmG2 = Fm $1‘G2 5 Fm me aJGm Ta $Fm sz
34 m+6fh welim = 3 @ilmeGim, +1QQ1, 2l
1 , 4 1 , 1
+ 5 Q1Fmegg + 3 Q1Fme :vam + = q1 wame —5q1 meGm xGm
3 ' 3 ’ 6" 37 ’
1
+ (2 —q0)Frno G — 1 (z — qo)an’xGm —2(2 — q0) F2 Gy (2.24)

where the integration constant 7T,,(z) is a monic polynomial of degree m,
m—1
T(2) = 2"+ ) tmg??, m=3n+e e€{l,2},neN,. (2.25)
q=0

Next, we consider the algebraic kernel of (L3 — z), z € C (i.e., the formal nullspace in a
purely algebraic sense),

ker(Ls — z) = {¢ : C — CU{o0} meromorphic | (L3 —2)y =0}, z¢eC. (2.26)

Taking into account (2.12), that is, [Py, L3] = 0, computing the restriction of P, to ker(Ls-2),
and using

¢a:xx = _q1¢$ + (Z - 2_1q1,:c - QO)% etc., (227)

to eliminate higher-order derivatives of ¢, one obtains from (2.3), (2.10), (2.13), (2.15), (2.16),
(2.20), and (2.21)

P, . (2.28)

ker(L3—z)

d? 1 d
== Fm— Gm__me - Hm)
ker(L3—z) ( dx? * ( 2 )dx +
7




Here
Hy (2, 7) = é Faa(2,7) + ; 01 (2) (2, 2) — Gona (2, 7) + o (2) (2.29)
and (cf. (2.10))

b (2) =) k2! (2.30)
=0

is an integration constant. The presence of this constant k,,(z) in (2.29), and hence in (2.28),
corresponds to adding an arbitrary polynomial in L3 to the non-trivial part of the differential
expression P, (cf. (2.10)). This polynomial in L3 obviously commutes with Lz, and without
loss of generality we henceforth choose to suppress its presence by setting k,,(z) = 0.

Still assuming fﬁfﬁu = gfi)rl’x = 0 as in (2.13), [Py, L3] = 0 in (2.10) yields an algebraic
relationship between P, and L3 by appealing to a result of Burchnall and Chaundy [9], [10]
(see also [20], [27], [51], [56]). In fact, one can prove

Theorem 2.1 ([14]). Assume fﬁ)m = ggm = 0, that is, [Py, L3) =0, m =3n+¢,¢ €
{1,2}, n € Ng. Then the Burchnall-Chaundy polynomial F,,—1(Ls, Py,) of the pair (Ls, Py,)
explicitly reads (cf. (2.23) and (2.25))

fm71<L37 Pm) = PT?;L + Pm Sm(LB) - Tm(L3) = 07

2n—1+e m—1
Sm(z) = Z Smp?’,  Tm(z) = 2"+ Z tm.g?s (2.31)
p=0 q=0

m=3n+e¢, e €{1,2}, n € Ny.
Remark 2.2. F,, 1(Ls, P,,) = 0 naturally leads to the plane algebraic curve KCp,_1,
Km-1: Fa1(zy) = 4° +ySn(2) — Tn(2) = 0 (2.32)

of (arithmetic) genus m — 1. For m > 4 these curves are non-hyperelliptic.

Finally, introducing a deformation parameter t,, € C into the pair (qo,q1) (i-e., q(z) —
qe(x,t,), £ = 0,1), the time-dependent Bsq hierarchy is defined as a collection of evolution
equations (varying m = 3n +¢, € € {1,2}, n € Ny)

d
g La(tm) = [Pn(tm), Ly(tn)] = 0,

(z,tn) €EC*, m=3n+¢,e€{l,2}, n €Ny, (2.33)
or equivalently, by

4ot — 392‘21@ =0,

Bsqp, (0, ¢1) =
qutm - 3 fT(Lizl,:E - 07

(z,ty) € CH,m=3n+¢, € {1,2}, n €Ny, (2.34)
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that is, by
q0,t, + % Fm,zxwxa: + % q1Fm,a:J:1’ + % ql,sz,:ca: + (% q1,xx + % q%)Fm,x
BSqm(Qm Ch) - +(é ql,:m:x + §q1q1,:p>Fm + 3(2 - q0)Gm,x - qo,xGm = 07

q1,t,, — 2Gm,zzm - 2QIGm,x - QLxGm + 3(2 - qo>Fm,z - 2q{],mFm - 07
(,tn) EC*, m=3n+e,ec€{l,2},neN;.  (2.35)

Explicitly, one obtains for the first few equations in (2.34),

qo,t;y — 90,0 = 0,
BSql(Qm Q1) =
qit, — q1e = 07

qo,t» + % N, zzx + % 191,20 — dg)Q)QO,m - O,
Bsdy(qo0, 1) =
Qity — 2qoz — d(()Q)qu =0,
(2.36)

qO,t4 + % q1,:1::rxxx + % q1q1,xmc + % q1,xq1,xm + % Q%qu
B — _4 (1 2 _dVe  — 0
sdy(qo, q1) = 5 0000e + €1 (3 Qaes + 3 (11e) — dy Qo =0,

1 1
qits — %%,xm - %%%,x - %quQO - Cg )2(]0,90 - dg )q1,r = 07

etc.

3. THE STATIONARY BOUSSINESQ FORMALISM

In this section we continue our review of the Bsq hierarchy as discussed in [14] and focus
our attention on the stationary case. Following [25] we outline the connections between
the polynomial approach described in Section 2 and a fundamental meromorphic function
¢(P, x) defined on the Boussinesq curve C,,,_; in (2.32). Moreover, we discuss in some detail
the associated stationary Baker-Akhiezer function (P, z, x(), the common eigenfunction of
L3 and P,,, and associated positive divisors of degree m — 1 on IC,,_1. The latter topic was
originally developed by Jacobi [30] in the case of hyperelliptic curves and applied to the KdV
case by Mumford [46], Section IIl.a.1 and McKean [45].

Before we enter any further details we should perhaps stress one important point. In spite of
the considerable complexity of the formulas displayed at various places in Sections 2-3, the
basic underlying formalism is a recursive one as described in depth in [14]. Consequently,
the majority of our formalism can be generated using symbolic calculation programs (such
as Mathematica or Maple).

We recall the Bsq curve C,,,_1 in (2.32)

Kmfl : fmfl<z7ly) = y3 + ySm(Z) - Tm<2> = 07
9



2n—1+¢ m—1

Sm(z) = Z Smp?ty  Tm(z) = 2™+ Z tm,g??, (3.1)
p=0 q=0
m=3n+e¢e, e € {1,2}, n €Ny,

(where m = 3n + ¢, € € {1,2}, n € Ny will be fixed throughout this section) and denote its
compactification (adding the branch point P.,) by the same symbol C,,,_1. (In the following
KC.n—1 will always denote the compactified curve.) Thus K,,_; becomes a (possibly singular)
three-sheeted Riemann surface of arithmetic genus m — 1 in a standard manner. We will need
a bit more notation in this context. Points P on K,,_; are represented as pairs P = (z,y)
satisfying (3.1) together with P, the point at infinity. The complex structure on KC,,_; is
defined in the usual way by introducing local coordinates (p, : P — (2 — z) near points
Py € K,,—1 which are neither branch nor singular points of K,,_1, (p_ : P — 2713 near
the branch point P, € K,,_; (with an appropriate determination of the branch of z/3) and
similarly at branch and/or singular points of IC,;,_1. The holomorphic map *, changing sheets,
is defined by

ICmfl - ,Cmfl Kk *\ *
x ’ . . P = (P)", etc., (3.2

{ P = (Z>yj(2)) - P = (Zayj—l-l(mod 3))(Z))7 J = 17 2737 ( ) ( )
where y;(z), j = 1,2,3 denote the three branches of y(P) satisfying F,,_1(z,y) = 0. Finally,
positive divisors on IC,,,_; of degree m — 1 are denoted by

Kin-1 — Ny,
D ‘ kit P occurs k
ProeiPoi oy p o, Dp,.. p, (P)= times in {Py,..., Pn_1},
0if Pg{Py,...,Pn_1}.

Specific details on curves of Bsq-type (i.e., trigonal curves with a triple point at P.) as
defined in (3.1) can be found in Appendix B.

Given these preliminaries, let (P, z, xo) denote the common normalized eigenfunction of L
and P,,, whose existence is guaranteed by the commutativity of Lz and P, (cf., e.g., [9], [10]),
that is, by

(3.3)

[P, L3] =0, m=3n+c¢ (3.4)
for a given ¢ € {1,2}, and n € Ny, or equivalently, by the requirement
fihe=0. gl =o. (3.5)

Explicitly, this yields
Lsyp(P,z,x0) = 2(P) Y(P, x,20),  Pptp(P, 2, 30) = y(P) ¢(P, x, 20), (3.6)
P=(z,y) e Knn.1\{Px}, z€C.
Assuming the normalization,
(P, xo,z0) = 1, P e K 1\{Px} (3.7)

for some fixed zq € C, ¥(P,x,xo) is called the stationary Baker-Akhiezer function for the
Bsq hierarchy. Closely related to ¥(P,x,z) is the following meromorphic function ¢(P,x)
on K,,_1 defined by

_ (P, x, x0)

¢(P, ) Pz 7o)

Pek,_1, v€C, (3.8)

10



such that

(P, x, ) = exp (/x da'¢(P, x’)), Pepn1\{Px} (3.9)

zo

Since ¢(P,x) is a fundamental object for the stationary Bsq hierarchy, we next intend to es-
tablish its connection with the recursion formalism of Section 2. In pursuit of this connection,
it is necessary to define a variety of further polynomials A,,, B,., Cyn, Dym_1, Ep, Jm, and
N,, with respect to z € C,

A (z,2) = —Gon (2, 2)% — %ql(:v) Fo(z2)? + % Fa(z,2)? = %Fm(z, ) Foa(z,2), (3.10)
Bin(z,2) = (z = qo(2)) ( = 2 Fn(2,2)* Gpu(z,2) + % Fn(z,2)° Fu(z,2))

— G(2,2)? G2, 7) + i Fro(2,2)? Grn(z, 1)

1

1
— —q1.2(x) Fiu(z, x)Q Gu(z,x) — 3 G12(x) Fin(z, x)z Foa(2z,2)

6
1 ) 11 )
+ EGm(Zua:) Fm,xw(zwr) - 1—8Q1($) Fm(Z,l’) Fm,zx(zax)

1 1
- A Fm,x(za x)Q Fm,xw(z> 33') + % Fm(za x) Fm,:m:(za .77)2

24

+ 2 02(0) Fnl2,0) Gonl(2,0)° = 2 1 (0)° (2,2
_ g 01 () Fn(2,2) Con(2, ) Fn (2, 7) + é 01 () Fn(2,2) Fova (2, )

+ Fo(z,2) Gz, 2) Gpp(z,2) — % Fo(2,2) Fip (2, 2) Gy o (2, @)

1 1

- 6 qu(ﬂC) Fm(zy 17)3 - 6 Fm(Z, ZL‘) Gm<27 .I’) Fm,xac:c(za I)
1 1

E Fm<Z> 'T) Fm,x(fza I) Fm,:m:a:<zv 'T) - 6 Fm(Z, $)2 Fm,mxx:v(za LL’)

— Fou(2,7) Goo(2, 1), (3.11)

+

Cn(z,2) = Fu(z,2) Jn(z,2) — (Gp(z,2) + %Fm@(z, x))Hy(z,x), (3.12)
Dp1(2,2) = (Fou(2,2) Bp(2,2) — A2 (2,7) — Sp(2) F2(2, 7))

X <(m) (G2, 2) + 5 Fna(2,2)) 7, (3.13)

En(z,2) = —(An(z,2) Co(z,2) — Bp(2,2)(Gm(z, ) + % Foa(2,2))

b Son(2) Fonlz, ) (Gon(2,7) + % Fona(z,2))) (2, 2) (3.14)

1

Imn(z,0) = Hp (2, ) + (z — qo(z) — 5 ql,x(x)) Fo(z, ), (3.15)

Np(z,2) = (C2(2,2) + Enn(2,2) (G(2,7) + %me(z,x))
11



+ S (2)(G(z, ) + % Fo(z,2)He(m) By (z,2) 7, (3.16)

where

B 1 for m =2 (mod 3),
em) = {—1 for m =1 (mod 3). (3:17)

Explicit (though rather lengthy) formulas for C,,, D,,—1, Ey,, and N,,, directly in terms of
F,, and G,, and their x-derivatives, which prove their polynomial character with respect to
z, can be found in [14]. Moreover we recall the relations (cf. [14]),

1 1

2 1
By = 3 Sy o + 3 e(m) D12, (3.19)
e(m)Cp Dyp_1 = T, F2 — Ay B, (3.20)
1
DypyiNpy = B Ery — Ty (A (G + 3 Frng) — FnC), (3.21)
1
e(m) A Ny = Trn (G + 3 Frn2)? = CnBEm, (3.22)

Ny (Gon 4 5 Fons) = Noals Fou - Fones) = 2(m) T (2 (G + 5 Fra) S+ 3 Er). (32)
Next we recall explicit expressions for ¢(P, z).

Lemma 3.1 ([14]). Let P = (z,y) € K1 and
(G(z,2) + 27 F 2 (2, 2))y(P

z,x) € C2. Then

(
)+ Cn(2,7)

o) = Fo(z,2)y(P) — A (2, ) (3.24)
_ Fm<zw>y<P>z(; ;4 m(%, ()y(f) + Bu(2,2) 5
- —&(m)Nom (2, )
 (Gul(z,2) + 27 Fpa(2,2))y(P)? — Cou(2, )y (P) — En(2, @) (3.26)

By inspection of (2.15) and (2.16) one infers that D,,_; and V,, are monic polynomials with
respect to z of degree m — 1 and m, respectively. Hence we may write

Dy 1(z,2) = T (z — pi(z)), H z— vz (3.27)
j=1 =0
Defining
fii(x) = (ny(x), ?:E/’;‘j((gz;) €Km, j=1,....m—1, zeC, (3.28)
. B Con(ve(x), x)
() = (W(m)’_Gm(ug(x),x) +%Fm,m(w(x),x)) €K1,
(=0,....m-1, zeC, (3.29)



one infers from (3.24) that the divisor (¢(P,z)) of ¢(P,z) is given by (cf. (3.3))

(@(P %)) = Dag(a.. o 1@)(P) = Db i @), i1 (@) (P)- (3.30)
That is, 2o(z), ... , Vm_1(z) are the m zeros of ¢(P, x) and Py, fi1(x), ... , flsm—1(x) its m poles.
Further properties of ¢(P, z) and ¢(P,x, z) are summarized in

Theorem 3.2 ([14]). Assume (3.4)-(3.8), P = (2,y) € K_1\{Px}, and let (z,z,zq) € C>.
Then

(1) (P, x) satisfies the second-order equation

Gea(P,x) + 3¢ (P,2)p(P,x) + ¢(P,x)* + qi(x) (P, x) = 2z — qo(x) — lql,gg(gv). (3.31)

2
(1) 6P, ) 6P ) (P ) = 22 (3:32)
(i1i) ¢(P,x) + ¢(P*, z) + ¢p(P™, x) = % (3.33)
(iv) y(P) (P, ) + y(P*) (P", x) + y(P™) o(P™, )
_ 3T0n(2) Fin(2,2) — 25,(2) An(z, 1)
_ R e | (3.34)
(v) (P, x,x0) Y(P*,x,20) Y(P*™, x,20) = %. (3.35)
(’UZ) %«(P, Z, -730) %(P*> T, xO) wr(P**’ x, 330) = % (336)
7 _ ( Prmarz2) v ex ' 2'e(m z,2')
(vii) Y(P,x,xg) = <Dm_1(z,x0)) p (/xo dz'e(m)Dy,—1 (2, 2)
X (Fn(z,2") y(P)? + Am(z,2") y(P) + % Fo(z,2") Sm(z))) (3.37)

Thus, up to normalizations, D,,_; represents the product of the three branches of ¢ and N,,
the product of the three branches of 1., their zeros represent the analogs of Dirichlet and
Neumann eigenvalues of L3 with the corresponding boundary conditions imposed at the point
x € C when compared to the KdV Lax expression L.

Returning to D,,—1(z, ) and Ny, (z, z) for a moment, we note that (2.3), (2.15), (2.16), (3.13),
and (3.16) yield

Dy =1,
Dy =z = (@) = 67 qra() = &7 (@) = (&")’, (3.38)
etc.,
and
Ny =z — qo(2),
Ny = (2= qo(2) + 6 qua(2))” = d§” (2 — @(@))qa(2) — 67" q1(0)qr. ()
— 671 (d5) 2100 (2) — (dF)? (2 — qo()), (3.39)

13



ete.

Concerning the dynamics of the zeros p;(x) and vy(x) of D,,,_1(2, z) and N,,(z, z) one obtains
the following Dubrovin-type equations.

Lemma 3.3 ([14]). Suppose the curve K.,y is nonsingular and assume (3.5) to hold.
(1) Suppose the zeros {p;(x)}j=1...m-1 0f Dim—1(-,x) remain distinct in 2, where ,, C C is
open and connected. Then {p;(x)};j=1,. m—1 Satisfy the system of differential equations

-----

T e GO GO 7))

I (@) = pi(2))

k=1
k#j

with initial conditions

{1(20)}j=1,..m—1 C K1, (3.41)
for some fivzed xo € Q,. The initial value problem (3.40), (3.41) has a unique solution
{f1j(x)}j=1...m—1 C Km—1 satisfying

ﬂj S OOO(Q“,ICm_1>, j=1...,m—1 (342)

.....

.....

o) = S I DGy Se@)

m—1

H (Vg(x) — I/k;(ilj'))

k=0
kA0

with initial conditions

{ﬁé(-xO)}Z:O ..... m—1 C ICm—ly (344)

for some fized xy € §,. The initial value problem (3.43), (3.44) has a unique solution
{D(x) }oo,...m—1 C Kin—1 satisfying

v e C*(Q, K1), €=0,...,m—1. (3.45)
For trace formulas expressing certain combinations of ¢y, ¢; and their z-derivatives in terms
of p;(z) and v(x) we refer to [14].

The following example illustrates our recursion formalism for the simplest genus g = 1 case.
Further examples can be found in [14].

Example 3.4. m =2 (genus g =1):

Go(z) =0, a(z)=-3p(), (3.46)
d? d 3, d?
L3—@—3@(x)%_§@($)a Pz—ﬁ—QW@% (3.47)
Fl(z,y)Zyg—%y—ZQ—%ZO, (3.48)
Fy(z,z) =1, Ga(z,x) =0, (3.49)

14



Dy(2,7) = 24 % o(@),  Naza)= (= % o'(2))’, (3.50)
2= 59 (x)

) = 331
v tyiel) +e@)?’ -2
- Z+2p@> (3.52)
_ (= 5 9'(2))” 1<j<3, (3.53)

(z = 59/ (@)y; — p(x)(z — 5 /()

where y;, 1 < j < 3 denote the roots of (3.48) and o(x) denotes the elliptic Weierstrass
function (cf., e.g., [1], Ch. 18).

4. STATIONARY ALGEBRO-GEOMETRIC SOLUTIONS OF THE BOUSSINESQ HIERARCHY

In this section we continue our study of the stationary Bsq hierarchy, but now direct our
efforts towards obtaining explicit Riemann theta function representations for the fundamental
quantities ¢ and v, introduced in Section 3, and especially, for each of the potentials ¢y and
q1 associated with the differential expression L3. As a result of our preparatory material
in Sections 2 and 3, we are now able to simultaneously treat the class of algebro-geometric
quasi-periodic solutions of the entire Bsq hierarchy, one of our principal aims in this paper.

In the following we freely employ the notation established in Appendices A and B and refer
to this material whenever appropriate.

Lemma 4.1. Let x € C. Near P,, € K,,_1, in terms of the local coordinate { = 273 one

has
1 — ‘
MR@QE;@@@wP%%, (4.1)
where
1 1 1
Bo=1, [(1=0, Bo=—cq, [= ——QO + 66111«,

3

1 —
B = 3 (5;’—2,9;1 + @102 + Z(3ﬁk oBj—k-1 + BeBj-r) +

—_

j_

¢
Zﬁkﬁe—kﬁj—e), Jj >4

=2 (=1 k=0
(4.2)
Proof. In terms of the local coordinate ¢ = z71/3, (3.31) reads
¢xa: + 3¢¢x + ¢3 + (J1¢ = C_S —qo — 2_1 q1,x- (43)
A power series ansatz in (4.3) then yields the indicated Laurent series. O

Let 6(z) denote the Riemann theta function (cf. (A.59)) associated with IC,,_; and an ap-
propriately fixed homology basis. Next, choosing a convenient base point Py € K,;,—1\{ P},

the vector of Riemann constants Zp, is given by (A.66), and the Abel maps Ap (-) and
15



ap,(+) are defined by (A.56) and (A.57), respectively. For brevity, define the function
2: Kot X 0™ 1 — C™ L by

g(P7 Q) = EPD - APO (P> + QPO (Q)J P e lCm—la Q = (Ql) SR Qm—l) € O-m_llcm—l' (44)
We note that by (A.81) and (A.82), z(-, Q) is independent of the choice of base point F.

The normalized differential wg’) (@) of the third kind (dtk) is the unique differential holomor-

0071;0
phic on K,,,_1\{ Px, vo(z)} with simple poles at P, and y(z) with residues 1, respectively,
that is,

wgol’ﬁo(z)(P) o (CT'+0(1))d¢ as P — Px. (4.5)
Then
P
|t ey = O + €O () +0(0) a5 P P (16)
Py -

where e®(P)) is an appropriate constant. Furthermore, let wgo)o , denote the normalized

differential defined by

1 {zZ”dz, m=3n+1, (4.7)

m—1
(2)
P)=— Aini(P) —
wPoo,Q( ) ; 305 ) 3y(P)% + Sy (2) y(P)z"dz, m = 3n+ 2,

where the constants {\;},=1 _m—1 are determined by the normalization condition

.....

/@3;2:0, j=1,...,m—1, (4.8)

and the differentials {n;(P)},;=1, m—1 (defined in (B.7)) form a basis for the space of holo-
(2)

morphic differentials. The b-periods of the differential wp_ , are denoted by

77777

2 2 2 2 1 2 .
UY =, ul_y), UY) = =) Wi g j=1...,m—1 (4.9)
J

A straightforward Laurent expansion of (4.7) near P, yields the following result.

Lemma 4.2. Assume the curve K,,_1 is nonsingular. Then the differential wgo)oz defined in
(4.7) is a differential of the second kind (dsk), holomorphic on ICp—1\{ P} with a pole of

order 2 at P.,. In particular, near P in the local coordinate C, the differential wl('ilﬂ has the
Laurent series

wi 5(P) o ((?+u+w(+0(¢*))d¢ as P — Py, (4.10)
where
A—1 — W form =1 (mod 3),
Am—n—1 — (dy’)?  for m =2 (mod 3),
and

o) _
"= {)\m_n_l 2d; for m =1 (mod 3), (4.12)

(d((]Q))3 - C§2) - d(()Q))‘m—n—l + )\m—l fOT m =2 (mOd 3)
16



From Lemma 4.2 one infers

P
/P wg,g o —¢ 1+ 652)(P0) +u¢ + 27w+ O(¢?) as P — Py, (4.13)
0

where eéQ)(Po) is an appropriate constant.

The theta function representation of ¢(P,x) then reads as follows.

Theorem 4.3. Let P = (2,y) € Ky 1\{Px}, (2,7) € C*. Suppose that Dy and Dy are
nonspecial. Then

0(2(Poo, (U))) O(2(P,
0(2(Poo, 0(2))) 0(2(P,

o(Px) = Ei;%% exp (6(3)(P0) — /PO wg’;’ﬁo(m)). (4.14)

Proof. Let ® be defined by the right-hand side of (4.14) with the aim to prove that ¢ = ®.
From (4.6) it follows that

P
exp (e(?’)(PO) —/ wgi%(ﬂ) = '+ O(1). (4.15)

Po ¢—0

= I

Using (3.30) we immediately see that ¢ has simple poles at fi(z) and P.,, and simple zeros
at Ug(x) and p(z). By (4.15) and a special case of Riemann’s vanishing theorem (Theorem
A.22), we see that ® has the same properties. Using the Riemann-Roch theorem (Theorem
A.12), we conclude that the holomorphic function ®/¢ = ¢, a constant with respect to P.
Using (4.15) and Lemma 4.1, one computes

o (1+0)(¢C+0(1) as P —
$ o ¢+ 0(C) Sol FOC R o

from which one concludes ¢ = 1. O

Similarly, the theta function representation of the Baker-Akhiezer function (P, z,xq) is
summarized in the following theorem.

Theorem 4.4. Assume that the curve KCp,—1 is nonsingular. Let P = (z,y) € Kp—1\{Px}
and let x, xo € Q,, where ), C C is open and connected. Suppose that Dy and Dy are
nonspecial, for x € §1,. Then

T :e(é(Pvﬁ(x)))9(&(1300,@(:150)))eX z — 20) (e — Pw(2)
YBET0) = G (P @) B(P. ) P(< ) (e (R) /P M)). (4.17)

Proof. Assume temporarily that

(@) # () for j # 5 and z € O, € Q. (4.18)

where €2, is open and connected. For the Baker-Akhiezer function ) we will use the same
strategy as was used in the previous proof. However, the situation is slightly more involved
in that ¢ has an essential singularity at P,,. Let WU denote the right-hand side of (4.17). In
order to prove that 1 = W, one first observes that since

W(P, 2, 30) = exp ( / " il o(P, x’)), (4.19)

Zo
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the zeros and poles of ¥ can come only from simple poles in the integrand (with positive and
negative residues respectively). Using (3.28) and (3.40), one computes

_ Foy? + Ay + %FmSm + éé(m)Dm,m

e(m)Dy,
T LR e T
m—1
_ %Jﬁ@yz +Sm) — % ; Z’fﬂk +o()
= _z#—]ﬁ +O(1), as P — f1;(2).
More concisely,
H(P,z") = % In(z — p;(2")) + O(1) for P near fi;(z'). (4.20)

Hence

exp (/: daj/(% In(z — p;(z)) + O(l)))

(s = 1 (@)O()  for P near fuy(z) # fy(wo), (4.21)
=14 0O(1) for P near ji;(z) = f1;(),
(5 — ps(ao)) 2O(1)  Tor P near (o) # i x),

where O(1) # 0 in (4.21). Consequently, all zeros of 1) and ¥ on K,,_1\{Px} are simple and
coincide. It remains to identify the essential singularity of ¢» and ¥ at P,,. From (4.1), we
infer

/ dr'¢(P,x") o (z —20)(C"+0()) as P — Py. (4.22)
zo

Looking at (4.13) we see that this coincides with the singularity in the exponent of ¥ near
P,. The uniqueness result in Lemma A.26 for Baker-Akhiezer functions then completes the
proof that W = ¢ as both functions share the same singularities and zeros. The extension
of this result from = € €2, to x € Q, then simply follows from the continuity of ap and the
hypothesis of Dj,) being nonspecial for x € €2,,. O

Next it is necessary to introduce two further polynomials K, and L,, with respect to the
variable z € C,

K (z,7) = (e(m) Ny (2, %) — Jon(2,2)Crn(2,2)) (G (2, 0) + 27 Fp (2, 2)) 7, (4.23)
Lin(z,2) = (e(m)Dyy1(2,7) — (Gru(2,2) — 271 Fpn(2,2)) A (2, 2)) B (2, 2) 71 (4.24)

In analogy to our polynomials A,,—N,, introduced in (3.10)—(3.16), it is possible to derive
explicit expressions of K,, and L,, directly in terms of F;, and G,, and their x-derivatives.
These expressions then prove, in particular, the polynomial character of K,, and L,, with
respect to z, but we here omit the rather lengthy formulas since they can be generated with

the help of symbolic calculation programs such as Maple or Mathematica.
18



Lemma 4.5. Let x € C. Then

Lin(pj(2),2) = = (Gt (2), &) = 27 Frna (1), 2) )y (i1 (), (4.25)
forg=1,...,m—1 and

K (ve(x), ) = Jm(ve(), 2)y(e(x)), (4.26)
fort=0,....m—1.

The well-known linearization property of the Abel map for completely integrable systems of
soliton-type, is next verified in the context of the Bsq hierarchy.
Theorem 4.6. Assume that the curve K,,_1 is nonsingular and let x, vy € C. Then
ap, (Da) = ap, (Data) + Us” (& = 20), (4.27)
Ap, (%0(2)) + 2, (Do) = Ap, (70(20)) + @, (Dogany) + U5 (= 20). (4.28)

Proof. We prove only (4.27) as (4.28) follows mutatis mutandis (or from (4.27) and Abel’s
theorem, Theorem A.14). Assume temporarily that

11;(x) # pyr(x) for j # j and z € Q, C C, (4.29)
where ﬁu is open and connected. Then using (3.40), (B.7), and (B.9), one computes
d m—1
%O‘Po o M(CL“ ; Hija (z))
m—n—1 m—1 m—1 )
= —¢(m) eo(k) D ()" Fou H »(2))
k=1 j=1 -
7&
n m—1 m—1
—e(m) Y elk+m—n-— 1)Z,uj( AL H ))_1. (4.30)
k=1 =1
! p#]

Next we consider the two cases m = 3n + 1 and m = 3n + 2 separately and substitute the
polynomials F, (p;(z), ) and A, (p;(z), ) in the variable p;(x) into (4.30). Using a standard
Lagrange interpolation argument then yields

d {eg(m—l), m=3n+1,

d Do) = — 4.31
dxapo,f( a( )> 6g(m —n — 1)’ m = 3n + 2. ( )

The result now follows for = € 52“, using (4.9), (4.31), (B.11), and (B.16). By continuity of
ap,, this result extends from z € Q, to x € C. O

We conclude this section with the theta function representations for the stationary Bsq solu-
tions qo, q1 (the analog of the Its-Matveev formula in the KdV context).

Theorem 4.7. Assume that the curve K,,—1 is nonsingular and let x € 2, where €2, C C
is open and connected. Suppose that Dy and Dy are nonspecial for x € §2,. Then

Go(7) = 300, In(0(2(Pec, 1(2)))) + (3/2)w, (4.32)
19



i(w) = 30, n(0(2(Px, () + 3u, (4.33)
with u and w defined in (4.11) and (4.12), that is,

Ay — ¢V for m =1 (mod 3),
u= R - (4.34)
Am—n—1— (dy’)?  for m =2 (mod 3),
and
A — 2d§1) for m =1 (mod 3),
v (d@))?’ — 2 gD + A for m =2 (mod 3) (4.35)
0 1 0 m—n—1 m—1 .

Proof. Using Lemma 4.2 and Theorem 4.4, one can write ¢ near P,, in the coordinate (, as
Y(P,x, ) o (1 + a1(z)¢ + as(z)(® + O(CS))
x exp ((z — o) ((T" —u¢ — 27w + O(¢?))) as P — Pu, (4.36)

where the terms oy (z) and as(z) in (4.36) come from the Taylor expansion about Py, of
the ratios of the theta functions in (4.17), and the exponential term stems from substituting
(4.13) into (4.17). Using (4.36) and its z-derivatives one can show that

wzxgp + 3<U - &171)wx + 3(271711 — O g + 10 ¢ — a2,:p)w - <73¢ = O(C)dj (437)

Since O(¢)v is another Baker-Akhiezer function with the same essential singularity at P,
and the same divisor on C,,_1\{Px}, the uniqueness theorem for Baker-Akhiezer functions
(cf. Lemma A.26) then yields O(¢) = 0. Hence

Qo(2) = 3(27'w — 27 oy g () + i (2) () — 22 (), (4.38)
@1(x) = 3(u — ay.(x)), (4.39)
where
10(2) = —0 10 0(2( Py (), (4.40)
—27 v o () + ay (2) (7)) — (7)) = 8Qg2)8a: In0(z( P, ft())). (4.41)
Here
Oy = ; U =~ azj (4.42)

denotes the directional derivative in the direction of the vector of b-periods U Z(f), defined by

2 2 2 2 ]- 2 .
Qg) - (Ui’g,l)a"wUé,r)nfl)ﬂ U?E,j) = 5 WEDO)C,ESJ J= 17"'7m_ 17 (443)

271

with wg;g the dsk holomorphic on KC,;,_1\{ P} with a pole of order 3 at Py,

Wi, 5(P) = (7 HO0W)dC as P — P, (4.44)
Combining (4.38)—(4.41) then proves (4.32) and (4.33). O

For interesting spectral characterizations of third-order (in fact, odd-order) self-adjoint dif-

ferential operators with quasi-periodic coefficients we refer to [26].
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5. THE TIME-DEPENDENT BOUSSINESQ FORMALISM

In this section we return to the recursive approach outlined in Section 2 and briefly recall our
treatment of the time-dependent Bsq hierarchy in [14].

We start with a stationary algebro-geometric solution (q(()o) (x), q§o) (x)) associated with /C,,_;

satisfying

(0) (0))

Bsa,, (¢, q1 ") = reC, m=3n+e¢ (5.1)

-3 gr(LE—i)-l,x = 07

Bsq, (@0, @) =0, (a0(, t0s), a1(w,%0,)) = (a5 (2), 4" (), z€C,r=3s+e (5.2
for some fixed ¢’ € {1,2}, s € Ny, and ¢y, € C. In terms of Lax pairs this amounts to solving

d
dt,

Ls(t,) — [B(t,), Ls(t,)] = 0, t, €C, (5.3)
[Pn(tor), Ls(to,)] = 0. (5.4)

As a consequence one obtains
[Pa(t), Ly(t)] =0, £, €C, (5.5)
P(tr)’ + Pou(t,) Sm(Ls(t,)) = Tn(Ls(t,)) =0, t, € C,
since the Bsq flows are isospectral deformations of Ls(to,).

We emphasize that the integration constants {¢"'} and {d\"'} in P, and {c\”'} and {d\"}
in P,,, are independent of each other (even for r = m). Hence we shall employ the notation
é, ﬁ, ér, IA-Ln, etc., in order to distinguish them from P,,, F,,, G,,, H,,, etc. In addition
we follow a more elaborate approach inspired by Hirota’s 7-function approach and indicate
the individual rth Bsq flow by a separate time variable ¢, € C. (The latter notation suggests
considering all Bsq flows simultaneously by introducing t = (1, t2, t4,t5,...).)

Instead of working directly with (5.3) and (5.5) we find it preferable to take the following two
equations as our point of departure (never mind their somewhat intimidating size),

1~ 5 =~ 5) ~ 3 2 ~
:__Frxzzw:v__ Fr;tzz__ xFrzw_ n T 5 2F7"a:
Qo.t, 5o g4t g Qe Er, (4 Q1,22 + 3 @) I,
1 2 ~ ~ ~
- (6 ql,xmc + 5 Q1(11,x) Fr - 3(2 - q0) Gr,x + (Jo,x GT‘7 (57>

q1,tr =2 é’r,mxw + 291 ér,ac + q1,:v ér -3 (Z - q0> ﬁr,x + 2 qo,ac ﬁry ([E, tr) € (CQu

1 1 1 5
__memx:me _me:pmez__F2 - A me:me
6 ) +6 ) ) 19~ maz 6q1 )
5) 5} 1,1
Y memFm Ta F2 — 5 \5 T 2 F2 5.8
12 q17 , + 192 a1 m,r 3 (2 q17 + ql) m ( )

+2 Gm,:vach - Gzn,x + QIGzn -3 (Z - QO)Fme = Sm(z)7 (:L‘7 tr) S (C27
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1 1 1 1
_Fm:m:x;rmeame__szx:m:F2 To mewxa:-FQ _meszmxmea:
g™ : 24 me T g 0 3 Tmaaa e,

1 1 1 1
__FmF2 TS me:vmeQ__ memmeme_—Fg

36 m,TTT 18 qi, ) m 9Q1 ) ) 108 = maz
7

2 1 5)
" :cmeme:cFm To :L‘:I:meach mexF2 To merFQ
+ 9 q17 » ) _I— 18 q17 y m 72 + 18 ql k] m
7

7 1 1 1
—qF? F,— —qF2 F,— —q.F> —= F2 Fn
t 36 Wimastm = 5 Baclima 48 Pwtime — g T

2 1 1 1
—l—(2—7 @ — % 0.+ 8Q1me1+(z—qo) )Fgl—i_(Z_qO)Giz—i_éFm,mxszgn

1 1
-5 Fm x:t:ch xG + F G2 + = Fm,xw (G’?n,x + Gm,xxGm) - Fm,xGm,szm,x

3 ) ) m,rx 3

2 5 4 1

7 4 1 1
q1a me xG2 o Fme szm - memG2 e meGm :J:Gm
+12Q1, , m+SQ1 , +6Q1, m SQI’ ,

+ <Z - QO)Fm,mFme,x -

QLzQIFm,mFT%L

1
(z,t,) € C?,
where (cf. (2.15), (2.16))

(z,,1,) Zféag (x,t,) (z,2,to,) Z ©. (0) (5.10)

m(z,x,t,) Zgngxt Gm(z,2,t0,) = de)(o) (5.11)

for fixed tp, € C, m =3n+¢e,r=3s+¢, n,s € Ny, ¢,¢ € {1,2}. Here ff (x,tr),gés)(x,tr)
and fe(e)’(o)( ), gés) ©(z) are defined as in (2.3) with (go(z),qi(2)) replaced by (go(z,t,),
(1)), and (g (), ¢{” (x)), respectively.

In analogy to (3.27) one introduces

m—1 m—1
Dp1(z,2,t,) Hz—,u]xt m(z,2,t,) HZ—ngft (5.12)
]:]_ =0

where D,,_; and N,, are defined as in (3.13) and (3.16). This implies in particular (cf. (3.21)),
Dyi(z,2,t, )Ny (2,2, t,) = B(z,2,t,) En(z,2,t,) — Tm(z)(Am(z,x,tr)
X (G(z,2,t,) + 27 Fulz, 2, 6,)) — Fn(z,2,t,) Cr(2, 2, 1,)) (5.13)

and A, B, Cony D1, Epny Jim, and Ny, are defined as in (3.10)—(3.16). Hence (3.18)—(3.23)
also hold in the present context. Moreover, we recall

Lemma 5.1 ([14]). Assume (5.7)-(5.11) and let (z,x,t,) € C*. Then

(i) D1, (2, 2,8) = D1z 1) (G2, 1) —
22
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Hm(z,x,tr)) (5.14)

~ 1 t,
(”) Nm,tT(Zax7tr) = Nm,x(zwxatr) (Gr(zwxatr) + 5 Fr,:p(zaxvtr) - (271;’ )

PACEAD)
Jm(z7 x’ tT)

X (Gl 1) 5 el ,10)) ) = N, ) (@, 10) Bz, 1)

- j;,(Z,ZE,tr)

+ Fran(zo,6) = L0 (@0 t0) (o, 2,80) + Fa(,2,10)) ). (5.19)

Similarly, Lemma 3.1 remains valid and one obtains

(Gonl2,2,1,) + 4 B2, 2,8))9(P) + Con(2, 7, ,)

O(P,x,t,) = Fonl(z, 2, t)y(P) — An(z, 7, t,) (5.16)
_ Fm(z7xatr)y(P)2+Am(2,x,tr)y(P) +Bm(2,$,tr)
- e(m)Dp—1(z, z,t,) (5.17)
- —e(m)Ny(z, x,t,) 1)

(G(z,x,t,) + %mex(z,x, t)y(P)2 — Cp(z,2,t.)y(P) — Ep(2,2,t,)’
P = (Zay) € Km—l-

In analogy to (3.28) and (3.29) one then introduces (the analogs of) Dirichlet and Neumann
data by

A (p5(

fi(oste) = (aCote), 200

i=1,....,m—1, (z,t)¢eC? (5.19)
Cm(yf(xvtr)axvtr)

) 7t7‘ = 7t7‘ y S lCm— )
il tr) = (et = e t) + 8 Fg o ), 07)) €t
(=0,....m—1, (x,t,)€C? (5.20)
and hence infers that the divisor (QS(P, x, tT)) of ¢(P, z,t,) is given by
(QS(P’ x’ t"")) = Dl)o(l‘,tr),..- yﬁm—l(xytr)<P) - DPoo,lll(xytr)yn- 7ﬂ7n—l(x,t'r) (P) (521)

Next we define the time-dependent BA-function (P, x, zo, t,, to,)

x tr .
V(P x, xg, tr, to,) :exp(/ dx'qu(P,:E',tr)ﬁL/ ds(F,(z,xo,s)

o tO,r

X (qbw(P, xo, $) + ¢(P, xo, 3)2) + (CNJT(Z, T, S) — %ﬁr,z(z,xo, $))o(P, g, )
+ (é ﬁ«,m(z,xo, s) + % ¢ (0, ) Fu(z, 20, 5) — ém(z, xo, 3)))), (5.22)

PeKpi\{Px}, (z,t,)eC?
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with fixed (o, to,) € C?. The following theorem recalls the basic properties of ¢(P, z,t,) and
¢(P7 X, Xo, tm tO,T>‘

Theorem 5.2 ([14]). Assume (5.7)—(5.11), P = (z,y) € Kpn—1\{Px} and let (2, x, xo, t,, to,)
€ C°. Then

(1) ¢(P,x,t,) satisfies
¢xx(P7 x? tr) + 3 QSI(P? x? tr) ¢(P’ x? tr) + ¢(P7 x? tr)S _|_ ql (x7 tr) ¢(P’ x? t?”)

=2 —qo(z,t,) — 27 qra(m, ), (5.23)
¢, (P,x,t,) = 0, (Fo(z, 2,1, (¢(P, 2, t,)% + 6, (P, z, 1))
- (ér(z, x,t,) — 27" ]*ij(z, z,t.))o(P, x,t,.) + ﬁIT(z, x, tr)). (5.24)

(i7) (P, x, x0,t,,to,) satisfies
Vaza (P, 2, 20, b, tor) + @i (2, 8 )00 (P, 2, 20, 4y, o)
+ (qo(z, tr) + 27" quala, ty) — 2)U(P, @, 20, 1y, t0,) = 0, (5.25)
Ui, (P, 20, toyto,) = (Fr(z,2,t,) ($(P, 2, t,)? + 6u (P, 2, t,)
+ (G2, 2,t,) = 27 Bz, 2, 0)) 9Py, t) + Ho(z,2,6) ) 0(P, @, 2o, by, to,)  (5.26)
(ice., (Ly— 2)1h =0, (Pp—y) =0, ¥, = P.ap).

Nn(z,2,t,)
* *3k L) = — o 92
(1ii) ¢(P,x,t.) ¢(P*, x,t,.) p(P™, x, t,) Do (e 1) (5.27)
. Dm—lx(zwxatr)
* t P t.) = : . 2
(iv) ¢(P,z,t.) + ¢(P*, x,t,.) + (P, z,t,) Dy (2.0 1) (5.28)
(v). y(P) d(P, z,t,) + y(P*) (P, 2, ;)
3Tm(2) F(z,x,t,) —2S5(2) An(z, 2, t,)
*ok Hk tr — ) D)
(UZ) w(P7x7x07t7’7tO,r)w(P*7x7xO;tr7t0,r)w<P**7x7x(]?tmto,r)
Dm—l(zaxatr)
= , 5.30
Dm—l<z7$07t0,r) ( )
(U“) wx(vawTO:tratO,r)¢x<P*7xa:L‘Oatrato,r)qva(P**axax07tr7t0,7")
N, r
LCE)) (5.31)

Dp—1(2, o, to,)

D, £y \ M3 .
(viii) Y(P,x, xo,ty,to,) = ( 122 ))) exp (/ da'e(m)Dp_1(z, 2, t,) "

Dm—l(za Zo, tO,r xo

X [Folz, 2, t,) y(P)? 4+ Ap(z, 2, t,) y(P) + ;Fm(z, ' ) Sin(2)]

— /t ' ds (5(m)Dm_1(z,m0,3)_1 [Fr(z, 20, )y(P)? + An(2, 0, ) y(P)

2
+ g Fm('ZuxOvS) Sm('z)} X [Gr(zax0)8> -
24
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_Frax ) )
5 2(2, 0, 5)



— (Gm(z, Tg, S) — %me(z, X0, 3)) %} +y(P) M)) (5.32)

The dynamics of the zeros p;(x,t,) and vy(x,t,) of D,,—1(2, x,t,) and Ny, (2, z,t,), in analogy
to Lemma 3.3, are then described in terms of Dubrovin-type equations as follows.

Lemma 5.3 ([14]). Suppose (5.7)—(5.11) and assume that the curve KC,,_1 is nonsingular.

.....

.....

ential equations,

p“j,ac(x7 tr) = _5(m) Fm(:uj(xv tr)? Z, tr)

j=1,...,m—1, (5.33)
pia, (2, 1) = —e(m) (B, 80), 2,1 (G (s (2, 10), 1) = 27 B (s (2, 1), 2,1,)
= B t), 2, Gy, 10),2,8) = 27 By (s (2, 1),2.1,)
y (3y (i (x,t,))* + S (s (. t,)))

m—1 ) jzl,...,m—l, (534)
H (Mj<$’ tr) - :uk(xa tr))
k=1
k#j
with initial conditions
{ﬂj(woa tO,T)}jzl ..... m—1 € ICm—la (535)

for some fized (zo,to,) € Q. The initial value problem (5.34), (5.35) has a unique solution
satisfying

/:Lj S COO<Q#,ICm_1>, j=1...,m—1 (536)

-----

ential equations,

3Y(2e(x, £))? + S (v, 1))

1__[ (Vg(.T, tT) - Vk(x: tr))

k=0
k£

Vf,x($atr) = _E(m> Jm<l/g(ﬂf),$,tr) (

=0,...,m—1, (5.37)
Vg, (2,t,) = —(m) (Jm(ym,tr), v, t,) (G (v, t,), a,t0) + 27 F (v, ), 7, 8,)

= Tl ), 2, t) (G (e, 1), 2, 8) + 27 Pl ), 2, ,) )
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. Byln(@,t)) + Sm((w, )

o , £=0,....m—1, (5.38)
H (ve(, tr) — (2, t,))
k=0
kAl
with initial conditions
{ﬁﬁ(*/EOatO,r)}é:O ..... m—1 € Icmfla (539)

for some fized (xg,to,) € Q,. The initial value problem (5.38), (5.39) has a unique solution
satisfying

D€ C™®(Q, K1), £=0,...,m—1. (5.40)
(111) The initial condition
(g0(, to), 1 (2, 0,r)) = (a5 (2), 4" (), z€C (5.41)
effects
i(,to,) = i), j=1,....m—1, wz€C, 5.42
oz, to,) =0 (x), €=0,....m—1, z€C (5.43)

(cf. (5.10)~(5.12)).

6. TIME-DEPENDENT ALGEBRO-GEOMETRIC SOLUTIONS
OF THE BOUSSINESQ HIERARCHY

In our final and principal section we extend the results of Section 4 from the stationary
Bsq hierarchy, to the time-dependent case. In particular, we obtain Riemann theta func-
tion representations for the time-dependent Baker-Akhiezer function and the time-dependent
meromorphic function ¢. We finish this section with the corresponding theta function repre-
sentation for general time-dependent algebro-geometric quasi-periodic Bsq solutions qq, q;.

We start with the theta function representation of our fundamental object ¢(P,x,t,).

Theorem 6.1. Let P = (2,y) € Kn1\{Px}, (z,2,t,) € C*. Suppose that Dy(ay,) and
Dy(z4,) are nonspecial. Then

N _0(2(Poc, (2, 11))) 0(2(P, D(z, t,))) e (O (P Pw(?’)
A1) = G (P, 0(,1,))) OGP, i, 1,))) (<O~ [ i) 0D

Py
Proof. The proof carries over ad verbatim from the stationary case, Theorem 4.3. O

Let wﬁl’r, r=3s+¢e’, e € {1,2}, s € Ny, be the normalized dsk holomorphic on K,,,_1\{ Px},
with a pole of order r at P,

W) +(P) o (C"+01))dC as P — Py, r=3s+¢,¢€{l,2}, seN,. (6.2)

e}

Furthermore, define the normalized dsk

S
/

=2 (e 2 " - 2
Qg%)o,r—l—l = Z Cgiiz (3¢ +2) Wgaol,3£+3 + d;,i; (3¢+1) wg%)o,SeJrza
=0 £=0
r=3s+¢e, ¢ €{1,2}, s € Ny, (6.3)
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where (cf. (2.3))

~(¢") CZ(E/) _ (0, 1~) fOI' 5, = 1, d"'(Q) c C 6.4
(Co » G ) {(1,d(()2)) for 8':2, 0 . ( . )

In addition, we define the vector of b-periods of the dsk ﬁgo)o 1
O = (0% O2)s U2 = o [ 020 =1 m =1
r=3s+¢e, ¢ €{1,2}, s e N,. (6.5)
Motivated by the second integrand in (5.22) one defines the function I, (P, z, t,), meromorphic
on K,,_1 x C? by
L(P.a,t,) = Fy(z,2,t) (¢a( P2, 1) + (P, t,)%)
+ Gz, ty) = 27 Pz, @, t,))0(Posty) + Hy(z,2,1,), (6.6)

for r = 3s + ¢, € {1,2}, s € Nyg. Denote by ﬁ(P,x,tr) the associated homogeneous

~

quantity replacing fr, CNJT, I;TT by the corresponding homogeneous polynomials F Gy Ho

Theorem 6.2. Let r = 3s +¢', &' € {1,2}, s € Ny, (2,t,) € C?, and { = z~/3 be the local
coordinate near Ps,. Then

I(P, xz,t,) = HO(Q) as P Pu, (6.7)

Proof. One easily verifies (6.7) by direct computation for » = 1 and r = 2. Assume (6.7) is
true with r = 3s+¢’, ¢ € {1,2}, s € Ny. Then one may rewrite (6.7) as

Z.(P,x,t) N +Z§ (z,t,) ¢ as P — Pu, (6.8)
7j=1

for some coefficients {9;(z,t,)};en. Compare coeflicients of ¢ in (4.1) and (6.8) by means of
(5.24) and (6.6) to obtain

1

Or2(7,t,) = 30t (z,tr), (6.9)

1 1
52,:0($atr> = 6(]1,trx(33, tr) - §q0,tr(x7tr)a (610)

1 1
53,$(I7 tr) = g(lo,trm($, tr) - EQI,tTZ’$(ZL‘7tr>- (611)

From (2.34) one infers

(@, te) = mi(t) = f5A (1), (6.12)
ol t) = a(te) + 27 il o t) = G5 (1), (6.13)
(1) = 3(tr) = 67 Fi o) + G50 (0, 1), (6.14)
where 71 (t,), 72(t,), and ~3(t,) are integration constants. Next we note that the coefficients

of the power series for ¢(P, z,t,) in the coordinate ( near P, (cf. Lemma 4.1), and the

coefficients of the homogeneous polynomials F (¢, z,t,) and ér(C ,x,t.), (and hence those of
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H +(C,x,t,)) are differential polynomials in ¢y and ¢, with no arbitrary integration constants

in their construction. From the definition of I, in (6.6) it follows that it also can have no
arbitrary integration constants, and must consist purely of differential polynomials in ¢y and
¢1- From these considerations it follows that v;(t,) = 7.(t,) = 73(t,) = 0. Hence one
concludes

L(Paty) = ¢ = fEC+H @S t) — 450 0) ¢

+ (3 (1) — 67 1S (@, 1)) B+ O(CY) as P — P, (6.15)

where the functions ff,)(ﬁ,tr) and g (z,t.) are defined as in (2.3) with (go(x), ¢ (x)) re-
placed by (qo(z,t,), q1(z,t,)). We note that one may write

-~

Fris(Coa ty) = COF (G ty) + [E1 (1), (6.16)
with analogous expressions for G, and I;T It follows that
ff+3(P7x7tT) :<_3./[\7~(P,(I},t ) ferl( )(¢$(Pﬂx7t’r)+¢(P7$’t7")2)

~(e 1 €
+ (850 1) = 5 F (1) 6P 1)

1 e 2 e
5 Mot + Jae ) [ 1) - 90 @ t). (617)
Using Lemma 4.1 and (6.15), (6.17) yields
E‘+3(P7 z, tr) gzo girig +0((¢) as P — P, (6.18)
and the result follows by induction. O
By (2.18) one infers
L= & T+ d) Iy, r=3s+¢, ¢ €{1,2}, s € Ny. (6.19)
=0 =0
Thus,
(P P — S (@@L i LY o) as P P
o +(Pyx,T)dT o (t, —to,r); (CMGH + Mgsm) +0(¢) as P — P,. (6.20)

Furthermore, integrating (6.3) yields

P ¢ dé’
/PO pmm = ch ) (30+2) / a + “(B30+1) |
o (6.21)
- _Z Cs— 4 C3é+2 - nge—)f 301 +e7(321(P0) +0(() as P — Py,

=0

where e, H(PO) is a constant that arises from evaluating all the integrals at their lowers limits
Py, and summing accordingly. Combining (6.20) and (6.21) yields

ty P
/ 1Pz, 5)ds = (t —to,r)(efﬁiluao) - / ngjoﬂ,ﬂ) +O() as P — P, (6.22)
P

to,r = 0
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Given these preparations, the theta function representation of ¢(P,x,xg,t,,tp,) reads as
follows.

Theorem 6.3. Assume that the curve KC,,—1 is nonsingular. Furthermore, let P = (z,y) €
Kin-1\{Px}, and let (z,t.), (xo,to,) € Q, where Q, C C? is open and connected. Suppose
also that Dp(z,) and Dy, are nonspeczal for (x,t ) € Q. Then
0(2(P, (i(w,t,))) 0(2(Pos, fi(o, to,r)))
0(z(Po, fi(, 1)) 0(2(P, f(wo, to,s)))

x exp ( (@ = w0) (e (Py) - /’@?9+wu—um@ﬂxau—[fﬁﬁﬂﬂn.

x0)

¢(Pax7 Zo, tra tO,r) ==
(6.23)

Proof. We present only a proof of the time variation here, and refer the reader to Theorem
4.4 for the argument concerning the space variation. Let (P, x,xo,t,,to,) be defined as in
(5.22) and denote the right-hand side of (6.23) by V(P,z,z,t,,to,). Temporarily assume
that

(2, t,) # (. t,) for j # j and (2,t,) € Q, CQ,, (6.24)

where Qu is open and connected. In order to prove that ¢» = ¥ one uses (5.17), (5.14), the
time-dependent analog of (3.19), and

Fo(de + ) + (G — 27 Frut)¢ + Hi = v, (6.25)

to compute

- ﬁr(¢z + ¢2) + (ér - %ﬁr,x)qs + j:l'r

1/ ~ - 1~ - 1
1Dy ~ ~ ~ 1
— 2t = (R 4 (F (G — ~Fy) — FA(Ghy — = F
3 5 (WE  (BulGr = 5F) =BG = 5Fn)
2
X (Fuy? + Any + 5 FnSn)e(m)D;.))
2Fmér_lﬁrx _ﬁer lF’mz 1m71 ﬁr
_z ( 2 ( 2 )(33/2 i Sm) _ L Fiit, Y
3 e(m)Dy, B~z — e Fn
Hjtr yF, it
=— +Z—-+0(1)=— +0(1 6.26
ey B2 0(1) =~ o) (6.26)
as P — [i;(x,t,). More concisely,
I (P, xg,s) = % In(z — p;(xo, s)) for P near fi;(xo,t,). (6.27)
Hence
tr a
exp (/tw ds(% In(z — pj(xo, s)) + O(l)))
(= = (a0 t))O()  for Puear (a0, ty) # fy(aoto,),  (6:28)
=14 0O(1) for P near fi;(zo,t,) = f1;(x0,t0r),
(2 = pj(wo, to,))1O(1)  for P mear ji;(wo, to,) # fij(20, 1),
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where O(1) # 0 in (6.28). Consequently, all zeros and poles of ¢ and ¥ on K,,_1\{ P}
are simple and coincide. It remains to identify the essential singularity of v and ¥ at P..
By (6.22) we see that the singularities in the exponential terms of ¢ and ¥ coincide. The
uniqueness result in Lemma A.26 for Baker-Akhiezer functions completes the proof that
¢ =W on Q,. The extension of the result from (z,t,) € Q, to (z,t,) € Q, follows from the
continuity of ap, and the hypothesis that D ., is nonspecial for (z,t,.) € €. O

The straightening out of the Bsq flows by the Abel map is contained in our next result.

Theorem 6.4. Assume that the curve K,,_1 is nonsingular, and let (x,t,), (zo,to,) € C?.
Then
2 ~(2)
ap, (D) = @y (Dataoton) + U™ (@ = 20) + U,y (1 — Lo, (6.29)

and
APO(IQO(J"7 t’/‘)) + QPO (Dﬁ(x:t'r))
) ~(2)
= APO(VO (x07 tO,r)) +ap, (Dé(zo,to,r)) + Qg) (l’ - x(]) + QrJrl <tT B toﬂ“)' (630)

Proof. As in the context of Theorem 4.6, it suffices to prove (6.29). Temporarily assume that
Dji(x,t,) 1s nonspecial for (z,t,) € Q, C C?, where Q,, is open and connected. Introduce the

meromorphic differential

0
Qz, zo,tr, tor) = 5 In(¢(-,x,xo, tr, tor))dz. (6.31)
z
From the representation (6.23) one infers
m—1
2 52 3
Q(J}, Zo, tr, tO,r) = —(ZL’ - xO)wl(Do)o,Q - (tr - tO,T)QEDO)o,r—&-l - Z wl(]j)(a:OJO’r)?ﬂj(q;’tT.) +w, (632)
j=1
where w denotes a holomorphic differential on C,,_1, that is, w = Z;le ejw; for some e; €
C,j=1,....,m—1. Since ¢(-,x, xo, t,, to,) is single-valued on K,,_1, all @ and b-periods of
() are integer multiples of 277 and hence
2wimy, = / Qz, zo, tr, to,r) = / w=ey j=1,....,m—1 (6.33)
ag ag

for some my, € Z. Similarly, for some n; € Z,

2ming = / Oz, o, tyr,to,) = — (2 — xo)/ wg;g — (t, — toy,,)/ ngl,rﬂ
by,

bk bk

m—1 i
(3) )
o Z / Wi (@oto,r)sty (,tr) Nkl Z mj/ I
7j=1 b J=1 bk

k

L rp(zosto,r)

_—(x—xo)/b wgol’Q—(tT—tO,T)/ ?2532;7T+1—27Ti2/( ) Wi
k 1 A (b

by, j=1 Y

m—1
+ 2mi Z m; / w; = —2mi(r — xo) U2(2k) — 2mi(t, — to,) ﬁr(i)l &
j=1 O
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m—1
+ 2miap, k(Dugat,)) — 2micp, k(Do b)) + 27 Z m;Tjk, (6.34)

j=1

where we used (A.36). By symmetry of 7 (see Theorem A.4) this is equivalent to

2 ~(2)
ap (Daan) = ap (Dageoton)) + US (@ — 20) + U, 41 (t — to), (6.35)

for (z,t,) € Q,. This result extends from (z,t,) € Q, to (z,t,) € C? using the continuity of
ap, and the fact that positive nonspecial divisors are dense in the space of positive divisors
(cf. [19], p. 95). O

Our principal result, the theta function representation of the class of time-dependent algebro-
geometric quasi-periodic Bsq solutions now quickly follows from the material prepared thus
far.

Theorem 6.5. Assume that the curve KC,,_1 is nonsingular and let (z,t,) € Q,, where Q, C
C? is open and connected. Suppose also that Diyatr) and Dy g,y are nonspecial. Then

qo(z, t,) = 38Qé2>8x In(0(z(Peo, i1, 1)) + (3/2)w, (6.36)

@1 (z,t.) =302 In(0(2( P, iz, t,)))) + 3u, (6.37)

where u and w are defined by (4.34) and (4.35), respectively, and 0,2 denotes the directional
Ys

derivative introduced in (4.42).
Proof. The proof carries over ad verbatim from the stationary case, Theorem 4.7. O
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APPENDIX A. ALGEBRAIC CURVES AND THEIR THETA FUNCTIONS IN A NUTSHELL

This appendix treats some of the basic aspects of complex algebraic curves and their theta
functions as used at numerous places in this paper. The material below is standard (see, e.g.,
(7], [19], [28], [32], and [41]), and we include it for two major reasons: On the one hand it
allows us to introduce a large part of the notation used in Sections 4 and 6 (which otherwise
would take up considerable space and disrupt the flow of arguments in these sections) and
on the other hand, it permits a fairly self-contained presentation of the Bsq hierarchy and its
algebro-geometric solutions in this paper.

Definition A.1. An affine plane (complex) algebraic curve K is the locus of zeros in C* of
a (nonconstant) polynomial F(z,y) in two variables. The polynomial F is called nonsingular
at a root (zo, o) if

VF (20, y0) = (F2(20,Y0), Fy(20,Y0)) # 0. (A.1)

The affine plane curve KC of roots of F is called nonsingular at Py = (zo, yo) if F is nonsingular

at Py. The curve IC is called nonsingular, or smooth, if it is nonsingular at each of its points.
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The Implicit Function Theorem allows one to conclude that a smooth affine curve K is locally
a graph and to introduce complex charts on K as follows. If F(F) = 0 with F,(F) # 0,
there is a holomorphic function gp,(z) such that in a neighborhood Up, of Fy, the curve K is
characterized by the graph y = gp,(z). Hence the projection

7.: Up, — 7.(Up,) CC, (z,9)+— z, (A.2)

yields a complex chart on K. If, on the other hand, F(Fy) = 0 with F,(F) # 0, then the
projection

Ty: Up, — Ty (Up,) CC,  (2,y) — ¥, (A.3)

defines a chart on K. In this way, as long as K is nonsingular, one arrives at a complex
atlas on K. The space K C C? is second countable and Hausdorff. In order to obtain a
Riemann surface one needs connectedness of K which is implied by adding the assumption
of irreducibility of the polynomial F. Thus, K equipped with charts (A.2) and (A.3) is a
Riemann surface if F is nonsingular and irreducible. Affine plane curves K are unbounded as
subsets of C2?, and hence noncompact. The compactification of K is conveniently described
in terms of the projective plane CP?, the set of all one-dimensional (complex) subspaces of
C3.

In order to simplify notations, we temporarily abbreviate zo = x, x1 = y, and x5 = 2.
Moreover, we denote the linear span of (s, x1,z0) € C*\{0} by [z3 : 21 : 7¢]. In particular,
[3 1 1 1 wo) € CP? with Lo, = {[z : @1 : 79] € CP? | 2y = 0} representing the line at infinity.
Since the homogeneous coordinates [zy : @y @ xo] satisfy

(g 1 21 @ xo] = [cwg i cxy : cx), ¢ € C\{0}, (A.4)
the space CP? can be viewed as the quotient space of C*\{0} by the multiplicative action

of C\{0}, that is, CP? = (C3\{0})/(C\{0}), and hence CP? inherits a Hausdorff topology
which is the quotient topology induced by the natural map

2 (C3\{0} — (C]PQ, (.172,1’1,%0) — [SL’Q L X ]}0]. (A5)
Next, define the open sets
U™ ={[zg: 1 : 2] € CP* | 2,, #0}, m=0,1,2. (A.6)
Then
U = C? [wywy o ag) (@, ﬂ) (A.7)
Lo To
with inverse
(O C?* = U (z9,21) = [m9: 2y 1], (A.8)

and analogously for functions f! and f? (relative to sets U' and U?, respectively), are home-
omorphisms. In particular, U°, U!, and U? together cover CP2. Moreover, CP? is compact
since it is covered by the closed unit (poly)disks in U°, U!, and U2,

Let P be a (nonconstant) homogeneous polynomial of degree d in (x9, 21, z¢), that is,
P(cxy, cx1, cxo) = P (29, 71, 10), (A.9)
and introduce
K = {[r2: 21 : 1) € CP? | P(29, 21, 70) = 0}. (A.10)
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The set K is well-defined (even though P(u,v,w) is not for [u : v : w] € CP?) and closed in
CP2. The intersections,

K"=KnU™, m=0,1,2 (A.11)
are affine plane curves when transported to C2, that is,
ICO = {<$27I1> € (C2 | P(x27x17 ]-) - O} (A12)

represents the affine curve F(z,y) = 0, where F(x9, 1) = P(x2,21,1), and analogously for
K' and K?. We recall that F(xq, 1) is irreducible if and only if P(xy, 21, 7¢) is irreducible.

Given the affine curve defined by F(z2,21) = 0, the associated homogeneous polynomial
P(x2,x1,10) can be obtained from
o T1

P(xg,x1,20) = xﬁf( , ), (A.13)

o Xo
where d denotes the degree of F (and P).

The element [z; : 71 : 0] € CP? represents the point at infinity along the direction zy : x;
in C? (identifying [z9 : z; : 0] € CP? and [xq : 1] € CP'). The set of all such elements
then represents the line at infinity, L, and yields the compactification CP? of C2. In other
words, CP?2 = C?U L, CP! 2 CU{oo}, and L., = CP!. The projective plane curve K then
intersects L, in a finite number of points (the points at infinity).

Definition A.2. A projective plane (complex) algebraic curve K is the locus of zeros in CP?
of a homogeneous polynomial P in three variables.

A homogeneous (nonconstant) polynomial P(xo,x1,x0) is called nonsingular if there are no
common solutions (x20, 21,0, Zo0) € C*\{0} of

P(x2,0, 21,0, Zo0) = 0, (A.14)
VP(ZL'ZO, 21,0, 'TO,()) - (PLEQ ) le ) Pﬂ?o)(xQ,Oﬂ x1,0, I‘0,0) = 0. (A15)

The set K is called a smooth projective plane curve (of degree d € N) if P is nonsingular (and
of degree d € N).

One verifies that the homogeneous polynomial P (x5, x1, o) is nonsingular if and only if each
K™ is a smooth affine plane curve in C2. Moreover, any nonsingular homogeneous polynomial
P(xq,x1,x0) is irreducible and consequently each ™ is a Riemann surface for m = 0, 1, and
2. The coordinate charts on each K™ are simply the projections, that is, xs/x¢ and x1/x¢
for K%, zo/21 and xy/z; for K, and finally, x; /2o and xq/x9 for K2. These separate complex
structures on K™ are compatible on IC and hence induce a complex structure on K.

The zero locus in CIP? of a nonsingular homogeneous polynomial P(xq,x1, z0) defines a smooth
projective plane curve K which is a compact Riemann surface. Topologically, this Riemann
surface is a sphere with g handles where

g=(d—1)(d—2)/2, (A.16)

with d the degree of P(x9,71,70). In particular, K has topological genus g and we indicate
this by writing Xy, in our main text, or simply K, if no confusion can arise. In general, the

projective curve K, can be singular even though the associated affine curve ICS is nonsingular.
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In this case one has to account for the singularities at infinity and properly amend the genus
formula (A.16) according to results of Clebsch, Noether, and Pliicker.

If IC, is a nonsingular projective curve, associated with the homogeneous polynomial P(z, y, z)
of degree d, the set of finite branch points of K; is given by

{[z:y:1] € CP* | P(2,9,1) = Py(2,9,1) = 0}. (A.17)
Similarly, branch points at infinity are defined by
{[z:y:0] € CP? | P(z,y,0) = P,(2,y,0) = 0}. (A.18)

The set of branch points B of IC; then being the union of points in (A.17) and (A.18). Given
B ={P,..., P} one can cut the complex plane along smooth nonintersecting curves C, (e.g.,
straight lines if Py, ..., P. are arranged suitably) connecting P, and P, forg=1,...,r —1,
and defines holomorphic functions fi,..., fg on the cut plane II = C\ UZ;% C, such that

P(z,y,1) =0 for y € Il if and only if y = f;(2) for some j € {1,...,d}. (A.19)

This yields a topological construction of Xy by appropriately gluing together d copies of the
cut plane I, the result being a sphere with ¢ handles (¢ depending on the order of the branch
points in B). If K, is singular, this procedure requires appropriate modifications.

Next, choose a homology basis {a;,b;}7_, on KC; for some g € N in such a way that the
intersection matrix of the cycles satisfies

ajoby, =0k, Jk=1...,g (A.20)
(with a; and by, intersecting to form a right-handed coordinate system).

Turning briefly to meromorphic differentials (1-forms) on /ICy, we state the following result.

Theorem A.3 (Riemann’s period relations). Let ¢ € N and suppose w and v to be closed
differentials (1-forms) on IC;. Then

(i)
[fene=(([ [ ([ [ ) (A1)

Kq

If, in addition w and v are holomorphic 1-forms on Ky, then
9
S ([ ([af )0 A2
j=1 aj b b aj

(it) If w is a nonzero holomorphic 1-form on ICy, then

Im (i(i_@%@) ) (A.23)

j=1 J 3

The proof of Theorem A.3 is usually based on Stokes’ theorem and a canonical dissection of
K4 along its cycles yielding the simply connected interior &, of the fundamental polygon 0K,
given by
0K, = arbray by asboay '3 . ag b, (A.24)
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Given the cycles {a;,b;}{_;, we denote by {w;}%_; a normalized basis of the space of holo-

morphic differentials (also called Abelian differentials of the first kind, denoted dfk) on K,
that is,

/ WEk :6j,k7 j,k: 1,...,g. (A25)

The b-periods of w;, are then defined by

Tik =/ we, Jk=1....9 (A.26)
b

j
Theorem A.3 then implies the following result.
Theorem A.4. The matrixz T is symmetric, that 1s,

Tik =Thj, Jk=1...,9 (A.27)
with a positive definite imaginary part,

Im(7) = (1 —77)/(2i) > 0. (A.28)

Abelian differentials of the second kind (abbreviated dsk), say w? are characterized by the
property that all their residues vanish. They are normalized by the vanishing of all their
a-periods (achieved by adding a suitable linear combination of dfk’s)

/w@) =0, j=1,...,9, (A.29)
aj
which determines them uniquely. (We will always assume that the poles of dsk’s on K, lie
in Iy, that is, do not lie on OK,. This can always be achieved by an appropriate choice
of the cycles a; and b;.) We may add in this context that the sum of the residues of any

meromorphic differential v on K, vanishes, the residue at a pole @y € K, of v being defined
by
1
resq, () —/ v, (A.30)
7Q0

- 21

where 7q, is a smooth, simple, closed contour, oriented counter-clockwise, encircling @)y, but
no other pole of v.

Theorem A.5. Let g € N. Assume ng)n to be a dsk on K4, whose only pole is Q)1 €

ﬁg with principal part CédeQl for some n € Ny and w® g dfk on Ky of the type w® =
Y oo cm(Q1)C5,dCq, near Q1. Then

3 [ o = ([ [ o)) = e w2 (aan

j=1 J J J J

In particular, if wgl)n is normalized and w = w; = 3% ¢jm(Q1)C5, dCq,, then

27 .
/ wgl)n = Cin—2(@Q1), n>2, j=1...,g. (A.32)
by (n—1)
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Any meromorphic differential w® on Ky not of the first or second kind is said to be of the

third kind, written dtk. It is common to normalize a dtk w'®, by the vanishing of its a-periods,
that is, by

/w(3):O, j=1,...,9. (A.33)

A normal dtk, denoted WSB,QW associated with two distinct points @1, Q2 € l/C\g by definition

has simple poles at Q, with residues (—1)“*! for £ = 1 and 2, vanishing a-periods, and is
holomorphic anywhere else.

Theorem A.6. Let g € N. Suppose w® to be a dtk on Ky whose only singularities are simple
poles at Q, € K, with residues ¢, forn=1,...,N. Denote by wb a dfk on Ky. Then

(L] =[] ) =ami3e [ s

j=1 J J J J

where Qg € /69 is any fized base point. In particular, if w® is normalized and wM = wj, then

N Qn
/w(3):27Tich/ wi, j=1,...,¢. (A.35)
b; 0

J n=1

Moreover, if wgl)’QQ is a normal dtk on K, holomorphic on K, \{Q1,Q2}, then

Q1
/ wgl),cb = 27”/ Wi j = 17 ey g. (A36)
j 2

b

We shall always assume (without loss of generality) that all poles of dsk’s and dtk’s on K, lie

on Ieg (i.e., not on (‘3@1) and that integration paths on the right hand side of (A.34)—(A.36)
do not touch any cycles a; or by.

Next, we turn to divisors on K, and the Jacobi variety J(K,) of K,. Let H(K,) (M(K,))
and H'(K,) (M (K,)) denote the set of holomorphic (meromorphic) functions (i.e., 0-forms)
and holomorphic (meromorphic) 1-forms on I, for some g € Ny.

Definition A.7. Let g € Ny. Suppose f € M(K,), w = h((g,)dlg, € M'(K,), and

(Ugy, Co,) a chart near Qo € K.
(1) If (f 0 (o0 )(C) = 2one s €n(Q0)C™ for some mg € Z (which turns out to be independent of

n=mgq

the chosen chart), the order vs(Qo) of f at Qo is defined by

v$(Qo) = mo. (A.37)
One defines vp(P) = oo for all P € K, if f is identically zero on IC,.
(i) If hgy(CQo) = Domemg An(Q0)CH, for some mg € Z (which again is independent of the

n=mgo

chart chosen), the order v,(Qo) of w at Qq is defined by
vu(Qo) = mo. (A.38)

Definition A.8. Let g € Ny.
(1) A divisor D on Ky is a map D: K, — Z, where D(P) # 0 for only finitely many P € K.
On the set of all divisors Div(KC,) on K, one introduces the partial ordering
D>E&ifDP)>EP), Pek,. (A.39)
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(it) The degree deg(D) of D € Div(KC,) is defined by

deg(D) = )~ D(P). (A.40)
Pek,
(iit) D € Div(KC,) is called nonnegative (or effective) if
D >0, (A.41)

where 0 denotes the zero divisor 0(P) =0 for all P € K.
(w) Let D, E € Div(K,). Then D is called a multiple of £ if

D>E. (A.42)
D and & are called relatively prime if
D(P)E(P)=0, Pek,. (A.43)
(v) If f € M(K,)\{0} and w € M'(K,)\{0}, then the divisor (f) of f is defined by
(f): Kg —Z, P veP) (A.44)
(thus f is holomorphic, f € H(KC,), if and only if (f) > 0), and the divisor of w is defined by
(W): Ky = Z, P~ p,(P) (A.45)

(thus w is a dfk, w € H'(K,), if and only if (w) > 0). The divisor (f) is called a principal
divisor, and (w) a canonical divisor.
(vi) The divisors D, E € Div(K,) are called equivalent, written D ~ &, if

D—E=(f) (A.46)
for some f € M(K,)\{0}. The divisor class [D] of D is defined by
[D] ={€ € Div(K,) | £ ~ D}. (A.47)

Clearly, Div(IC,) forms an Abelian group with respect to addition of divisors. The principal
divisors form a subgroup Divp(K,) of Div(K,). The quotient group Div(KC,)/ Divp(KC,) con-
sists of the cosets of divisors, the divisor classes defined in (A.47). Also the set of divisors of
degree zero, Div((K,), forms a subgroup of Div(K,). Since Divp(K,) C Divy(K,), one can
introduce the quotient group Pic(KC,) = Div(/C,)/ Divp(KC,) called the Picard group of IC,.

0)
Theorem A.9. Let g € Ng. Suppose f € M(K,) and w € M'(K,). Then
(

deg((f)) =0 and deg((w)) =2(g — 1). (A.48)
Definition A.10. Let g € Ny, and define
L(D)={f e M(Ky) | (f) 2D}, LYD)={weM(K,)|(w)=>D} (A.49)

Both £(D) and L(D) are linear spaces over C. We denote their (complex) dimensions by
r(D) = dim L(D), (D)= dim L'(D). (A.50)
i(D) is also called the index of specialty of D.

Lemma A.11. Let g € Ny and D € Div(K,). Then deg(D), r(D), and i(D) only depend
on the divisor class [D] of D (and not on the particular representative D). Moreover, for
w € MYK,)\{0} one infers
i(D) =r(D - (w)), D € Div(k,). (A.51)
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Theorem A.12 (Riemann-Roch). Let g € Ny and D € Div(K,). Then r(=D) and i(D) are

finite and
r(—D) = deg(D) +i(D) — g + 1. (A.52)
In particular, Riemann’s inequality
r(—=D) > deg(D) — g+ 1 (A.53)
holds.

Next we turn to the Jacobi variety and the Abel map.
Definition A.13. Let g € N and define the period lattice L, in C9 by

Ly={2€C|z=N+7M, N.M € Z°}. (A.54)
Then the Jacobi variety J(ICy) of ICy is defined by
J(Kg) = C/ Ly, (A.55)

and the Abel maps are defined by
APO: ICQ - J(Kg)v P— APO(P) = (APO,I(P)v <o 7AP079(P>>

- (/Pwl,...,/ng) (mod Ly), (A.56)

Py Py
and
ap: Div(K,) = J(K,), D ap (D)= 3 D(P)An(P), (A57)
Pek,

where Py € K, is a fized base point and (for convenience only) the same path is chosen from
Pyto P forallj=1,...,g9 in (A.56) and (A.57).

Clearly, Ap, is well-defined since changing the path from /4 to P amounts to adding a closed
cycle whose contribution in the integral (A.56) consists in adding a vector in L,. Moreover,
ap, is a group homomorphism and J(K,) is a complex torus of (complex) dimension g that
depends on the choice of the homology basis {a;, bj}?zl. However, different homology bases
yield isomorphic Jacobians, see [19], p. 137, and [28], Section 8(b).

Theorem A.14 (Abel’s theorem). Let g € N. Then D € Div(K,) is principal if and only if
deg(D) = 0 and ap, (D) = 0. (A.58)

Next, we turn to Riemann theta functions and a constructive approach to the Jacobi inversion
problem. We assume g € N for the remainder of this appendix.

Given the curve Ky, the homology basis {a;, bj}?:p and the matrix 7 of b-periods of the dfk’s

{w;}9-;, the Riemann theta function associated with /Ky and the homology basis is defined
as

0(z) = Z exp (2mi(n, z) + mi(n, Tn)), z € CY, (A.59)

nezI

IThis convention allows one to avoid the multiplicative version of the Riemann-Roch Theorem at various
places in this paper.
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where (u,v) = >7_, %;v; denotes the scalar product in CY. Because of (A.28), ¢ is well-
defined and represents an entire function on C9. Elementary properties of 6 are, for instance,

021,y 2j—1, =2, Zj1s - 2n) = 0(2), 2= (21,...,24) € CY, (A.60)
0(z+m+7mn) = 6(z) exp ( —27i(n, z) — mi(n, T@)), m,n €z, ze CI. (A.61)

Lemma A.15. Let £ € C9 and define
F:Ky—C, P04, (P)-9), (A.62)

where

A\poi I/C\g —CY% P A\P()(P) = (A\POJ(P)’ SR 7A\P079(P))

_ (/:w/:w) (A.63)

Suppose F' is not identically zero on Ieg, that is, F #Z 0. Then F has precisely g zeros on I/C\g
counting multiplicities.

Lemma A.15 is traditionally proven by integrating dIn(F') along 8169.

Theorem A.16. Let { € C9 and define I as in (A.62). Assume that F is not identically

zero on Ieg, and let Q1,...,Q, € K, be the zeros of F (multiplicities included) given by
Lemma A.15. Define the corresponding positive divisor Dg of degree g on Ky by

Dgi ICg — No,

m if P occurs m times in {Q1,...,Q4},

PHDQ(P):{O if PE{Q1,...,Q4},

Q=(Q1,...,Qy), (A64)

and recall the Abel map ap, in (A.57). Then there exists a vector Zp € C9, the vector of
Riemann constants, such that

ap,(Dg) = (£ — Ep,))(mod Ly). (A.65)
The vector Zp, = (Epy,s---+2p,,) 15 given by
1 g P
Ep, = 5(1+%)—Z/ wg(P)/P wi, j=1,...,9 (A.66)
7 “

For the proof of Theorem A.16 one integrates A\po,j (P)dIn(F(P)) along GI/C\g. Clearly, Zp,
depends on the base point I3 and on the choice of the homology basis {a;, b; }27:1.

Remark A.17. Theorem A.16 yields a partial solution of Jacobi’s inversion problem which
can be stated as follows: Given £ € C, find a divisor Dg € Div(K,) such that

ap,(Dq) = (mod Ly). (A.67)

Indeed, if F(P) = 0(Zp, —AAPO(P)+§) Z 0 on Ieg, the zeros Qq,...,Q, € 169 of F (quaranteed
by Lemma A.15) satisfy Jacobi’s inversion problem by (A.65). Thus it remains to specify
conditions such that F' # 0 on K,.
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Remark A.18. While 0(z) is well-defined (in fact, entire) for z € C9, it is not well-defined
on J(KC;) = CI/L, because of (A.61). Nevertheless, 0 is a “multiplicative function” on
J(ICy) since the multipliers in (A.61) cannot vanish. In particular, if z, = z,(mod L), then
0(z,) = 0 if and only if 0(z,) = 0. Hence it is meaningful to state that 6 vanishes at points of
J(ICy). Since the Abel map Ap, maps KCg into J(KCy), the function 0(Ap, (P) — &) for £ € CY,
becomes a multiplicative function on IC,. Again it makes sense to say that 0(Ap (-) — &)
vanishes at points of IC,.

In the following we use the obvious notation
X+Y={(z+y €J(K,)|zeX,yeY}
X ={-zeJK,)|zeX), (A.68)
X+z={z+z) e J(K |z e X}

for X,Y C J(K,) and z € J(K,). Furthermore, we may identify the nth symmetric power of
Kg4, denoted 0" C,, with the set of nonnegative divisors of degree n € N on ;. Moreover, we
introduce the convenient notation (N € N)

Dpg =Dp +Dg, Dg=Dq, + -+ Dqy, Q= (Q1,...,Qn) € oKy, (A.69)

where for any Q) € K,

1 for P=@Q
Do: Ky — N P— Dg(P) = ’ A.70
QT o ~ DolP) {O for P € K,\{Q}. ( )
Definition A.19. (i) Define
Wy={0} Cc J(Ky), W, =ap(c"K,), neN (A.71)

(i) A positive divisor D € Div(KC,) is called special if i(D) > 1, otherwise D is called
nonspecial.
(iti) Q € Ky is called a Weierstrass point of K, if i(gDq) > 1, where gDg =3 _, Dq.

Remark A.20. (i) Since i(Dp) =0 for all P € Ky, the curve KC; has no Weierstrass points.
For g > 2, and K, hyperelliptic, the Weierstrass points of K, are given precisely by the 2g 42
branch points of K.

(ii) The special divisors of the type Dg with Q = (Q1,...,Qn) € VK, and deg(Q) = N > ¢
are precisely the critical points of the Abel map ap, : oK, — J(K,), that is, the set of points
D at which the rank of the differential dap, is less than g.

(1it) While 0™, ¢ 0"ICy for m < n, one has W,, C W, form <n. Thus W, = J(K,) for
n > g by Theorem A.23 below.

Theorem A.21. The set W, +Zp C J(K,) is the complete set of zeros of 6 on J(ICy),
that s,

0(X) =0 if and only if X e W, +Zp, (A.72)

(i.e., if and only if X = (ap,(D)+Ep,)(mod Ly) for some D € 097 'K,). The set W,_, +Ep,
has complex dimension g — 1.
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Theorem A.22 (Riemann’s vanishing theorem). Let { € CY.
(i) If 0(§) # 0, then there exists a unique D € 09K, such that

£ = (ap, (D) +Ep,) (mod L) (A.73)
and
i(D) = 0. (A.74)
(i) If 0(§) = 0 and g = 1, then
§=Ep(mod L) =27"(1 + 7)(mod L,), Li=Z+7Z, —it>0. (A.75)
(111) Assume 0(§) =0 and g > 2. Let s € N with s < g — 1 be the smallest integer such that

oW, —W,—&) #0 (i.c., there exist £, F € 0°Ky with € # F such that 0(ap, () — ap (F) —
§) #0). Then there exists a D € 097Ky such that
£ = (ap, (D) +Ep) (mod Ly) (A.76)
and
i(D) = s. (A.77)

All partial derivatives of 0 with respect to Ap, ; for j =1,...,g of order strictly less than s
vanish at §, whereas at least one partial derivative of 0 of order s is nonzero at §. Moreover,

s < (g9 +1)/2 and the integer s is the same for § and —£.

Note that there is no explicit reference to the base point F in the formulation of Theorem
A.22 since the set W, — W  C J(K,) is independent of the base point while W alone is not.

Theorem A.23 (Jacobi’s inversion theorem). The map ap, is surjective. More precisely,
given { = (§+Zp,) € C, the divisors D in (A.73) and (A.76) (resp. D = Dp, if g = 1) solve
the Jacobi inversion problem for £ € CY.

We summarize some of this analysis in the following remark.

Remark A.24. Consider the function

g
G(P) = 0(Ep, — A (P)+ > A (@), PQ€K, j=l...g (AT
=1
on K. Then
g9
G(Qk> = O(EPO + ZAPO(QJ)) = Q(EPO + gF'() (D(Ql 77777 Qk717Qk+1 ~~~~~ Qg))) - 07 (A79)
=1
ik
k=1,...,¢g

by Theorem A.21. Moreover, by Lemma A.15 and Theorem A.22, the points Q1,...,Q, are
the only zeros of G- on Ky if and only if Dq is nonspecial, that is, if and only if

(D) =0, Q=(Q1,...,Q,) € oK. (A.80)

Conversely, G =0 on Ky if and only if Dq is special, that is, if and only if i(Dg) > 1.
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We also mention the elementary change in the Abel map and in Riemann’s vector if one
changes the base point,

AP1 = (APO - AP()(Pl)) (mOd Lg)a (A81)
Ep = (Ep + (9—1)Ap (7)) (mod Ly), Py, P € K, (A.82)
Remark A.25. Let § € J(K,) be given, assume that 0(Zp, — Ap (-) +&) Z 0 on Ky and
suppose that Alzol(g) = (Q1,...,Q,) € 9K, is the unique solution of Jacobi’s inversion
problem. Let f € M(K,)\{0} and suppose f(Q;) # oo for j = 1,...,9. Then { uniquely
determines the values f(Q1),..., f(Q4). Moreover, any symmetric function of these values

is a single-valued meromorphic function of £ € J(K,), that is, an Abelian function on J(KCy).
Any such meromorphic function on J(IC;) can be expressed in terms of the Riemann theta
function on K,. For instance, for the elementary symmetric functions of the second kind

(Newton polynomials) one obtains from the residue theorem in analogy to the proof of Lemma
A.15 that

@)=Y / F(Py"wi(P) = Y respp, (f(P)"dIn(0(Ep, — Ap, +£))), (A.83)
j=1 j=1"% Preky
f(P,-):oo

where an appropriate homology basis {a;, b;}_; with 8ﬁg = aybia; byt a, bt avoiding
{Q1,...,Q,} and the poles {P.} of f has been chosen. (We also note that Lemma A.15 just
corresponds to the case n =0 in (A.83).)

Finally, we formulate the following auxiliary result (cf., e.g., Lemma 3.4 in [23]).

Lemma A.26. Let ¥(-,z), v € U, U C R open, be meromorphic on IKC,\{Px} with an
essential singularity at Py, (and Qg;7r+1 defined as in (6.3)) such that ¢(-,z) defined by

Y- ) = (-, x) exp (— i(2 — ) / ’ ﬁ‘;) (A.84)

Py

is multi-valued meromorphic on KC,, and its divisor satisfies

(W(-,2) > —Dia)- (A.85)
Define a divisor Do(x) by
((+, 7)) = Do(x) — Dj(a).- (A.86)
Then
Dy(x) € 09Ky, Dy(x) > 0, deg(Dy(z)) = g. (A.87)

Moreover, if Dy(x) is nonspecial for all x € U, that is, if i(Do(x)) = 0, then ¥( -, x) is unique
up to a constant multiple (which may depend on x € U ).

APPENDIX B. TRIGONAL CURVES OF BOUSSINESQ-TYPE

We give a brief summary of some of the fundamental properties and notations needed from

the theory of trigonal curves of Boussinesq-type (i.e., those with a triple point at infinity).
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First we investigate what happens at the point (or possibly points) at infinity on our Bsq-type
curves. Fix g € N. The Bsqg-type curve K, of arithmetic genus g = m — 1 is defined by

Fo1(2,9) = 4* +y S(2) — T,u(2) = 0,

2n—1+¢ m—1
Su(2) = D Smpe’s Tn(2) = 2"+ Y tgs?, (B.1)
p=0 q=0

m=3n+¢e,e€{l,2}, neN,.

Following the treatment in [46] one substitutes the variable v = z~! into (B.1) to obtain

3n+e, 3

U Yy + ($m70u2n—1+a + -+ Sm,?n—1+€)un+1y - (tm70u3n+a + Zfm,m—lu + 1) = 0.

(B.2)
Let v = ™"y in (B.2) to obtain

v+ (Sm70u2n71+5 N 5m,2n71+5)u37€1} B (tm,0u3”+€ ot e et + 1)u375 -0
(B.3)

Let u — 0 (corresponding to z — oc) in (B.3) to obtain v* = 0. This corresponds to one
point of multiplicity three at infinity (in both cases ¢ = 1 and € = 2), given by (u,v) = (0,0).
We therefore use the coordinate ¢ = z~'/3 at the branch point at infinity, denoted by Ps.

The curve (B.1) is compactified by adding the point P, at infinity. In homogeneous coordi-
nates, the point at infinity we add is [1: 0: 0] € CP? if g = 0 or g = 1, otherwise the point at
infinity we add is [0 : 1 : 0] € CP?. The point P, is singular in all cases except when g = 1,
or when g =2 and s,,0 = —1/3.

Although not directly associated with the Bsq hierarchy, we note that the case e = 0 in (B.1)
is analogous to AKNS, Toda, and Thirring-type hyperelliptic curves, which are not branched
at infinity. In fact, a similar argument to that above, with the coordinate v = u"y in (B.2),
yields the equation v® = 1 as u — 0. This corresponds to three distinct points Py, ;, j = 1,2,3
at infinity (each with multiplicity one), given by the three points (u,v) = (0,w;) for j = 1,2, 3,
where the wq, we, and ws are the third roots of unity. As each point at infinity has multiplicity
one, none are branch points, and consequently each admits the local coordinate u = 1/z for
|z| sufficiently large.

In [10], p. 561, Burchnall and Chaundy define the g-number of an algebraic curve as the
maximum number of double points possible in the finite plane. For Bsqg-type curves the g-
number is ¢ = m — 1. For a curve that is smooth in the finite plane, the g-number coincides
with the arithmetic genus of the curve, but in the presence of double points, the g-number
remains the same, while the genus is diminished (according to results of Clebsch, Noether,
and Pliicker, see, e.g., [7] and [41]). We now prove that the g-number of K;, and hence the
arithmetic genus of I, if Iy is smooth in the finite plane, is m — 1 using a special case of the
Riemann-Hurwitz theorem.

Theorem B.1. Let 7,: K, — CP! be the projection map with respect to the z coordinate.
Then

> [wp(E) —1] =29+ 4, (B.4)

Pek,
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where vp(7,) denotes the multiplicity of 7, at P € Ky, and g is the arithmetic genus of the
curve KC,.

If equation (B.1) has only double points, this implies that the discriminant A(z) of the curve
(B.1), defined by

A(2) = 27T,,(2)* + 4 S, (2)? (B.5)

(modulo constants), is non-zero. A(z) is easily seen to be a polynomial of degree 2m. Hence
in the finite complex plane, the Riemann surface defined by the compactification of (B.1) can
have at most 2m double points, corresponding to the possible 2m zeros of A(z). If all finite
branch points are distinct double points (taking into account the triple point at infinity) one
obtains 3 pey [vp(7.) — 1] = 2m + 2, and so by (B.4), one infers g =m — 1.

Let B denote the set of branch points and let |B| denote the number of branch points counted
according to multiplicity. In the case of Bsq-type curves, deg(7,) = 3, and vp(7,) = 1 for all
P € Kg\B. Moreover, vp(7.) € {2,3} for all P € B. Hence |B| < 3 pcic. lvp(7.)—1] < 2|8,
and (B.4) reduces to \

g+2<|B| <2g+4. (B.6)
Thus one arrives at an upper and lower bound on the number of branch points on .

When m = 1, corresponding to g = 0, there are no non-zero holomorphic differentials on /.
When m = 2, corresponding to g = 1, the only holomorphic differential on K is dz/(3y(P)*+
Sm(z)). Recall also that m # 0(mod 3), so we need not consider holomorphic differentials
for the case m = 3. One verifies that dz/(3y(P)? + Sn.(z)) and y(P)dz/(3y(P)? + S,(z)) are
holomorphic differentials I, with zeros at P., of order 2(m — 2) and (m — 4), respectively,
for m > 4. It follows that the differentials (m = 3n+¢, ¢ € {1,2})

1 {zeldz for1 </<g—n,

ne(P) = (B.7)

3y(P)? + Sp(2) |y(P)z" 97 1dz forg—n+1</(<yg,

form a basis in the space of holomorphic differentials H'(K,). Introducing the invertible
matrix T € GL(g,C),

. (B.8)
e(k) = (ea(R), .. eg(R), es(k) = (Y1),
the normalized differentials w; for j =1,...,g,

g

wj =Y _ei(Om / wj =0k, Jk=1,....9 (B.9)

=1 Ok

form a canonical basis for H'(KC,). Near P, one infers

w= (w1, wy) = (a5 +ai’C+al)C +0(C)dC, (B.10)

where

ol = — {i?’_ ’ €= ; (B.11)
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— -1
g —n), 6_ : (B.12)

@ J(dVelg) +Velg —n) —e(g— 1)), e=1, B1
ay = @ (123 2)\2 _ (B.13)
(2e1” = (dg")P)e(g —n) —e(g —n—1) + (dy)’e(9)), €=2,
ete.,
and
y(P) =, (e +d7C+ 7 +d7¢ +0(C)) ¢ as P — P, (B.14)
with
© 4oy )01, e=1 e - B15
(CO ) 20 ) {(1,61(()2)), 5227 0 ° ( N )
In particular, using (A.32), (B.10), and (B.11), one obtains
1 2 c 1 2 L
7, e =af) o / W 5= 50l (B.16)

Finally, we turn our attention to special divisors.

From the theory of elementary symmetric polynomials one infers the following lemma.

Lemma B.2. Pick z € C, and denote by y1(2), y2(2), and y3(z2), the three solutions of (B.1).
These solutions are distinct if and only if the discriminant A(z) # 0. Moreover, introduce
Q; = (z,y;) € K, for j=1,2,3. Then

)
2)? = Su(2)%
IT7-1 (343(2)” + Sin(2)) = A(2).

Lemma B.3. Let my,...,m, € N with 375, m; = g and Q; = (2,y;), j = 1,2,3 as in
Lemma B.2. Suppose Py, ..., P. € K,. If

{Q1,Q2,Q3} C{Py,..., P}, (B.17)
then the diwvisor Dy, p+..km,p, € 09K, is special. In particular, if one of the points P; €
{Py,..., P.} is a triple point, then the divisor Dy, py...km,.p, € 09I, is special.

Proof. Using the identities in Lemma B.2, one readily computes

(B.18)

3
Jj=

! o )
3y () ; 30,2+ ()
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Thus,

choosing for simplicity the base point Py = P, a comparison of (A.56), (B.7), and

(B.18) yields

S A (@) = 0(mod L,). (B.19)

j=1

Thus Dy, py 4 tm, P, € 09K, is special by Theorem A.21. O
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