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AN EXPLICIT CHARACTERIZATION
OF CALOGERO-MOSER SYSTEMS

FRITZ GESZTESY, KARL UNTERKOFLER, AND RUDI WEIKARD

ABSTRACT. Combining theorems of Halphen, Floquet, and Picard and a Frobe-
nius type analysis, we characterize rational, meromorphic simply periodic, and
elliptic KdV potentials. In particular, we explicitly describe the proper exten-
sion of the Airault—-McKean—Moser locus associated with these three classes
of algebro-geometric solutions of the KdV hierarchy with special emphasis on
the case of multiple collisions between the poles of solutions. This solves a
problem left open since the mid-1970s.

1. INTRODUCTION

The principal purpose of this paper is to analyze rational, meromorphic simply
periodic, and elliptic (algebro-geometric) solutions of the Korteweg-de Vries (KdV)
hierarchy of nonlinear evolution equations and the associated Calogero—Moser-type
models. In particular, we derive an explicit characterization of the (properly ex-
tended) Airault-McKean—Moser (AMM) locus for stationary rational, periodic and
elliptic solutions of the KdV hierarchy. Our techniques rely on a combination of a
Frobenius-type analysis with results of Halphen, Floquet, and Picard in the ratio-
nal, simply periodic, and elliptic case, respectively.

Next we describe this topic in more detail. We freely use the notation introduced
in Appendix [Al in connection with the KdV hierarchy. In particular, we will often
call a solution ¢ of some equation of the stationary KdV hierarchy (and hence of
infinitely many such equations) a KdV potential.

We first consider the case of rational solutions ¢ of the stationary KdV hierarchy.
All such (nonconstant) solutions ¢ are known to be necessarily of the form

M

(1.1) q(2) = q0 =Y selse+1)(z = ¢) 2,

(=1
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where
qo € (Cv {C@}ISZSM C (Cv Cf’ 7é CZ for El 7é Ea 1 < Ea gl < M;
(1.2) M
se €N, 1<l< M, ZSE(55+1) =g(g+ 1) for some g € N.
(=1

The underlying spectral curve is then of the simple rational type
(1.3) y? = (FE — qo)%9tL.

(To avoid annoying case distinctions we will in almost all circumstances exclude
the trivial case N = g = 0 in this paper.)

On the other hand, not every ¢ of the type (L)), (I2)) is an algebro-geometric
solution of the KdV hierarchy. In general, the points {, must satisfy a set of intricate
constraints. In fact, necessary and sufficient conditions on (; for ¢ in (ILI)) to be a
rational KdV solution are given by

M
’ ’ 1
(1.4) ZWOforlngSgandlgégM.
g TS
=

This result was first derived by Duistermaat and Griinbaum [24], p. 199] in 1986,
as a by-product of their investigations of bispectral pairs of differential operators.
An elementary alternative derivation of this result on the basis of Halphen’s the-
orem, describing the structure of fundamental systems of solutions of differential
equations with rational coefficients (and a growth restriction at infinity), and an
explicit Frobenius-type analysis were recently provided in our paper [39]. For the
convenience of the reader we will summarize these results in Section

For a fixed g € N, (IL2)) and ([4)) yield a complete parametrization of all rational
KdV potentials belonging to the spectral curve (L3). In other words, they provide
a complete characterization of the isospectral class of KdV potentials corresponding
to (L3). The constraints (L4) represent the proper generalization of the locus of
poles studied by Airault, McKean, and Moser [5] in the sense that they explicitly
describe the situation where poles are permitted to collide (i.e., where some of
the sy > 1). In this context it seems appropriate to recall the collisionless case
associated with the traditional rational Airault—-McKean—Moser (AMM) locus. In
that case ¢ is of the form

N

(1.5) q(2) 290_22(2_23’)_27

where
g €C, N =g(g+1)/2 for some g € N,

{zihi<jsn CC, zj# 2y for j#£ 4, 1<j,j <N,
and the corresponding AMM locus is then given by

(1.6)

N
(1.7) > (z—2z) =0, 1<j<N.
J'=14'#]5
Equations (1), (LZ), and ([[4) are then the proper extensions of the traditional
equations (LH), (L6), and (1) in the presence of collisions, where some of the z;
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are permitted to cluster in groups of sy(s¢ + 1)/2 mutually distinct points {, with
sz\ilw(S(—I—l) =2N,s,eN 1 <(< M.

In the case of elliptic solutions of the stationary KdV hierarchy it is known that
all such (nonconstant) solutions g are necessarily of the form

M
(1.8) 9(z) = q0 = > _ se(se + Dz — o),
=1

where

g0 €C, {Ce}t1<e<m CC, (p # efor 0/ # 0,1 < 0,0 < M,

1.9
( ) se €N, 1</0< M.

(Here g denotes the Weierstrass elliptic function; cf. [2) Ch. 18] and Appendix [Bl)

On the other hand, as in the rational context, not every ¢ of the type (L), (L3)
is an algebro-geometric solution of the KdV hierarchy. Again, the points {; must
satisfy an analogous set of intricate constraints. In fact, combining a Frobenius-type
analysis and a theorem of Picard, describing the structure of solutions of differential
equations with elliptic coefficients, we derive necessary and sufficient conditions on
¢ for ¢ in ([L8) to be an elliptic solution. More precisely, our principal result, to
be proven in Section [2] reads as follows.

Theorem 1.1. Let q be an elliptic function. Then q is a Picard potential, that is,
the differential equation y" + qy = Ey has a meromorphic fundamental system of
solutions (w.r.t. z) for each value of the complex spectral parameter E € C, if and
only if there are M € N, sy e N, 1 <l < M, q9 € C, and pairwise distinct (; € C,
1 <¢< M, such that

M
(1.10) 9(z) = q0 =Y _ se(se+ D)z — )
=1

and

M
(1.11) Z se(se+ DRV =) =0 for 1 <k <spand 1 <0< M.
v
Moreover, q is an elliptic KdV potential if and only if q is of the type (LIQ) and
the constraints (LII)) hold.

To the best of our knowledge, a characterization of the elliptic AMM locus in the
presence of collissions of poles has remained an open problem since the mid-1970s
in spite of the extensive attention this topic has attracted over the years. Equations
(LII) provide an explicit solution of such a characterization. A discussion of the
pertinent literature will be provided in Section

Since p(z) converges to 1/2% in the limit as both of its periods tend to infinity,
condition (4)) is the rational analog of (LI]).

Again we briefly comment on the collisionless case associated with the traditional
elliptic AMM locus. In that case ¢ is of the form

N
(112) a(=) = a0 -2z — 2),
j=1
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where
(1.13) 20 €C, {zjh<jen CC, zj#zpforj#j,1<4,j <N,

and the corresponding AMM locus is then given by

N

(1.14) > W(z—2)=0 1<j<N.
J'=1j'#j

Equations (I.I0) and (LII]) are then the proper extensions of the traditional equa-~
tions (LI2), (LI3), and ([LI4) in the presence of collisions, where some of the z;
are permitted to cluster in groups of s;(sg + 1)/2 mutually distinct points ¢, with
S se(se+1)=2N, s, €N, 1 << M.

We also prove the analog of Theorem [I.1] for the case of simply periodic mero-
morphic KdV potentials bounded near the ends of the period strip, by combining
the same kind of Frobenius-type analysis with a variant of Floquet’s theorem, de-
scribing the structure of solutions of differential equations with simply periodic
meromorphic coefficients.

In Section 2l we provide the necessary background for rational, simply periodic,
and elliptic KAV potentials, and present our principal result on the extended AMM
locus in Theorem 211l Section Bl provides additional results on the extended AMM
locus in the rational and simply periodic cases. In particular, in these cases we prove
that the extended AMM locus is the closure of the traditional AMM locus in an
appropriate (in fact, canonical) topology. We also provide a detailed discussion of
the isospectral manifold of simply periodic meromorphic KdV potentials in Section
Bl Our final Section @ then provides some applications to the time-dependent KdV
hierarchy and the dynamics of poles of rational, simply periodic, and elliptic KdV
solutions with particular emphasis on collisions of poles. Appendix [Al reviews basic
facts on the KdV hierarchy, Appendix [Blsummarizes essentials of elliptic functions,
Appendix [(] recalls some results on symmetric products of Riemann surfaces, and
Appendix [Dl provides the proof of Theorem

Although this paper is not directly concerned with the Kadomtsev-Petviashvili
(KP) hierarchy and its connection with Calogero-Moser-type systems, it is clear
that this connection is responsible for much of the fascination surrounding this

circle of ideas. In this context we refer to [8], [20], [55], [59]-[62], [69], [70], [76],

2. RATIONAL, SIMPLY PERIODIC, AND ELLIPTIC SOLUTIONS
OF THE STATIONARY KDV HIERARCHY

In this section we recall an application of Halphen’s theorem to rational solutions
of the KAV hierarchy recently presented in [39] and then extend these arguments
to simply periodic and elliptic KdV potentials using corresponding theorems by
Floquet and Picard. More precisely, we revisit stationary rational KdV potentials
bounded near infinity (cf. [I], [3], [, B, 9], [25], [48], [63], [65], [67], [68], [79],
[95], [98] and the literature cited therein), stationary simply periodic KdV poten-
tials bounded near the ends of the period strip (cf. [5], [83], [98]), and stationary

elliptic KdV solutions (cf. [7], [5], [14], [16], [19], [21]-23], [26]-[31], [35], [53], [61],

[77), [78], [84]-[95] and the literature cited therein). In particular, we completely
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characterize the so-called locus of Calogero-Moser-type systems employing an el-
ementary Frobenius analysis. The time-dependent case (including a discussion of
collisions) will be presented in Section 4.

The principal results on the stationary KdV hierarchy, as needed in this section,
are summarized in Appendix [Al and we freely use these results and the notation
established there in what follows.

We start by describing Halphen’s original result. Consider the following nth-
order differential equation

(2.1) 0 (2)y " (2) + gn-1(2)y" D (2) + - + q0(2)y(2) = 0,

where g;, 0 < j < n, are polynomials, and the order of ¢, is at least the order of g;
for all 0 < j < (n — 1), that is,

(2.2a) Gm, are polynomials, 0 < m < n,
(2.2b) Gm /qrn are bounded near oo for all 0 < m <n — 1.

Then the following theorem due to Halphen holds.

Theorem 2.1 (Halphen [49], Ince [52 p. 372-375]). Assume 2.2) and suppose
the differential equation (Z1I) has a meromorphic fundamental system of solutions.
Then the general solution of ([21I) is of the form

(2.3) y(z) = Z cmrm(z)e/\’"z,

where 1., are rational functions, Ay, € C, 1 < m < n, and ¢;,, 1 < m < n, are
arbitrary complex constants.

Conversely, suppose 1., are rational functions and A\pm,cm € C, 1 < m < n. If
ri(2)eM?, ... r(2)e’? are linearly independent, then

(2.4) y(z) = Z cmrm(z)eAmZ

is the general solution of an nth-order equation of the type [2.1), whose coefficients

satisfy [22)).

For an extension of Theorem 2] to first-order n x n systems and the explicit
structure of the corresponding fundamental system of solutions we refer to our
recent paper [39].

Next, we treat the case of a simply periodic meromorphic potential. Halphen’s
theorem is then replaced by a variant of Floquet’s theorem which we state below
as Theorem

First, we recall a few basic facts from the theory of meromorphic, simply pe-
riodic functions (for more information see, e.g., Markushevich [64, Ch. II1.4]): If
f is a meromorphic periodic function with period 2w, then f*(t) = f(—iln(t)) is
meromorphic on C\{0}. If f is entire, then f* is analytic on C\{0}. We call a
function simply periodic if it is periodic but not doubly periodic. A meromorphic
simply periodic function ¢ with period w € C\{0} which is bounded as |Im(z/w)|
tends to infinity, is of the form

05 _ag + aleZﬂ'iz/w N ame27rimz/w
( . ) Q(Z) - bo + ble%riz/w S bme27rimz/w .
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In particular, such functions have only finitely many poles in the period strip

(2.6) Sy ={z€ C|0<Re(z/w) < 1}.
We will call such functions bounded near the ends of the period strip S,,. Note that
. ao
2.7 lim z)=—=4q"(0
( ) Im(z/w)ﬂooq( ) bo ¢ ( )
and
. Qm
2.8 lim z) = — = q"(0).
(2.9 ol ) =5 = (o)

Next, consider the nth-order differential equation

(2.9) v () + gn1 (2)y V() + -+ qo(2)y(2) = 0,

where ¢;, 0 < j < n—1, are meromorphic, simply periodic functions with a common
period w € C\{0}, bounded near the ends of the period strip S,,. Then the following
variant of Floquet’s theorem holds.

Theorem 2.2 (Weikard [99]). Suppose the differential equation (Z9) has a mero-
morphic fundamental system of solutions. Then there exists a solution y, of the
differential equation [Z9) of the form

(2.10) y1(2) = R(e¥™*/¥) exp(iAz),
where R is a rational function and \ satisfies
(2.11) (X" + g 1 (0)(EN)" ! + -+ ¢5(0) = 0.

Remark 2.3. (i) This version of Floquet’s theorem differs from the standard one by
imposing considerably stronger hypotheses on the coefficients ¢; and the nature of
all solutions of (2. In return it provides a considerably stronger conclusion with
regard to the explicit form of the solution ;. An extension of Theorem to the
case of first-order systems is discussed in [I00].

(ii) The conditions in Theorem apply to stationary soliton solutions of the
Gelfand—Dickey hierarchy which are periodic with a purely imaginary period.

Finally, we turn to elliptic KdV solutions and start by describing Picard’s original
result. Consider the following nth-order differential equation

(2.12) ¥ (2) + @1 (2)y ™V (2) + -+ qo(2)y(z) =0,

where ¢;, 0 < j < n — 1, are elliptic functions associated with the same period
lattice generated by the fundamental half-periods wy, ws with Im(ws/wq) > 0.

Assuming the fundamental system of solutions of (Z.I) to be meromorphic, the
following theorem due to Picard holds.

Theorem 2.4 (Picard [T1]-[73], Ince [52, pp. 372-375]). Suppose the differential
equation 2I2) has a meromorphic fundamental system of solutions. Then there
exists a solution y; of (2I2) which is elliptic of the second kind, that is, yi is
meromorphic and there exist constants p; € C, j = 1,2, such that

(2.13) yi(z +2wj) = pjyi(z), j=13,z€C

If in addition, the characteristic equation corresponding to the translation z —
z 42wy or z — z + 2ws (see [B2, pp. 358, 376]) has distinct roots, then there
exists a fundamental system of solutions of (212 which are elliptic functions of
the second kind.
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The characteristic equation associated with the substitution z — z4-2w;, j =1, 2,
alluded to in Theorem 2.4 is given by

(2.14) det[A — pI] =0,
where
(2.15) (z 4+ 2w;) Z arpdk(2), A= (arr)i<ek<n,

and ¢1, ..., ¢, is any fundamental system of solutions of (2I2]).

What we call Picard’s theorem following the usual convention in [6) pp. 182-
185], [15, pp. 338-343], B0, pp. 536-539], [58, pp. 181-189], appears, however, to
have a much longer history. In fact, Picard’s investigations [7T1]-[73] were inspired
by earlier work of Hermite in the special case of Lamé’s equation [51, pp. 118-
122, 266-418, 475-478] (see also [9, Sect. 3.6.4] and [I03] pp. 570-576]). Further
contributions were made by Mittag-Leffler [66] and Floquet [32]-[34]. Detailed
accounts of Picard’s differential equation can be found in [50L pp. 532-574], [58] pp.
198-288].

For an extension of Theorem [2.4] to first-order n x n systems and the explicit
structure of the corresponding fundamental system of solutions we refer to [40].

We continue by quoting a number of known results on stationary rational, simply
periodic, and elliptic KdV potentials. To simplify notation in what follows we
introduce the unifying notation P to denote

272 in the rational case,
(2.16) P(z) = 7’—2 ([sm(wz/w)] — %) in the simply periodic case,
p(2) in the elliptic case.

We note for later purposes that the three cases depicted in (ZIG]) can be viewed
as specializations of the elliptic case in the following sense: we recall the invariants
g2 and g3 associated with p(-) = p(-|g2, g3) as introduced in (B:2). Then (cf. [2]
p. 652])

©(2[0,0) in the rational case,
(217)  P(z) = p(z|[2n?/w?]?/3,[2n% /w?]?/27)  in the simply periodic case,
o(z|g2, 93) in the elliptic case.

Here and in the following, the rational case always refers to rational potentials
bounded near infinity, and similarly the simply periodic case always refers to mero-
morphic simply periodic potentials bounded near the ends of the period strip.

Theorem 2.5. Let N € N, {z;}1<j<n C C and define P as in (2I6).

(i) (Airault, McKean, and Moser [5], Gesztesy and Weikard [43]) Any rational,
simply periodic (bounded near the ends of the period strip) or elliptic solution q of
some equation (and hence infinitely many equations) of the stationary KdV hier-
archy, or equivalently, any rational, simply-periodic (bounded near the ends of the
period strip) or elliptic algebro-geometric KdV potential q, is necessarily of the form

N
(2.18) q(z) = qo — 2 ZP(Z - 2j),
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for some g9 € C and N € N. In the rational case, N is of the special typ
N =g(g+1)/2 for some g € N.

(ii) (Adrault, McKean, and Moser [5], Gesztesy and Weikard [43], Weikard [98])
If one allows for “collisions” between the z;, that is, if the set {zj}1<;j<n clus-
ters into groups of points, then the corresponding algebro-geometric potential q is
necessarily of the form

M
(2.19) 9(2) = q0— Y _ se(se + 1)P(z — )
=1
N
(2.20) =q—2Y Plz—2z),
j=1
where
{zihi<j<n = {{}1<e<mr C C with (¢ pairwise distinct,
2.21 M
(2.21) se €N, 1<L0<M, Y si(sg+1)=2N.
=1

(iii) The extreme case of all z; colliding into one point, say (1, that is, {z;}1<j<n
= {1} C C, yields an algebro-geometric KdV potential (also called Lamé potential
in the elliptic case; cf. [A1], [AT] and the extensive literature therein) of the form

(2.22) q(z) =g —g(g+1P(z-G), geN,
and no additional constraints on ¢, € C.
(iv) If q is a KdV potential, the underlying hyperelliptic curve ICy is of the form

2g
(2.23) Ky:v? = H (E — E,,) for some {Ep, }o<m<2g C C.

m=0
If q is a simply periodic meromorphic KdV potential of period w, bounded near the
ends of the period strip S,,, one infers (Weikard [99])

Ey=q"(0) =€y, FEop_1=Fap=-¢ep, 1 <p<g for some {em}o<m<g C C,

(2.24)

em 7 em form#m', 0<m,m’ <g,
(2.25)

g (e*™?) = q(2),

and the corresponding simply periodic (singular) hyperelliptic curve K, in ([223)
reduces to the special form
g
(2.26) Kg: v = (E—eo) [[(E - ep)*.
p=1
In the special case where q is a rational KdV potential, one obtains

(2.27) Ey=--=Ey=q
and hence [Z23) reduces to the especially simple form of a rational curve
(2.28) Kg:y? = (E — o).

1N € N is called triangular if there is a g € N such that N = g(g + 1)/2.



CALOGERO-MOSER SYSTEMS 611

In particular, the KdV potentials (218)), I9), and @22) are all isospectral.

(v) (Gesztesy and Weikard [45], Weikard [98]) Suppose q is a rational function,
or a meromorphic simply periodic function bounded near the ends of the period strip,
or an elliptic function. Then q is a KdV potential if and only if " + (¢— E)Y =0
has a meromorphic fundamental system of solutions (w.r.t. z) for all values of the
spectral parameter E € C.

(vi) (Gesztesy, Unterkofler, and Weikard [39]) If q is a rational KdV potential
of the form 2I9), then y" + qy = Ey has linearly independent solutions of the
Baker—Akhiezer-type

220) (B = (2B ( [][+572- <>]>

p=1

E e C\{q}, z€C,

with py(2) = v,(2)%, 1 < p < g, the zeros of Fy(z,x) as defined in (AI3) and the
elementary symmetric functions of vp, 1 < p < g, are rational functions.

(vii) (Weikard [99]) If q is a simply periodic meromorphic KdV potential of period
w, bounded near the ends of the period strip S,,, of the form [ZI9), then y"” + qy =
FEy has linearly independent solutions of the Baker—Akhiezer-type

g
(2.30) Yi(E,z) = < Z T'm (eQWiz/“’)(j:)\)m> e, (62”""/“’) =1,
m=0
E € C\{em}o<m<g, €0 =¢q"(0), E=)>+¢*(0), z€C,

where rp,, 0 < m < g —1, are rational functions.

Remark 2.6. (i) In connection with Theorem 25(v) we note that the “only if”
part follows from the explicit theta function representation of the Baker—Akhiezer
function due to Its and Matveev [54] in the special case where K, is nonsingular
and from the loop group and 7-function approach of Segal and Wilson [75] in the
general case of possibly singular hyperelliptic curves.

(ii) Strictly speaking, the version of Theorem 2F(v) in the rational case proven
in [98] assumes, in addition to ¢ being rational, that ¢ is bounded near infinity.
However, a simple inductive argument using (AT]) proves that a rational function
¢ unbounded near infinity cannot satisfy any of the stationary KdV equations (cf.
39)).

(iii) While ([226) is not explicitly recorded in [99], it immediately follows from
30) by noting that the curve is of the form

(2.31) Ky y? = Wbs (0, ), 6o (0, )? = (B = " (0) [[ (B - e,)

for some e, € C, 1 <p<yg.

Remark 2.7. Combining the explicit form of the rational and simply periodic hy-
perelliptic curves (228) and ([2.26]) with [36, Theorem 2.3] shows that all rational
and meromorphic simply periodic KdV potentials (bounded near the ends of the
period strip) satisfying s-KdV4(¢q) = 0 (cf. (A16]) can be generated from the genus
zero case q(x) = qo, respectively, q(x) = ¢*(0), by precisely g Darboux transforma-
tions. This is in sharp contrast to the elliptic case and will play an important role
in Section Bl
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Remark 2.8. For future purposes we note the following 7 function representation
of the function ¢ in [ZI8). In accordance with the three cases discussed in (2.10),
we now define

0(2]0,0) =z in the rational case,
2 2 212 3.12 2 213 27

@a2) oz = | CLTTBROLT D

= (w/m)sin(mz/w) exp[r?2?/(6w?)] in the simply periodic case,

o(z|g2,93) in the elliptic case,

with () = o(-|g2,93) the Weierstrass o-function in the elliptic case associated
with the invariants go and gs (cf. [2 Sect. 18.1]), and

N
(2.33) (2215, 2N) = Hy(z—zj).

J=1

Then obviously,

N
q(z) =qo—2) Pz~ z)
j=1

(2.34) = qo + 2[In(7(z; 21, ...,2n))]".
Theorems 2.JH2.4] motivate the following definition.

Definition 2.9. (i) Let ¢ be a rational function. Then ¢ is called a Halphen
potential if it is bounded near infinity and if y” + qy = Ey has a meromorphic
fundamental system of solutions (w.r.t. z) for each value of the complex spectral
parameter E € C.

(ii) Let ¢ be a simply periodic meromorphic function. Then g is called a Floquet
potential if it is bounded near the ends of the period strip and if ¥’ + qy = Ey
has a meromorphic fundamental system of solutions (w.r.t. z) for each value of the
complex spectral parameter F € C.

(iii) Let ¢ be an elliptic function. Then ¢ is called a Picard potential if v 4+ qy =
Ey has a meromorphic fundamental system of solutions (w.r.t. z) for each value of
the complex spectral parameter E € C.

By Theorem [ZH(v), ¢ is a Halphen (respectively, Floquet or Picard) potential
if and only if ¢ is a rational (respectively, simply periodic meromorphic (bounded
near the ends of the period strip) or elliptic) KdV potential, or equivalently, if and
only if it satisfies one and hence infinitely many of the equations of the stationary
KdV hierarchy (cf. Definition [A]).

Next, we turn to the principal aim of this paper, the precise restrictions on the
set of poles {2 }1<j<n = {(¢}1<e<nsr of ¢ in (ZI8) to be a KAV potential. We start
with the following known fact.

Lemma 2.10. Suppose q is meromorphic in a neighborhood of zo € C with a
Laurent expansion about the point zo of the type

(2.35) 9(z) = > qi(z = 20)" 2,
j=0
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where qo = —s(s + 1) and, without loss of generality, Re(2s + 1) > 0. Define for
o€ C,

(2.36) folo) =—0(0—1) —qo = (s + o) (s +1~0),
TS LR s
(2.38) ci(0) = D fg(q; +mjc)’”(‘7), jEN,
(2.39) Z ¢j(0)(z — 20)7 ™,
(o, 2) = ZZ’(U 2)
(2.40) = Z ) + ¢j(0)n(z — 20)) (2 — 20)7* if (25 + 1) € N,.

If (2s + 1) ¢ Ny, then y" 4+ qy = 0 has the linearly independent solutions y; =
w(s+1,) and y2 = w(—s,+). If (2s +1) € Ny, then y" 4+ qy = 0 has the linearly
independent solutions y1 = w(s+1,-) and yo = v(—s, ).

Moreover, v + qy = 0 has a meromorphic fundamental system of solutions near
zo if and only if s € Ny and cos11(—$) = 0.

This is a classical result in ordinary differential equations (cf., e.g., [62, Chs. XV,
XVI]). A recent proof adapted to the present context can be found in Section 3 of
[08]. We note that ¢ is not assumed to be rational, simply periodic, or elliptic in
Lemma

Our principal new result on simply periodic and elliptic solutions of the station-
ary KdV hierarchy then reads as follows (we recall our notational convention (210])
to unify the rational, simply periodic, and elliptic cases by the symbol P).

Theorem 2.11. Let q be a rational function bounded near infinity, or a simply
periodic function bounded near the ends of the period strip, or an elliptic function.
Then q is a Halphen, or a Floquet, or a Picard potential if and only if there are
MeN, sy €N, 1<l< M, qy € C, and pairwise distinct (; € C, 1 <€ < M, such
that

M
(2.41) q(z) =qo— Y _ se(se + 1)P(z — ()
(=1
and
M
(242) Y se(se + PG —Cu) =0 for 1<k < sy and 1 <0< M.
ook

Moreover, q is a rational, simply periodic (bounded near the ends of the period strip)
or elliptic KdV potential if and only if q is of the type A1) and the constraints
Z22)) hold.

In the particular rational case, for fized g € N, the constraints [Z42) characterize
the isospectral class of all rational KdV potentials associated with the curve y*> =

(E — q0)?9%, where g(g+1) = Zéj\il se(se+1).
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Proof. The proof of the current theorem is analogous to the one presented in the
rational case in [39]. However, we use this opportunity to improve the presentation
of the proof and to remove some inaccuracies. As pointed out at the end of the
proof, it is sufficient to focus on the elliptic case.

By Theorem 2B (v), it suffices to prove the characterization of Picard potentials.
Suppose that ¢ is a nonconstant Picard potential. Then a pole zy of ¢ is a regular
singular point of " + qy = Ey and hence

(2.43) a(z) = B=>Qj(z — %)~
j=0

in a sufficiently small neighborhood of zy, where Q5 is a polynomial of first degree
in F, while Q; for j # 2 are independent of E. The indices associated with zo,
defined as the roots of (o0 — 1) + Q¢ = 0 (hence they are E-independent), must be
distinct integers whose sum equals one. We denote them by —s and s + 1, where
s € N, and note that Qo = —s(s+1). We intend to prove that (2,41 = 0 whenever
j €40,...,s} by applying Lemma 2T0l Proceeding by way of contradiction, we
thus assume that for some nonnegative integer k € {0,..., s}, Qart1 # 0 and k is
the smallest such integer.

We note that fo(-+ j) are positive in (—s —1,—s+1) for j = 1,...,2s, whereas
fo(- +2s + 1) has a simple zero at —s and its derivative is negative at —s. Next
one defines

2541

(2.44) 20(0) = [T folo+).

Note that 7o has a simple zero at —s and that v{(—s) is negative.
The functions ¢y = vy and ¢; = Q170/fo(- + 1) are polynomials with respect
to E. Actually, ¢y has degree zero in E and c¢; has degree at most zero (¢; might

be equal to zero). Hence the relations ([2:45), [246), [2:47), and [24]) below are

satisfied for j = 1 if we let v1(0) = Y0(0)/fo(c + 1). Next let £ be some integer
in {1,...,s}. Assume that there are suitable coefficients ~,, p =0, ...,2¢ — 1, such
that the functions cg,. .., cop_1 are polynomials in E satisfying the relations

= Oa rYéj—Z(_S) < Oa
72j—1(0)Q2k+1Qéik71 +O(ET7F2),
Y2j—1(—s) =0, ’Yéj—l(*s) <0

for 1 < j < ¢ as E tends to infinity. Using the recursion relation (2.38]) we then
obtain that ca¢(0) and cap41(0) are polynomials in E and that

(2.49) c(0) = %Qg +O(EY,

_ v2e-1(0) + 12—k ()
(2.50) cay1(o) = folo 120+ 1)

as F tends to infinity. Letting

Q2 +1Q5 F + O(E ™+ )

Yoo = Yae—2/fo(- +2€) and  yaer1 = (Vae—1 + Yo(e—k))/ fo(- + 20+ 1)
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we find that relations (2.45)), (240) and [247]) are satisfied for j = £+ 1. Moreover,
relation (248) is also satisfied unless ¢ = s. Hence we proved that cosyq1 is a
polynomial in E and that

~ Y2s-1(0) + Y2(5-1) (0)
(2.51) c2s41(0) = fO(U +2s5+1)

Qor1Q57 " +O(E*F ).

But both 7251 + Ya(s—k) and fo(- + 25 + 1) have simple zeros at —s. Therefore
Yos+1(—s) is different from zero. In fact

hema(=9) ey (-5)

0.
25 +1 >

(2.52) Yos+1(—8) =

Lemma 210 then shows that y” +qy = Ey has a solution which is not meromorphic
whenever E is not a root of the polynomial cosy1(—s). This contradiction proves
our assumption Qory1 # 0 wrong.

Since @1 = 0, we proved that if ¢ is a Picard potential with pairwise distinct
poles (i,...,Cp, then the principal part of ¢ about any pole (; is of the form
—s¢(s¢ + 1)/(z — ¢)? for an appropriate positive integer s,. Since ¢ is elliptic,
Theorem then proves ([2-41]). This immediately implies that for zg = (,

M

(2.53) Qokt1 = — Z ser(ser + 1)
=1
=,

ﬁp(%_l)@e — ().

This proves necessity of the conditions [2:41]) and ([ZZ42]) for ¢ to be a Picard poten-
tial. To prove their sufficiency we now assume that (Z41]) and (Z42) hold. Then, if
zo denotes any of the points (y, one infers that the corresponding cas,+1(—s¢) = 0.
Lemma then guarantees that all solutions of y” + gy = Ey are meromorphic
and hence that ¢ is a Picard potential.

The proof for simply periodic or rational potentials is virtually the same. Indeed,
the proof presented in the elliptic case uses only the fact that ¢ is meromorphic and
that elliptic functions allow a partial fractions expansion, which is true for simply
periodic meromorphic functions, too. In particular, Lemma does not rely on
q being elliptic. O

Remark 2.12. To the best of our knowledge, the explicit characterization (242
of the simply periodic and elliptic AMM locus is new in spite of the considerable
attention devoted to this circle of ideas. It solves a problem left open since the
mid-1970s. The algebraic curves associated with various special cases of (2.41]) and

have been extensively studied, and we refer, for instance, to [9, Sects. 7.7,

7.8], [IO-[13], [29]-[31], [35], [41]-[46], [56], [77], [78], [80], [§1], [84]-[95].

Remark 2.13. (i) The necessary and sufficient conditions on ¢, for ¢ in (241 to
be a rational KdV potential were first obtained by Duistermaat and Griinbaum
[24] in their analysis of bispectral pairs of differential operators. Our approach to
proving the locus characterization (2:42) in [39] was based on Halphen’s theorem
and a direct Frobenius-type analysis exactly along the lines just presented in the
elliptic case.
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(ii) We note that the restrictions (242) simplify in the absence of collisions,
where sy =1, 1 < ¢ < N. In this case (2.42]) reduces to

N

(2.54) Y Plzj—z)=0, 1<j<N,

j'=1

i'#i
which represents the well-known locus discussed by Airault, McKean, and Moser
[5]. Equation ([2:42) properly extends this locus to the case of collisions (i.e., to cases
where some of the sy, > 1). Since the locus defined by ([2.54]) was first systematically
studied by Airault, McKean, and Moser [5], we decided to call it the Airault—
McKean—-Moser (AMM) locus. Since the extended AMM locus (Z42), that is,

M
(255) Y se(se+ )P — ) =0for 1<k <spand 1 <0< M,
=1
0'#L
was first derived by Duistermaat and Griinbaum in the rational case, from this point
on we will call (2553]) the Duistermaat and Griinbaum (DG) locus. The AMM and
DG loci will be further explored in Sections Bl and [ (cf. Theorems B7 and [£3]).
(iii) For k = 1, conditions (Z42) coincide with the necessary conditions at colli-
sion points found by Airault, McKean, and Moser [5] in their Remark 1 on p. 113.
However, since there are additional necessary conditions in (Z42) corresponding to
k > 2, this disproves the conjecture made at the end of the proof of their Remark 1.
(iv) In the special elliptic case N = 3, the DG locus (253 was explicitly de-
termined by Airault, McKean, and Moser [5 p. 140] using a different method (in
this case one simply joins the diagonal z; = zo = 23 to the original AMM locus, cf.
(@),
(v) In the rational case it is known that the AMM locus is nonempty if and only if
N is of the type N = g(g+1)/2 for some g € N (cf. [5], [75]). In the simply periodic
case we will derive new results in Section[3l The analogous result in the elliptic case
is more involved. Various examples in connection with Lamé and Treibich—Verdier
potentials and their generalizations, in which the elliptic AMM locus is nonempty,
are discussed, for instance, in [5], [9, Sects. 7.7, 7.8], [I0]-[13], [21], [23], [26]-[31],

1351, [411-143], [47], [53], [56], [61], [77], [78], [80], [81], [84]-[95]. For a systematic
treatment of the elliptic locus we refer, in particular, to [43], [84]-[87], and [89]-[94].

Next, we present a result on the KdV recursion coefficients f; (cf. Appendix[Al),
extending Proposition 4 in [5].

Theorem 2.14. Assume that {z;}1<j<n C C are pairwise distinct, z; # zy for

j#£k, 1<j,k<N and suppose the AMM locus conditions are satisfied, that is,

N
(2.56) > Pz —2)=0for1<k<N.

=1

g?fk
In addition, let q be a rational, simply periodic (bounded near the ends of the period
strip), or elliptic KdV potential of the form

N
(2.57) q(z) =qo—2 ZP(Z —zj).
j=1
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Then q satisfies some of the equations of the stationary KdV hierarchy. Next, define
the KdV recursion coefficients f; as in (AJ). Then, f; are of the form

N

(2.58) fo=1, fi(z)=d;+> ajxP(z—z), jEN,
k=1

for some {a; x}<k<n CC and d; € C, j € N. More precisely, d; is of the fornﬂ

2€ - N .
(2.59) E)+ ch o E R b, JEN,
with ¢o(E), £ € Ny, given by (m and a; . satisfying the recursion relation

(260) aok = 0, 1 S k S N, d() = 1,

N
aji1k = ajngo — dj — Y (a0 +2a;%)P(zx — 20), jENg, 1<k <N.
7k
Proof. The choice
(2.61) aor=0,1<k<N, do=1,

proves (Z58)) for j = 0. Next, assume that it is valid for some nonnegative integer
j and note that by (ATl

1 .
(262) f]/'—',-l 4 /”+qu + qf]7 AS NO'
Next, we introduce the asymptotic expansion
(2.63) P(z) =22+ 0(2%) as z — 0,

and define the quantities

N
(2.64) Qj,kﬂ‘ = ajk ZP( 2k — Zg ] Er Za [P( ) Zk - Z@)
iZh 7k
j,re€Ng, 1 <k <N.
Then Q; 1 =0, j € Ny, 1 <k <N, by hypothesis ([2.56) and one computes, as z

approaches zj,

(2.65) % F1(2) = —6az(z — )" + O(1),
a(2) f}(2) = 4a; k(2 — 21) 7" + (4Qj k0 — 2a;,kq0) (2 — 2) °
— 2Rj’k,1(z — Zk)72

(2.66) —2(Rjk2 — Qjr2)(z —2z) 1 +0(1),
lql(z)fj(z) = 2a;5(2 — 21) " + 2(Rj0 + dj) (2 — 2,) 7
+2R; p1(z — 2p) 2
(2.67) + (Rjka — Qjro)(z — z) "' +O(1).

2We use the standard abbreviations (2¢ — 1)!! =1-3---(2¢ — 1), ¢ € N.
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Since f;41 is a differential polynomial in g, it is a meromorphic function and hence
the residues of its derivative are zero. This implies that

N
(2.68) Rjkz— Qjk2= > (aj0—ajn)P (2 —2) =0, j€Ng, 1<k<N.
(7
Hence, as z approaches z,
(2.69) Fiv1 = (4Qj k0 + 2R; k0 + 2d; — 2a;5q0) (2 — 2zx) 7> + O(1).
Define
(2.70) a1k = a5 G0 — dj — 2Q; k0 — Rj ko0
and
N
(2.71) pir1(2) =Y a1 kP (2 — z).
k=1

This implies that the function fJ’.+1 —p;_H, as well as its antiderivative fj11 —pjt1,
are entire. Since fj4; is a differential polynomial in ¢, fj11 — pj4+1 is equal to
a constant, say djyi, in the elliptic case. In the simply periodic meromorphic,
or rational case, fj;1 — pj+1 is simply periodic meromorphic, or rational, and one
arrives at the same conclusion by considering the behavior of f; 11 —p;4+1 at infinity.
This proves

N
(2.72) firn=di1+Y a1 6Pz — 2)
k=1

and hence (Z58). By induction on j one verifies from (Z62) that f;, j € N, contains
the term «j¢’, where

2j + 1

(2.73) a1 = maj, JEN, a3 =1/2,
implying
(2.74) o = (2]2]]'1)” jeN.
Since according to (A9),
J
(2.75) fi=>ci-uf
k=0

with ¢, = ¢(E) as defined in (A228)), one infers that the constant term in f; is of
the form

J
(276) Cj + ch—kakqlg-
k=1

Together with ([Z74) this proves (2359), which in turn proves (Z60) because of
@.7q). 0
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Finally, we derive the analog of (Z58) for f; in the presence of collisions. To the
best of our knowledge, this is a new result. However, since the corresponding proof
based on induction is a bit lengthy (even though the arguments involved are quite
elementary), we defer its proof to Appendix

Theorem 2.15. Assume M € N, s, e N, 1 << M, q9 € C, and suppose (, € C,

£=1,..., M, are pairwise distinct. Consider
M

(2.77) a(z) = q0 — Z se(se +1)P(z — Co),
=1

and suppose the DG locus conditions

M
(278) Y se(se + PG —Cu) =0 for 1<k <sp and 1 <L <M
vt

are satisfied. Then

M min(j,s¢)
(2.79) fo=1, fi(2)=d;i+Y > auPl-C)" jeN,
=1 k=1

fO’f' some {aj,l,k}1§k§min(j,55),1§E§M c C and d]' S C, j € N.

3. ADDITIONAL RESULTS ON THE AMM AND DG LocCI

The principal purpose of this section is a closer examination of the locus of poles
with special emphasis on collisions. In particular, we will prove in the rational and
simply periodic cases that the DG locus is the closure of the AMM locus in an
appropriate (in fact, canonical) topology.

Following our strategy of describing the rational, simply periodic, and elliptic
cases simultaneously whenever possible, we first introduce

C in the rational case,
(3.1) X = C/A, in the simply periodic case,
C/A2u, 205 in the elliptic case,

where A, denotes the period lattice
(3.2) A, ={mweC|meZ}, weC\{0},

in the simply periodic case, and Ay, 2., denotes the period lattice
(3.3)
Aoy 2wy = {2mwr + 2nws € C| (m,n) € 7%}, wi,ws € C\{0}, Tm(ws/w;) > 0,

in the elliptic case. In addition to the cartesian product XV = X x --- x X (N
factors), N € N, we also need to introduce the Nth symmetric product XV /Sy of
X defined as in (CIl), with Sy denoting the symmetric group on N letters acting
as the group of permutations of the factors in the cartesian product X. The
elements of X% /Sy are denoted by [21, ..., 2x], and X~ /Sy will be endowed with
the quotient topology 7g, as discussed in Appendix [C]
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Next, we fix N € N and define the Airault-McKean-Moser (AMM) locus of
poles L C XV /Sy by

N
EN:{[zla---va]GXN/SN Z P'(z; —zy)=0,1<j <N,
i'=1,3'#
(3-4) and z; # zj for j # 5, 1< j,j' < N}

in the collisionless case.
In the presence of collisions, £y needs to be extended to what we called the
Duistermaat—Griinbaum (DG) locus in Remark 2ZT3I(ii), £y, defined by

Z:\l =X = Ll;
N N-1
(5.5) Ev=tnU U U M, N22

M=1 S1,..-,8 M EN
oLy se(se+1)=2N

where
( {Zl,..., [Cl,...,Cl]GXN/SN},
————
N
81€N 81(51+1)—2N M=1,
< SM {Zla"'a [<17"'7<17C27"'7C27"'7CMa"'aCM]EXN/SN
——— ——— —_——
51(51+1)/2 82(82+1)/2 SM(SA1+1)/2
M
> se(se + PP =) =0, 1<k<s, 1<L<M,
=1, 0020
(3.7) and (; # Cp forf#f’,1<€,€’<M},
M
se €N, 1<L<M, > si(se+1)=2N, M >2.
=1

In addition to the AMM and DG loci we find it convenient to introduce the following
additional locus:

N
Ay = {[21,...,2']\7] e XV/Sx|qlz) = —QZP(Z— z;) is an
j=1
(3.8) algebro-geometric KdV potential}.

Remark 3.1. (i) Some of the sets My, . s,, in the decomposition B3] of the DG
locus (B3] may of course be empty. To illustrate this fact it suffices to consider the
simple g = 2 (N = 4) elliptic example

4
(3.9) 72(2) = =2 p(z - w))
j=1
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(here wy = 0; cf. Appendix [B] for the notation employed in connection with elliptic
functions), a special case of the family of Treibich—Verdier examples analyzed in
detail in [42]. In this case it is clear that the isospectral manifold of KdV potentials
of go contains no element of the form ¢a(2) = —8p(z — (1) for some (; € C since
8 # s1(s1 + 1) for any s; € N. In particular, there exists no possibility in the
corresponding DG locus associated with the isospectral class of KAV potentials of
the form §(z) = —2 Z?Zl p(z — z;) for all z1,...,24 to collide at a point ¢; € C
and hence My, = () in B3], (B.6) in connection with example ([39). This simple
example also shows that for fixed genus g, the corresponding set of elliptic KdV
potentials corresponds to several DG loci EN for different values of IV, in stark
contrast to the rational case.

(ii) Actually, it is easily seen that the situation is even more complicated in the
elliptic case. An analysis of the KAV potentials (cf. [42])

(310)  qu(z) = —20p(z — wy) — 12p( — ),

(3.11) Ga(z) = —20p(z — wj) — 6p(z —wk) — 6p(z — wy),

(3.12) g5(2) = —30p(z — wj) — 2p(z — wk),

(313)  d5(2) = —12(z — wj) — 12p(5 — wp) — 6p(z — wr) — 20(= — wn),

where j, k, £, m € {1,2,3,4} are mutually distinct, then shows the following:
The potentials ¢4 and ¢4 correspond to (arithmetic) genus g = 4, while g5 and
g5 correspond to g = 5. However, we note that all four potentials correspond to
N =16 in [Z57). In addition, it can be shown that g5 and g5 are isospectral, while
q4 and g4 are not. In particular, since ¢4 and ¢4 are not isospectral, there is no KdV
flow that deforms g4 into ¢4, and one infers that in the elliptic case the DG locus
for fixed N in general consists of several disconnected components. The latter fact
is again in sharp contrast to the rational case where for fixed N all potentials (with
asymptotic value g as |z| — oco) flow out of ¢4(2) = go—g(g+1)z2, N = g(g+1)/2.

(iii) The simply periodic case is somewhat intermediate between the rational and
elliptic cases. While it is clearly more complex than the rational case (e.g., not all
simply periodic KAV potentials flow out of a single potential such as gy —g(g+1)z2
in the simpler rational case), it is still possible to explicitly describe the connected
components of the DG locus for fixed genus g (cf. Theorem BI6l). This is related
to the facts described in Remark 277

(iv) We note that by Theorem [2.11]

(3.14) ﬁNCEN:AN.

Next we closely investigate the case of rational KdV potentials. In this case
X = C and P(2) = 272, We start with the following known result relating the
coefficients and the roots of a polynomial.

Lemma 3.2. Fiz N € N, assume ro =1, (r1,...,rnx) € CV, and let

N N
(3.15) ™w(z) = ZTkaZk = H(z -z;), z¢€C,
k=0

Jj=1
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be a monic polynomial of degree N with divisor of zeros [z1,...,2n] € CN/Sy.
Introduce the map

N _ N
0. {(C CN /Sy

(3.16) (riy...,rn) — [z21(r1, oo oy oo 2N (P, oo )]

Then ®., is a homeomorphism.

Let Q C CN and @y q: Q — ©,,(Q) be the restriction of @ to Q. If Q and
O, (Q) are both equipped with their relative topologies, then O, o is a homeomor-
phism.

Proof. Although the first part of this lemma is well known, we briefly sketch a proof
for completeness: As zeros of a polynomial vary continuously with the coefficients
of a polynomial, ® is continuous. The map & is clearly a bijection. The continuity
of the inverse of ® is obvious since the coefficients 7, are polynomials (in fact,
elementary symmetric functions) of the roots [z1, ..., zn].

It is clear that ®,, o is a bijection. Let V be an open set in &, (Q). Then
there is an open set U C CV /Sy such that V = U N ®,,(Q). The preimage of
V under @, o equals ®-1(U) N Q. Since ®-1(U) is open in CV, the preimage
®-! (V) is open in Q. Thus &, o is continuous. The continuity of & 19 is

TN » Q
shown analogously. [l

Next, let R = Cl[to,...,tys—1] denote the ring of polynomials in ¢, ..., t,—1 with
coefficients in C and 7 a monic polynomial in R[z] (the ring of polynomials in z
with coefficients in R) of degree N = g(g + 1)/2 for some g € N. The polynomial
Tn induces a map

N
317w, JC T XT/SN
(tor - tg-1) = [21 - 2,

Zj :zj(rl(t()v"'7tg—1)""7TN(th'"atg—l))v 1 S]SNa

where
TN (tos -5 tg—1,2 ZTN k(toy - tg_1)2"
N
(318) H Z—Z] T1 to,...,tg_1)7...,T‘N(t(),...,tg_l))),
j=1
ro=1, z € C.
We note that
(319) \II _q)TN, ((Cg) o@TN)

where
C9 —CN
(3.20) O, : -
(t(), N 7ifg,1) — (Tl(to, N 7tg,1), . 7’I’N(to, . 7tg,1))
and
(3.21) Pry.0., () = Prylo., (@)

Next, we list the following known results (we recall that N € N is called trian-
gular if there is a g € N such that N = g(g +1)/2).
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Theorem 3.3 (Airault, McKean, and Moser [5, Prop. 2.2, Cor. 3.2]). If N is
triangular, then Ly (and hence Ay) is not empty. If N is not triangular, then Ay
(and hence LN) is empty.

Theorem 3.4 (Airault, McKean, and Moser [5, Thms. 3.2], Adler and Moser [3]
Sect. 4]). Suppose g € N and N = g(g + 1)/2. Then there exists a unique monic
polynomial T € Clto, t1,...,t4-1][2] of degree N such that the map ¥, : CI —
An, defined in BI1), BIR), is a surjection. The algebro-geometric KdV potential

Gry associated with the divisor of zeros |z1,...,2n] € An of T is of the type
(322) Arn (to, N 7tg717 Z) = qo + Q[IH(TN(to, . ,tgfl, Z))]”
with qo = lim|;| o0 @ry (to, .- tg—1,2).

Theorem 3.5 (Adler and Moser [3 Lemmas 2.2 and 2.3]). The unique monic
polynomial T in (322]),

N
(3.23) TN(to,...,tg,1,2>ZZTN,k(to,...,tgfl)Zk, ro=1, z€C,
k=0

has the following properties:

(i) Giving t,, weight 2m +1, 0 < m < g — 1, then r; is isobaric of weight j,
1<j<N.

(ii) The coefficient of t,, in romy1 is not equal to zero.

The first part of Theorem [3.4] can be strengthened as follows.

Theorem 3.6 (Airault, McKean, and Moser [5, Thm. 3.2], Adler and Moser [3,
Sect. 4]). Let g be a positive integer and let N = g(g+1)/2. Then ¥, : CI — Ay,
defined in BIT), BI8), is a homeomorphism.

Proof. For completeness we sketch a proof. It was proven in Lemma that
®, . (o) is a homeomorphism from O, (C9) to @, (0., (C)). By Theorem [3.4],
D, (0:4(C9)) = U, (C9) = Ay. Thus, we only have to show that ©,, is a
homeomorphism from C9 to ©,, (C9).

Since the r; are polynomials in to,...,¢4—1, continuity of ©,, is obvious. Next
we prove by induction that ¢, € C[ry,...,72p+1]. By Theorem one infers that
r1 = aoto with g # 0. Hence tg = r1/ap. So the claim holds for p = 0. Next
we assume it holds for p = 0,...,m — 1. Again by Theorem one infers that
tm = (Tom+1 —Tom+1)/Qm, Where To,,, 11 is a suitable polynomial in Cltg, . .., t;ym—1].
By the induction hypothesis tg, ..., t,_1 are in turn polynomials in 71,..., 79, _1.
This completes the induction step. Thus O, is injective and O~ is continuous. [

The next theorem contains our principal result in the case of rational KdV
potentials; it details discussions in the literature concerning the closure of the AMM
locus (cf., e.g., [5], [65]). To the best of our knowledge, this is the first explicit
characterization of the closure of the rational AMM locus.

Theorem 3.7. The DG locus EN is the closure of the AMM locus Ly in the
quotient topology Ts, of CN/Sn,

(3.24) Av=Ly=Ly.
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Proof. The statement is trivial if N is not triangular (since all sets are empty in
this case). Hence we suppose for the rest of this proof that N = g(g+1)/2 for some
g € N. The first equality in (3.24)) is then the content of Theorem 2111

Let 7n be the polynomial whose unique existence is guaranteed by Theorem
B4l First we will prove that Ly C L ~- Since, obviously, Ly C L ~, this follows
provided that Ly is closed. But by Theorem B8] £y = ¥, (C9) is the preimage of
the closed set C9 under the continuous map \II;A} and hence closed.

Next we prove that L N C Ly. Let

M
(3.25) E= ¢,y Cyee Caty e Cur | > se(se+1) = 2N,
=1

s1(s1+1)/2 sm(sam+1)/2

be an arbitrary point in Ly. By Theorem [3.4] there is a point T = (toy ... tg—1) €
CY9 such that = represents the roots of TN(T, -). The discriminant A, of the
polynomial 7y (to, . ..,t4—1,-) is in turn a polynomial in Cl[to, . ..,t;—1]. By Theorem
B3 A, is not identically equal to zero, because otherwise Ly would be empty.
Let m denote an index for which A, actually depends on t,,, and define 6 € C[s]
by

(326) 6(5) = ATN (2?07 oe 7£'m—17 S,'Em+1, “ee 7tg_1).

Then there is a neighborhood of t,» which contains only one zero of § (namely, £, ).
Let t,, ,m € C\{tm}, n € N, be a sequence of points in this neighborhood which
converges to t,, as n — 0o. Then

(327) En = \IJTN (507 s 7tm—1atn,m;tm+1a ce 'atg—l)

is in L and converges to = as n — oo by the continuity of ¥., . This proves the
second equality in ([B:24]). O

In the rational case the issue of the closure of the AMM locus Ly can also be
approached in an alternative manner. Since the actual details are rather involved,
we describe the special case N = 3 which reveals some of the underlying mechanism.
For this purpose we briefly recall some facts on elementary symmetric functions.

Given z; € C, 1 < j < N, the elementary symmetric functions o; = o;(z1,...,2n)
of x1,...,z N are defined by
(3.28)
S —tyty=1 [Th_y 20, 1<j<N,
0'0(%1,...,1‘]\]):1, O’j(ﬂ}l,...,x]v): £y <<l
0, j>N+1.
Alternatively, one can consider s; = s;(x1,...,2y) defined by
N .
(3.29) so(x1,...,an) =N, sj(z1,...,2N) = Za:fc, jeN.
k=1

We note the following well-known result.

Lemma 3.8. Let z; € C, j = 1,...,N, and define the elementary symmetric
functions o; = oj(x1,...,2n) and s; = sj(x1,...,2N), J € No, as in B28) and
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B29). Then

j—1
(3.30) > (—Dforsjk + (-1)0;5 =0, jeEN.

k=0
In particular, for j € {1,...,N}, s; are polynomials in o1,...,0;, and for j >
N +1, s; are polynomials in o1,...,on. Conversely, for j € {1,...,N}, o; are
polynomials in s1,...,s;. (All these polynomials are without constant term.)

Given these preliminaries we return to the AMM locus conditions in (Z54)): They
explicitly read for N = 3,

(3.31)
3
Z(zj —2;)"%=0, 1<j<3, assuming z; # z;, for j # j/, 1 < j,5' <3.
j'=1
J'#i
Rewrite them in the form
(3.32) [(z3 — 22) (23 — 21) (22 — zl)]*B'yj(zl, z9,23) =0, 1<j5<3,

where the numerators y; are certain polynomials in 21, 22, z3. Using the fact that
(3.33)
v (21, 22,23) =0, 1 < j <3, is equivalent tosg(y1,72,73) =0, 1 <k <3,

one infers that
(3.34)  s1(71,72,73) = 0 is automatically satisfied by symmetry,
(3.35)  s2(71,72,73) =0 is equivalent to s7(21, 2, 23) — 3s2(21, 22, 23) = 0,

s3(71,72,73) = 0 is equivalent to [5%(21, 29, 23) — 382(21, 22, 23)]3

(3.36) X [252(21, 20, 23)° — 952 (21, 22, 23) 55 (21, 20, 23) + 952(21, 29, 23)] = 0.
Thus, the AMM conditions ([B31) reduce to
(3.37)

s3(21, 22, 23) — 382(21, 22, 23) = 0 assuming z; # z; for j # j', 1 < j,j’ < 3.

One readily verifies that s? — 3sy = 0 is satisfied in particular on the diagonal,
where all z; confluent to some point zy € C, that is, 21 = 22 = 23 = 2. Since
confluence of only two points z; = z;, = 20, 2¢ # 2o with j, k, ¢ pairwise distinct,
is clearly impossible, this readily leads to the fact that the closure of the AMM
condition @37) in C3/S3 is simply given by

(3.38) s3(21, 29, 23) — 389(21, 22, 23) = 0.

In other words, the closure of the AMM locus L3 is obtained by joining the diagonal
21 = 29 = 23 to L3, in agreement with ([3.24]) and the description of L3 = L3 U M,

in BH), @) (cf. also Remark 2.13 (iv)).

Next, we turn to the case of simply periodic meromorphic KdV potentials of
period w € C\{0} bounded near the ends of the period strip S,,. In this case

(3.39) X =C/A, and P() = = (sin(m /)] 2 - %)

We denote by C* the set of nonzero complex numbers C\{0} equipped with the
relative topology in C. We start with the following result.
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Lemma 3.9. Fiz N € N, assumerg =1, (r1,...,rx_1) € CN~1 rn € C\{0} and
let

N N
(3.40) T~ (u) = Zrkuk =ry H (u— eQmZﬂ'/“’), u € C,
k=0 j=1
be a polynomial of degree N with divisor of zeros [ezmzl/w, cee 62‘””1\’/“’} € XV/Sy.

Then all zeros of T are nonzero and each has a logarithmE In particular, z; € X,

1 < j < N. Introduce the map
N—-1 * XN
(3.41) o, . O xC = XT/Sx
(r1,..,rn) = [z1(r1, oo PN )y ooy 2N (71, - o))

Then ®.,, is a homeomorphism.

Let @ C CN=1 x C*, and let @, q: Q — @, (Q) be the restriction of @, to
Q. IfQ and O, (Q) are both equipped with their relative topologies, then @, o is
a homeomorphism.

Proof. The proof is similar to that of Lemma [3.21 |
In the following let g € N. Introducing the g x g Vandermonde matrix
(3.42) V(ai,...,aq) = (ap/

) . @ eC 1<p<y,
1<p,p’'<g

and denoting its determinant by J(a1,...,ag), that is,

g
(3.43) ¥(a1,...,aq) = det(V(ai,...,aq9)) = H (ap — ap),
p.p' =1
p<p
it is clear that ¥(a1,...,a,) # 0 if and only if the a, are pairwise distinct.

Next, define the set
(3.44) Ny ={(n1,...,ng) € N9 |ny <ny <--- < nyg, ged(ny,...,ng) =1}

and

oo
(3.45) N =N,
g=1
For n = (n1,...,ng) € N we denote the number of its components by
(3.46) #(n) = g.
For n = (n1,...,ny) € Ny and v = (v1,...,v4) € C*9 we also introduce the g x g
matrix T'(n, v, u) by
@t (o))
(347 (w0 = (s [ogur = -17])

Moreover, we defind?
det(T'(n, v, u
(3.48) (v, u) = (—1)19/2] M
Hna,...,ng)
3We note that the logarithm of €272/ is well defined for z € X.
4Here ged(ny, . .., ng) abbreviates the greatest common divisor of (n1,...,ng) € N9.
5Here || denotes the greatest integer less than or equal to = € R.
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Lemma 3.10. Suppose n € Ny and v € C*9. Then

N g
det(T'(n, v,
(40 g = ()WIGEERER) = Sty N =3,
) 2

where

1
I((—=1)71ny,. .., (=1)7
(850) m(v)= Y (()mz i>)n”ﬁ*~%% 0<k<N.
o ng

In particular, assigning the weight n, to vy, one infers the following properties of
the coefficients ri(v), 0 < k < N:

(i) ri(v) is a polynomial of the variables vy,. .. vy isobaric of weight k.

(ii) 7, (v) has degree at most one if it is considered as a polynomial of v, only.

(i) 7o(v) = 1 and ry(v) = (=1)L9/2)y,; - “vg.

(iv) The coefficient of v{* ---vg® in 1y is different from zero for any o € {0,1}9
such thatn-o = k.

Proof. The pth column of T'(n,v,u)) can be written as

(3.51) vpura, + 6 ,
where
3.52 = (1,n,,n> g-1) 7
(‘ ) gpf(anp’np)"'vnp ) 9
T
(353) Qp = (17_’”1)7(_”1))27”'7(_’”‘?)9 1) ) 1 SPSQ
Hence, for o, € {0,1}, one infers that
(3.54) lp(ap) = OpQ, + (1- C’p)ﬁp
either equals a,, or @p, 1 < p < ¢g. The multilinearity of the determinant then
implies
(3.55)
1 1
det(T(n,v,u)) = Z e Z (v1u™)7t - - - (vgue )% det (11(01), e 719(09))
o1=0 o4,=0
1 1
= e Z vyt ~v;’9u"1”1+”'+”-‘7"9 det (11 (01),.-. ’lg(gg))'
o1=0 o4,=0

Next, noting

det (3,(01), .3, (0)) = (1) mu, oo, (<)o)
(3.56) = (DY), (~1)%n,),
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one computes
Lg/2) det(T(n, v, u))
19(77/1, ey ng)

[0 0, in)]

T~ (n, v, u) = (—1)

1
. Z ,Ugl .. .fvgguﬂ'zdet (11(0.1)7”.71

M-

8 g(Ug))
01=0 0g=0
N 1
ﬁ((—l)alnl,...,(—l)ggng) N
(3.57) =3 < 3 o7 |ub.
k=0 \ 61=0,...,0,=0 d(na,...,ng)
n-o=k
This implies all statements made in the lemma. 0

Next we introduce the map

*g N—-1 *
(3.58) O {C —Cxe

(V1,..,0g) = (r1, ..., TN).
Lemma 3.11. O,, is a homeomorphism from C*9 to ©,,(C*9).

Proof. Since the rj, are polynomials in terms of the vy, continuity of ©,, is obvious.
Next we prove by induction that v, € C[ry,...,r,,]. By Lemma one infers
Tn, = aivp with ay # 0. Hence v; = r,,/a; and the claim holds for p = 1.
Assume it holds for p = 1,...,m — 1. Again by Lemma .10 one infers that
Um = (Tn,, — T, )/Qm, where 7, is a suitable polynomial in Clvy,...,vm—1].
By the induction hypothesis vy,..., v;,—1 are, in turn, polynomials in terms of
T1,---3Tn,,_,- Lhis completes the induction proof. This proves both that ©, is
injective and that ©,! is continuous. d

Lemma 3.12. Fizn € N with #(n) = g. Then the discriminant of Ty(n,v,-) is
a nonzero polynomial in vy,...,vg.

Proof. It is clear that the discriminant of 7x(n,v,-) is a polynomial in vy,. .., vg.
Next we will prove that it is not identically zero.

Let v, = (v1,...,9%,0,...,0) and let fi(u) = 7n(n,v;,u). We will prove by
induction that there is a choice of vy,..., v such that fi has ny + --- 4+ ng simple
zeros. In particular, there is a choice of v such that 7w (n,v,-) = f, has N simple
zeros and hence its discriminant is not identically equal to zero.

First one notes that fi(u) = 1+ cjv;u™ for some nonzero constant ¢;. Thus, f;
has n; simple zeros for any v; € C*. Next, assume that fx has ny +-- -+ ny simple
zeros. Choose v = € and define

(3.59) Frra(e t) = gmttman f (1/1).
Then there are polynomials gi+1 and hgyq of degree ny + - -+ + ny such that
(3.60) fea(e,t) = t" 4 giya () + ehiga (1)

One notes that gxy1(0) is the coefficient of w™* " +" in f;(u) and that hy1(0) is
the coefficient of y™ ™+ +7k+1 in f; 4 (u). By statement (iv) of Lemma [3.10 both
9r+1(0) and hy1(0) are different from zero.
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fr41(0,-) has nq +- - - +ny, simple zeros away from zero and a zero of multiplicity
npy1 at zero. As the zeros of a polynomial are continuous functions of the coeffi-
cients, one infers for ¢ sufficiently small that fk+1(£, -) has ny1 zeros in some small
disk Dg centered at zero and nq + - - - +ny simple zeros outside Dg. The zeros in Dy
have Puiseux expansions whose leading term is given by ~vel/™+1, where ~ is any
of the ngy1st roots of —hy11(0)/gr+1(0). This implies that there are ngy; simple

roots in Dy. Thus all roots of fx41 and hence all roots of f;1 are simple. [l
We briefly illustrate 7y (n, v, w) with a few explicit examples.

Example 3.13.
g = 1: Then necessarily ny = N =1 and

(3.61) 7 (l,v1,u) =14 viu.
g:2,N=TL1+7’L2:

(3.62)

ni + no n ny + no n
Trgtne (M0, u) = 1 — ————0v1u"™ + ——vu"? — v1v9u
ng — Ny ng — Ny

ni+na

g=3,n=1,ny=2 and ng =3, N =6:
76(n,v,u) = 1 + 6v1u — 15v9u® + (10v3 — 10v1v2)u® + 150 v3u?
(3.63) — 6vgusu® — vyvausub.
g=3,n=1,ny=3 andng =4, N =8:
8(n, v, u) = 1+ 10/3v1u — 14veu® + 35/3(vs — vivg)ut + 14v v3u°
(3.64) — 10/3vpvsu’ — vivou3u®.
g=4,n =1, ny=3,n3=4,and ng =6, N = 14:
Tia(n, v, u) = 1 — 14/3v1u + 42v0u® — (175/3v3 + 490109 )u* + 98v; v3u®
+ 21vqub — 50(vqvs + vlv4)u7 + 210y v9v5u® + 98vyvau’
— (175/3vv9v4 + 497)31)4)u10 + 420 v3vgutt
(3.65) — 14/302U3v4u13 + vyv9vgvgutd.

Given these preparations we can now characterize the class of simply periodic
meromorphic KdV potentials of period w € C*, bounded near the ends of the period
strip S, as follows.

Theorem 3.14. Let g € N and assume q is a simply periodic, meromorphic KdV
potential of period w € C*, bounded near the ends of the period strip S, corre-
sponding to the singular hyperelliptic curve KCg in (Z26). Then q is of the form

q(z) =eg+2 [IH(TN (ﬂa v, e%iz/w))}”

(3.66) \ .
for somen = (n1,...,ng) € Ny, v=(v1,...,04) € C*, N = an
p=1

Conversely, every q of the form ([B60l) is a simply periodic meromorphic KdV po-
tential of period w, bounded near the ends of the period strip S,,, corresponding to
a singular hyperelliptic curve Ky of the form (2.26]).
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Proof. Suppose ¢ satisfies the hypotheses of the theorem. By [36] Theorem 2.3]
(see also [37, App. G]), g Darboux transformations at the mutually distinct energy
parameters e, € C, 1 < p < g (all different from ey € C), reduce ¢ to the constant
potential gg = eg. Reversing the g Darboux transformations, using the Crum-—
Darboux approach discussed, for instance, in [38, Appendix A], then shows that ¢
is of the form

(3.67) q(2) = eo + 2[In(W (W1 (e1, 2), - .., g(eq, 2)))]",

where

(3.68)

wp(ewz) — Ape(ep—eo)l/Zz +Bpe—(ep—eo)1/2z7 ep 75 epr for P #p/, 0< p7p/ < g,

for some choice of A,,B, € C*, 1 < p < g, and W(¢1,...,1,) denotes the Wron-

skian of 11, ...,%,. Introducing

(3.69) v =A,/By, 1<p<uy,

(3.70) T(v,2) = ([(e,,, — eg)1/?] (r—1) [Up,ez(ep,_eomz _ (_1)pD 7
1<p,p’'<g

a direct computation confirms that (3.67)) can be rewritten as
(3.71) q(z) = eo + 2[In( det (f(y, z)))}”

In general, expressions such as ([B.71]) exhibit no periodicity properties with respect
to z. Periodicity of ¢ is obtained as follows. By B.70), det(T(v, 2)) is of the form

(3.72) F(ez’”zl/”l,...,62”29/“’9” wp =i/(e, —eg)?, 1<p<y,

z1==2g=2"

for some continuous function F': C9 — C. Thus, det(7' (v, -)) (and hence ¢) becomes
periodic with respect to z of period w € C* if and only if

(3.73) w, = w/n,, that is, (e, — e)/? = win,/w, 1<p<gy,

for some integers n, € N, 1 < p < g. By ([B.68), the integers n, are necessarily
mutually distinct. In addition, w is a fundamental periodﬁ of ¢ if and only if
ged(na, ..., ng) = 1. Thus, observing

(3.74) [In(det (T(x, 2)))]" = [In(ry (n, v, e272/))]"
yields
(3.75) q(2) = e + 2[In(7y (n, v, €2 */))]"

and hence (3.60]).

Conversely, suppose ¢ is of the form ([B.66]). Then,

(376) CI(Z) — q* (627riz/w)’
where
(3.77)
21 ~ ~/ ~ .24 2 )
q* (U) =ep — 87r2w*2u TN(U)TN(U‘) + ’U’TN(U)ZTN(U’) u 7—N(’u’) , u = 6271'22/0.),

7 (u)
and we denote 7y (u) = 7y (n,v, e>™*/%). We recall that 7x(-) is a polynomial of
degree N and hence it has precisely N zeros counting multiplicities. As discussed

6w is a fundamental period of g if and only if every period Q of ¢ is of the form Q = mw for

some m € Z\{0}.
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above these correspond to precisely N poles of the meromorphic function ¢ in each
period strip. By inspection of ([8.77]) one confirms that the degree of the numerator
of ¢* is less than 2N and that ¢*(0) = eg. Thus, ¢* — ey tends to zero at the ends
of the period strip S,,. Reversing the argument leading from (3.67) to (B78) then
yields

(3.78) ¢ (u) = q(2) = eo + 2[In(W (1(e1, 2), ..., Pg(eg, 2))))",  u=e*™=/%,
where

(3.79) plep, 2) = gpe(ep—eo)l/zz i Epe_(@p—eo)l/Zz

for some choice of /~1p, Ep € C* satisfying

(3.80) vy =Ap/By, 1<p<g.

This proves that ¢ is obtained from the constant potential go = eg by precisely g
Darboux transformations. Again applying [36, Theorem 2.3] then shows that ¢ is
a simply periodic, meromorphic KdV potential of period w, bounded near the ends
of the period strip, and associated with the singular hyperelliptic curve 226). O

Summarizing, one obtains the following result.

Corollary 3.15. The set
(3.81)
S ={q(z) = C +2[ln(rn(n, v, exp(2miz/w)))]" |C € C,n € Ny, v € C*9, g € Ny}

is precisely the set of simply periodic meromorphic KdV potentials of period w,
bounded near the ends of the period strip S, .

Theorem 3.16. For N € N — {2} there are finitely many n € N such that
Zfz(%) n, = N. For each of these n, the map ® o ©, is a homeomorphism from
C*9 to its image, a closed subset of An. Furthermore Ay is the union of these
1mages over all possible choices of n. In particular, Ayx is a finite union of closed
connected sets.

Proof. The first statement is obvious. Next, we denote by g = #(n) the number of
components in n. By Lemma 311l 0,, is a homeomorphism from C*9 to ©,,(C*9)
and by Lemma [B.9] ® restricted to this set is also a homeomorphism. Clearly, the
image of ® 0 ©,, is a closed set in Apy. This proves the second statement. Finally,
pick any element = in Ay and let ¢ be the associated potential. By Corollary
BI8 g € S, that is, there exist C € C, g € N, n € N, and v € C*9 such that
q(z) = C+2[In(7n(n, v, exp(2miz/w)))]”. Since the number of poles of ¢ per period
strip is N, we must have ny +--- +ngy = N. Thus, E = ®(0,(v)). O

Theorem 3.17. The DG locus EN 1s the closure of the AMM locus Ly in the
quotient topology Ts, of X~ /Sn,

(3.82) Av=Ln=Lxy.

Proof. The statement is trivial if N = 2 (all sets are empty). Hence we suppose for
the rest of this proof that N # 2. The first equality in (3.68)) is then the content of
Theorem 2111

_ Since by Theorem BI06, Ly is closed, and since Ly C Ly, it follows that Ly C
Ln.
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Next we prove that £y C Ly. Let

M
(3.83) E= |GGG | Y se(se+1) = 2N,
(=1
81(81+1)/2 3A1(5M+1)/2

be an arbitrary point in Ly. By Theorem B.16] there is an n € N and a 0 =
(01,...,04) € C* such that = represents w/(27t) times the logarithm of the roots
of 75 (n,,-). The discriminant A, of 7x(n,v,-) is a polynomial in Clvy,. .., vg]
which is not identically equal to zero according to Lemma Let m denote an
index for which A, actually depends on v, and define ¢ € Clw] by

(3.84) S(W) = Ary (D1, -+ D1, Wy Dyt - - - )

Then there is a neighborhood of 9,, which contains only one zero of § (namely, ¥, ).
Let vnm € C\{0m}, n € N, be a sequence of points in this neighborhood which
converges to ¥,, as n — oo. Then

(385) En = ((I) e} @Q)(’f)l, ey ’ﬁm—la Un,m; ’l~)m+1, ey ,ﬁg)
is in L and converges to = as n — oo by the continuity of ® o ©,. This proves
the second equality in ([B82). O

To the best of our knowledge, the precise structure of the isospectral set of simply
periodic meromorphic KdV potentials bounded near the ends of the period strip
as described in Theorem and the explicit characterization of the closure of the
simply periodic AMM locus are new.

Remark 3.18. The corresponding results in the elliptic case require different tech-
niques since elliptic KdV potentials cannot be constructed by finitely many Darboux
transformations starting from constant potentials.

4. SOME APPLICATIONS TO THE TIME-DEPENDENT KDV HIERARCHY

Rational, simply periodic, and elliptic KdV solutions are frequently discussed in
a time-dependent setting, and the dynamics of their poles is well known to be in an
intimate relationship with completely integrable systems of the Calogero—Moser-
type. In our discussion below, the time-dependence (and the ensuing isospectral
deformations of the KdV hierarchy) will be approached from the point of view of
tracing trajectories in the DG locus [BE) (the appropriate extension of the AMM
locus ([34), which permits an efficient description of the behavior of solutions in a
neighborhood of collisions of their poles.

We start with a brief summary of the time-dependent setup and freely employ
the notation used in Appendix [Al Fix r € Ny and suppose q = q(z,t,) satisfies
the rth time-dependent KdV equation with initial condition ¢(® = ¢(© (x7t$0)) a
solution of the nth stationary KdV equation for some n € N,

(4~1) KdVr(‘]) =qt, — 2fr+1,z =0,
Q‘trztgp) = q(o)’

(4.2) s-KdV,,(¢) = —2f41.. =0,
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where
M©
(4.3a) q(z,t&o)) = q(o)(z) =qo — Z 820) (SE,O) + 1)P(z — QEO))
=1
N
(4.3b) =qo—2 Z P(z— Z§0))
j=1
and
M@
(4.4) sV eN, 1<s” < M@ N 505 1) = 2N
=1

Here we assume in accordance with the paragraph following (A.30) that the set
of integration constants é;, 1 < s =1<r,in fr41, and ¢; = ¢;(E), 1 < j<n
(cf. (A29)), in fn+1,. are independent of each other as discussed in the paragraph

following (A.30).
Next, taking advantage of the isospectral property of KAV flows, one can replace
E.I)-Ed) by
(4.5) KdV,(q) = at, = 2frs1.2 = 0,
(4.6) sKdV,(¢) = —2fn+1,, =0,
or equivalently, by the pair of equations
1~ ~ ~
(47) qt,. = §Fr7zzz + 2(61 - E)Fr,z + qur
1 1
- §Fn,zan + ZFi’z + (E - q)Frf
2n
(4.8) =[] (E - Ep) for some {En}2, C C,
m=0
where
N
(4.9a) q(z,t,) = g0 — 2> _P(z — z(t,))
j=1

M(tr)
(4.9b) =qo— > sete)(sety) + )Pz = Gltr)),

=1
and for each t, € C,

M(tr)
(4.10) se(tr) €N, 1< < M(t:), Y se(te)(selt,) + 1) = 2N.
r=1

Below we will show that z;(t,) locally have an algebraic behavior so that they
can be labelled in such a manner that they remain continuous functions of ¢, even
through the process of collisions. On the other hand, sy(¢,) € N are integer valued
and discontinuous with respect to t, at instances of collisions.

First we turn to a determination of the time-dependence of z;(t,) in the absence
of collisions.
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Lemma 4.1. Let Q C C? be open and assume q in (E9D) satisfies [ET), @)
on Q for some set of constants é;, 1 < s < r. In addition suppose that z;(t,) are
patrwise disjoint for qlo. Then z; is analytic with respect to t, for (z;(t;),t,) in a
sufficiently small neighborhood of any point (zo,tgno)) € Q. Moreover, introducing
the recursion relation

a07j(t,.):0, ISJSN, 50:1,

S
aor15(tr) = as ()0 — & — Y Espoipah
p=1

M=
MN

(4'11) - (as,k(tr) + 2as,j (tr))P( '(tr) - Zk(tr))a

I
Xl
AN

0<s<r, 1<j<N,
with a, = 27P((2p — 1)) /p!, one obtains,

de

4.12
(4.12) i,

(tr) = arJrLj(tr)a 1<j<N.

Proof. By results of [75], the 7-function for algebro-geometric (and hence for ra-
tional, simply periodic, and elliptic) solutions of the KdV hierarchy is entire with
respect to (z,t), where t = (to,t1,%2,...) comprises all time variables in Hirota’s
notation. Thus, choosing t; = ¢, _st,, 0 < s <7, with ¢y =1, and ts =0, s > r+1,
the resulting 7-function is entire in (z,¢,) and hence ¢ is analytic in (z,t,) as long
as (z,t,) € Q, that is, as long as collisions of the z; are avoided. Hence the implicit
function theorem applied to the 7-function [2.32), [(Z33) yields analyticity of z;
with respect to ¢, for (z;(t,),%,) in a sufficiently small neighborhood of any point

(20, £°)) € Q. Using (Z58) and ([@Ja) one then computes

N
dz; -
(2 tr) = 2; dft:(tr)P'(Z = zj(tr)) = 2fr11,2(2, 1)
N
(4.13) = 2Za7'+17j(t7')7y(2 —2zi(tr)), 1<j<N,
j=1

implying ([£12). O

Next we illustrate Theorem 2.14] and Lemma 1] with the simplest nontrivial
rational example.

Example 4.2. The genus g = 2 (N = 3) example with r = 1 (see, e.g., [], [24]).
In this case one verifies

[z — (3t1)1/3¢4]?’

J

(4.14a) q(z,t1) = qo + 20?[In(2* — 3t;)]
62(23 + 6t1)
4.14b =g — o
> 1
(4.14c) =qo—2 t; € C,

1
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and hence
(4.15) zi(t) = (3t1)3¢;, & = exp(2mij/3), j=1,2,3,
and
3
(4.16) T(z;21(t1), 22(t1), 23(t1)) H z—zj(t1)] = =23 — 3ty,

explicitly illustrates the AMM (respectlvely, DG) locus of poles in ([Z54]) (respec-
tively, (258)). Moreover, one computes for the symmetric functions

(417) O'k:O'k(Zl(tl),Zg(tl),Z3(t1)), 1 Sk:SS,
and
(4.18) Sy = Sg(Zl(tl), Zg(tl), Z3(t1)), { e N,
of (z1(t1), z2(t1), 23(t1)) that
(4.19) o1 =09 =0, o3 = 3ty,
(4.20) S3k4+1 = S3k42 =0, s31, = 3(3t1)k, k € Np.
In addition, one verifies the following facts:
5 15
(4.21) =1 a= —50, 2= §Q§,
fo(z,t1) =1,
1 32 (23 4 6t1)
t t —2q0 — ————
fi(z,t) = 54 q(z,t1) + 1 = —2qo (= —31,)2
i 1
(4.22) N, VA S ——
D e A
1 3 5 15
fa(z,t1) = quz(Z,h) + §q2(757t1) - ZQ(ZJH)QO + gqg
_q2+3q0z (z3+6t1) 922
O (8 -31)° (23— 3t1)°
B Qo+ (3t1) "%,
(423) ‘IO Z 3t1 1/36 ]

Fy(E,z,t) = E* + fl(z,tl)E + fa(z, t1)
3

- <2q° ' 3(222_;?;))]5

3q0 (611 2+ 2%) 922
(23 = 31;)? - (23 —3t;)°
= (E = pa (2, 01))(E — pa(z, 11)),
3z (6t + 2%) £3/325(12¢; — 23)
2 (28— 3t,)° '

Finally, g satisfies the following second stationary nonhomogeneous KdV equation,

(4.24) +qp +

(4.25) p2(z,t1) = qo +

(4.26) s-KdVsy(q) = s-KdVa(q) — X0 s-KdV(q) + gqg s-KdVy(q) =0,
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as well as the first nonhomogeneous time-dependent KdV equation
1 3 3
(427) Kdvl(q) =qt, — 1‘]222 - 5‘1‘12 + §QOQZ =0.

The following result explicitly connects the DG locus with rational, simply pe-
riodic, and elliptic solutions of the KdV hierarchy and also describes the local
behavior of z;(t,) as a function of ¢,, including the case of collisions.

Theorem 4.3. Fiz N € N and suppose EN to be nonempty.
(i) Consider KdV solutions ¢ = q(z,t,) of X)), @8] (for some set of constants
Cs, 1 < s <r) of the type (E9a)—I0). Then

(4.28) [21(ty), ..., zn(t)] C Ly, tr € C.

(ii) Fix N € N and 9 € C and consider KdV solutions q = q(z,t.) of (&3,
EE) (for some set of constants s, 1 < s < r) of the type ([@9a)-I0), such that
(0)
fOT’ t?“ =t ’

M@
0 0 0
(4.29a) q(z,t9) = qo — Z Sé )(SE '+ 1)P(z — é ))’
=1
MO
(4.20b) sV eN, 1< < MO S sP(s” +1) = 2N.
=1

Then, in a sufficiently small neighborhood of (géo),tﬁo)) €C?,1<t< MO, there

exist precisely 820) (séo) +1)/2 points zj, (t,) (not necessarily distinct) such that

820)(s§0)+1)/2

(4.30) q(z,t) :c“’) -2 E Pz — 2, (tr)) + O(1),
26y k=1
trﬂti‘o)

and each zj, (t,) has a Puiseux expansion of the type

0 - /ar
(4.31) 25, (tr) = le ) 4+ Z Ciyop(ter — )

tr—t, p=1

for some constants Cj, 0, € C, p € N, and for appropriate qi € {1,...,
sgo) (sgo) + 1)/2}, 1<k <L s&o)(sg)) + 1)/2, 1 <0< MO, In particular, all
elementary symmetric functions of the z;,, 1 < k < sg)) (55,0) + 1)/2 (¢f. (B23),
B29) are analytic in a neighborhood of £, Finally, in the special rational case,
the zj,, 1 <k < 55,0) (5§0)+1)/2, are algebraic functions (on an appropriate compact

Riemann surface).
(iil) g defined by

N
(4.32) q(z) =qo — 2 Z P(z — z;)

satisfies a particular stationary KdV equation (and hence is an algebro-geometric
KdV potential) if and only if

(433) [21,...,ZN]C£N.
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Proof. (i) The DG locus Ly as defined in (33) is a consequence of Theorem [ZIT], the
isospectral property of KAV flows (cf. (£6]), (£8])), and the fact that any potential

q = q(z) in (Z4T)), (ZZ2) can be chosen as the initial value ¢(® in @I, @EZ). Put
differently, the poles {z;(¢,)}1<j<n of any rational, simply periodic, and elliptic
solution of (@), ([@6), of the form ({9b) for fixed N € N, trace out curves on the
DG locus (B3] as ¢, varies in C as described in (£.28).

(ii) As mentioned in the proof of Lemma [l the 7-function associated with

q(z,tr),

N
(4.34) T(z,tr) =7(z;21(tr), .. -, 2N (Er)) = H v(z —zi(tr)),

Jj=1
where

z in the rational case,

(4.35) v(z) = (w/m)sin(mz/w) exp[r?2?/(6w?)] in the simply periodic case,

o(z) in the elliptic case,
is entire in (z,t¢.). By @29),
(4.36) F(2, 10 = (5 — (@) D25 (40
and
(4.37) 7:'(~, t&o)) is analytic and nonvanishing in a neighborhood of QEO).

Applying the Weierstrass preparation theorem (cf., e.g., [74, Sect. II1.14]), one
obtains

séo)(séo)—i-l)/Q

(0)(,(0) ks
(4.38a) (2, t,) = Z Ayt (2 — lgo))s/g (s +1)/2—k ot
k=0
SEO)(SEO)+1)/2
(4.38b) = ( [z — 25, (tr)]> 7(z,t,),
k=1
where
(4.39) Aolty) =1, A(tD) =0, 1<k <sV (s +1)/2
and
(4.40) 7 is analytic and nonvanishing in a neighborhood of (Céo),tgo)).

In particular, the elementary symmetric functions

(4.41) A4(ty) = (V¥ ox (2, (1), % 0 (t))

4

of the roots z;, are all analytic in a neighborhood of 0, By Lemma B8 the

corresponding symmetric functions s;, j € N, of the z;, are also analytic at tio). The

s89(s941)/2 . . .
roots zj, of [[;% " (2 — 2, (t;)) then permit a Puiseux expansion of the type
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@31) (see, e.g., [64, pp. 303-304]). In the special rational case the corresponding
7-function is of the type (cf. [3])

(0) (. (0)
sp (s +1)/2 © (1) /2
(4.42a) Tz, t,) = Z Ak(tr)(z _ CéO))SZ (s +1)/2—
k=0
s¢” (5" +1)/2
(4.42b) - H (2 — 2, (t,))

k=1

with Ag(t,) polynomials in ¢,. Hence z;, are (globally) algebraic functions of ¢,.
Part (iii) is just a reformulation of (parts of) Theorem [ZTT] O

Remark 4.4. (i) In the elementary case of Example 2] where g =2 (N = 3) and
r =1, Theorem 3] is explicitly illustrated by the results ([@I9) and @20).

(ii) In the case of the classical elliptic N-particle Calogero-Moser system on the
circle (cf. [I7, Ch. 2], [82]), a model that differs from the one describing the motion
of poles of KdV solutions considered in this paper, it was shown in [35] that every
symmetric elliptic function of the N coordinates is meromorphic with respect to
time.

APPENDIX A. THE KDV HIERARCHY

In this section we review basic facts on the KAV hierarchy. Since this material is
well known, we confine ourselves to a brief account (for a detailed treatment, see,
e.g., [37, Ch. 1]). Assuming for simplicity ¢(-,t) to be meromorphic in C for all
t € C and q(x,-) to be C! with respect to t € C (except possibly for a discrete set)
for all x € C, consider the recursion relation

fQ(Z, t) = 1,
(A'l) fj+1,z(27 t) = %fj,zZZ(% t) + Q(Zv t)fj’z(zﬂ t) + %qz(27 t)fj (Zv t)v ] €Ny

(with Ng = NU{0}), and the associated differential expressions (Lax pair)
d2

(A3) P2n+1 Z |: f] 2\Z, t —|— f] (Z t)dd Lg_j(t), g € No.
7=0

One can show that

(A.4) [Pon1(t), La(t)] = 2fng1,2 (-, 1)

([-,-] the commutator symbol) and explicitly computes from (AT]),
(A.5) fo=1, fi=1q+c1, f2 =3+ 3¢ + c13q+ e, ete.,

where ¢; € C, j € N, are integration constants. For subsequent purposes we also
introduce the corresponding homogeneous coefficients f; defined by the vanishing
of all integration constants ¢, =0, 1 < ¢ < 7,

(A.6) fo=fo=1, fj= fj‘cZ:O’g:Lm’ja JjeN
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If one assigns to ¢ = d’q/dz’ the degree deg(q\¥)) = £+ 2, ¢ € Ny, then the
homogeneous differential polynomial f; with respect to ¢ turns out to have degree
2j, that is,

(A?) deg(fj) = 2j, ] € Np.
Introducing
(A8) Co = 1,
one verifies
J
(A.9) fo=fo=1, f;=> ¢iufs, jEN
=0

The KdV hierarchy is then defined as the sequence of evolution equations
(A.10) KdV,(q) = Lot — [Pans1, La] = @t — 2fns1.. =0, 1€ No.
Explicitly one obtains

KdVo(q) = @ — ¢. = 0,
(A.11) KdVi(q) = ¢& — §¢=2= — 399- + c1(—¢z) = 0, etc.,
with KdV1(.)|¢, =0 the usual KdV functional. Moreover, one verifies

n+1
(A.12) KdV,(g) =q —2> cnrefr. =0, neN.
=0

Next, introducing the polynomial F,, (-, z,t) of degree n,

n

(A.13) Fo(B,z,t) =Y fai(z, ) E = [[[E — pp(z,1)],
£=0

p=1

(A-10) becomes

1
(A14) qt = iFn,zzz +2(q7E)Fn,z +qun

In the following we turn to the stationary case characterized by ¢; = 0, or equiva-
lently, by

(A.15) [Pany1, La] = 0.

The corresponding stationary KdV hierarchy is then defined as the sequence of
equations

(A.16) sKdV,(¢) = —[Pan+1, L2] = —2fp41,. =0, n € Ny.
Explicitly, this yields

s-KdVo(q) = —¢- =0,
(A.17) s-KdVi(g) = _iCIzzz - %qqZ +c1(—q.) =0, etc.

Similarly, the corresponding homogeneous stationary KdV equations are then de-
fined by

(A.18) sKdV,(q) = —2fu41. =0, n €Ny,
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and one thus obtains from (A2,

(A.19) sKdV,(q) = Y cues-KdVe(q).
=0

Since fo(z) =1,

(A.20) —%Fn,ZZ(E, 2)F,(E, z)—i—iFn’Z(E, 2)* +(E—q(2))Fn(E, 2)? = Rani1(E, 2)

is a monic polynomial in E of degree 2n + 1. However, equations (A1) and (AT6)
imply that

1
(AQl) §Fn,zzz - 2(E - q)Fn,z + (Zan = 07

and this shows that Ra,11(F, z) is in fact independent of z. Hence it can be written
as

2n

(A.22) Rons1(E) = [[ (E = Ep) for some {Em }o<me<an C C

m=0

and (A220) becomes

1 1
- §Fn,zz(E7 Z)Fn(Ev Z) + ZFn,z(Ev 2)2 + (E - Q(Z))FN(E7 2)2

2n

(A.23) = Ryny1(E) = [[(E - En).

m=0

By (A1) the stationary KdV equation (A6) is equivalent to the commutativ-
ity of Lo and Py,41 and therefore, if Lot) = E1), one infers P22n+1¢ = Ron+1(E).
Thus [Pap+1, La] = 0 implies P3, 4+1 = Rony1(L2) by the Burchnall-Chaundy theo-
rem. This illustrates the intimate connection between the stationary KdV equation
fnt1,- =0 in (AJ6) and the compact (possibly singular) hyperelliptic curve K., of
(arithmetic) genus n obtained upon one-point compactification of the curve

2n

(A.24) Kn:y? = Ronr (B) = [[ (£ - En)

m=0

by joining the point at infinity, denoted by P.,. Points P € K, are denoted by
P=(E,y).
The above formalism leads to the following standard definition.

Definition A.1. Any solution ¢ of one of the stationary KdV equations (AI6) is
called an algebro-geometric KdV potential.

For brevity of notation we will occasionally call such ¢ simply KdV potentials.
Next, denoting E = (Ey, ..., Es,), we consider

(A.25) ( ﬁ (1 - %"))1/2 = §Ck(ﬁ)z‘k,

m=0
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where
CO(E) = ]-a
k . .
(2jo = 3!+ (22 — 3N jon
(A.26) aB)= > o] El°...El keN,
Jos--+5J2n=0
jot-+izn=k

and hence the first few coefficients explicitly read

2n
1
CO(E) = 17 CI(E) = _5 E Em7
m=0

2n 2n
1 1
(A.27) c2(E) = 1 > B, B, — 3 > EL, ete.
my,ma=0 m=0
mi<mgz

Assuming that ¢ satisfies the gth stationary (nonhomogeneous) KdV equation
(A.10), the corresponding integration constants ¢, in (A5) become symmetric func-
tions of the branch points Ey, ..., Es, of the underlying curve (A24]), and one
verifies (cf., e.g., [37, Sect. 1.2])

(A.28) co=c(E), 1<{<n.

Finally, we return to the general time-dependent setup and briefly recall the
algebro-geometric KdV initial value problem, where by definition ¢ satisfies the rth
time-dependent KdV equation

(A.29a) KdV,(q) = q, — 2fr1.. =0, (z.t,) € C2,
(A.29b) q’%:tﬁ” = q(o)

with initial value ¢(©) satisfying the nth stationary KdV equation
(A.30) s-KdV,, (¢) = —2fni1.=0

for fixed n,r € Ny and some t&o) € C. Here we replaced t by ¢, to emphasize the
rth KdV flow. Moreover, since the integration constants in (A:29al) and (A30) are
independent of each other, we denote the ones in f; by ¢p, 1 < ¢ < k, as before,
and the ones in the right-hand side of (A29al) by é&, 1 < s < r. Similarly, fj,
F,, Py 1, I?(\i_\/fr are constructed as f;, Fy, Pyr11, KAV, in (AJ), (A3), (A10),
(A13), replacing c; by ¢, etc. The isospectral property of KAV flows then permits
one to replace (A29) and [A30) by the following pair of equations:

1~ - _
(A31) qt,. = §Fr,zzz + 2(q - E)Fr,z +q.F,
1 1 5 9
(A32) - §F7L7ZZFH+ZFn7z+(E_q)Fn :R2n+1;

or in terms of Lax differential expressions, by

(A.33a) Loy, (tr) = [Parsa(tr), Lo(t,)]
(A.33b) [Pan+1(tr), La(tr)] =

)

0
0.
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Because of (A:33), the common eigenfunction 1(P) of Ly and Psy,1, the Baker—
Akhiezer function, will satisfy

La(ts (P, 1) = B(P,2,1,),
Pony1(tr)(P, 2, 2tr) = yoo(P, 2, 1),
Ui, (P, 2,t0) = Porya(t,)0(P, 2,t,)
= BB )02 (Poty) = 5 Fre(B, 2,0 )0 P t),
P=(E,y).

A.34
A.35

(A.34)
(A.35)
(A.36)
(A.37)

A.37

APPENDIX B. A FEW BASIC RESULTS ON ELLIPTIC FUNCTIONS

For convenience of the reader we recall some theorems representing an arbitrary
elliptic function in terms of o- and (-functions which are used in this text. For
general references see, for instance, Akhiezer [6], Chandrasekharan [Ig], Marku-
shevich [64], and Whittaker and Watson [I03] (for connoisseurs we recommend, in
particular, Krause’s two-volume treatise [57], [58]).

A function f: C — CU {oco} with two periods a,b € C\{0}, the ratio of which
is not real, is called doubly periodic. If all its periods are of the form mja 4+ mob,
where my, my € Z, then a and b are called fundamental periods of f. A doubly
periodic meromorphic function is called elliptic. It is customary to denote the
fundamental periods of an elliptic function by 2w; and 2ws with Im(w3/w1) > 0.
We also introduce wo = wy +ws3 and wy = 0. The numbers wy, ..., w, are called half-
periods. The fundamental period parallelogram A is the half-open region consisting
of the line segments [0,2w), [0,2ws) and the interior of the parallelogram with
vertices 0, 2wy, 2we, and 2ws.

The function

1 1 1
B.1 ; = = _
(B.1) p(ziwi,ws) = —5 + ( 2;22 <(z—2mw1 o) (@mn +2nw3)2>,
m,n)e

(m.n)#(0,0)

or p(z) for short, was introduced by Weierstrass. It is an even elliptic function of
order 2 with fundamental periods 2w; and 2ws. Its derivative ' is an odd elliptic
function of order 3 with fundamental periods 2w; and 2ws. Every elliptic function
may be written as Ry (p(2))+Ra(p(2))p'(2), where Ry and Ry are rational functions
of p.
The numbers
1 1
B.2 = _ 3 =14 _
( S (m%):EW (2mwy + 2”“}3)47 % " (m,nZ)EZ2 (2mw1 + 2nw3)"
(m,n)#(0,0) (m,n)#(0,0)

are called the invariants of p. Since the coeflicients of the Laurent expansions of
p(z) and ¢'(z) at z = 0 are polynomials of g2 and g3 with rational coefficients, the
function p(z;wi,ws) is also uniquely characterized by its invariants go and gs. One
also frequently uses the notation o(z|g2, g3)-

The function p(z) satisfies the first-order differential equation

(B.3) 0 (2)? = 4p(2)® — g20(2) — g3
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and hence the equations

(B.4) 9" (2) = 69(2)* — g2/2 and "' (2) = 120/ (2)p(2).
Thus, —2p is a stationary solution of the first KdV equation, s-KdV;(¢g) = 0 in
(A11) with ¢; = 0.

The function g’, being of order 3, has three zeros in A. Since p’ is odd and
elliptic, it is obvious that these zeros are the half-periods wi,ws = w1 + w3 and
w3. Let ej = p(w;), j = 1,2,3. Then (B3) implies that 4e? — goe; — g5 = 0 for
j =1,2,3. Therefore

(B.5) 0=e; +ex+es,

(B.6) g2 = —4(ereq + eres + egez) = 2(e? + €2 + €2),
4

(B.7) g3 = dejeqes = g(e‘;’ +es+ed).

Weierstrass also introduced two other functions denoted by ¢ and o. The Weier-
strass (-function is defined by

d 1

(B5) Lo =-o@), (o -1) =0
It is a meromorphic function with simple poles at 2mw; + 2nws, m,n € Z, having
residues 1. It is not periodic but quasi-periodic in the sense that
(B.9) C(z+2wj) =((2) +2m;, 1<j<4,
where 7; = ((w;) for j =1,2,3 and n4 = 0.

The Weierstrass o-function is defined by
a'(2) o(2)

= C(Z)v nm ——

o(z) z—=0  z

(B.10) =1.

o is an entire function with simple zeros at the points 2mw; + 2nws, m,n € Z.
Under translation by a period, o behaves according to
(B.11) o(z+2w;) = —o(z)e?m e 5 =12 3.

Theorem B.1 ([47]). Given numbers a,. ..,y and B1,..., Bm such that Bj #
Be (mod A) for k #£ £, the following identity holds:

B.12 mwz . I;[;cnﬂg(ﬂj*ak) U(Z—ﬁj—i-ﬂ—oz)7
(B.12) ]1;[1 o(z=B;) = Tlityz; 008 = Be) o(z = Bj)o (B — @)
where
(B.13) 042204]- andﬁ:Zﬁj’

j=1 j=1

and o is constructed from the fundamental periods 2wi and 2ws.

Theorem B.2 ([64, p. 182, Theorem 5.12]). Given an elliptic function f of order
n with fundamental periods 2w, and 2ws, let ay,...,a, and by,...,b, be the zeros
and poles of f in the fundamental period parallelogram A repeated according to their
multiplicities. Then

olz—ay) --o(z—ap)
o(z—=b1)---0(z=bp_1)o(z = 0),)’

(B.14) fz)=C
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where C' € C is a suitable constant, o is constructed from the fundamental periods
2wy and 2ws, and where

is a period of f. Conversely, every such function is an elliptic function.

Theorem B.3 ([64, p. 182, Theorem 5.13]). Given an elliptic function f with
fundamental periods 2wy and 2ws, let by,...,b. be the distinct poles of f in A.
Suppose the principal part of the Laurent expansion near by is given by

Bk A
j=1
Then
(B.17) f(z) = SR SVEPIVERRD PRy
: z) —Ao+kz_1;(—1) WC (z = by),

where Ay € C is a suitable constant and ( is constructed from the fundamental
periods 2wy and 2ws. Conversely, every such function is an elliptic function if

Dho1 A1k =0

One notes that this theorem resembles the partial fraction expansions for rational
functions.

Finally, we turn to elliptic functions of the second kind, the central object in
our analysis. A meromorphic function ¢ : C — C U {oo} for which there exist two
complex constants w; and ws with nonreal ratio and two complex constants p; and
ps3 such that

(B.18) Yz +2w;)) = pip(z), j=1,3,

is called elliptic of the second kind. We call 2w, and 2ws the quasi-periods of .
Together with 2wy and 2 ws, 2 miw; +2 msws are also quasi-periods of ¢ if m;, mg €
Z. If every quasi-period of i can be written as an integer linear combination of
2wy and 2ws, then these are called fundamental quasi-periods.

Theorem B.4. A function v which is elliptic of the second kind and has funda-
mental quasi-periods 2w1 and 2ws can always be put into the form

I e o

for suitable constants C', X\, ay,...,a,, and by,...,b,. Here o is constructed from
the fundamental periods 2wy and 2ws. Conversely, every such function is elliptic
of the second kind.

APPENDIX C. SYMMETRIC PRODUCTS

Let X be a Riemann surface. In addition to the cartesian product X~ = X x
- x X (N factors), N € N, we also introduce the Nth symmetric product of X
defined as the quotient space

(C.1) XN /Sy.
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Here Sy denotes the symmetric group on N letters acting as the group of permu-
tations of the factors in the cartesian product X%, that is,

(02> Tr(x17"'7‘rn):(xﬂ'(l)7"'7l‘ﬂ'(N))7 7TE‘S’N'

Thus, the points in XV /Sy can be considered as N-tuples of points of X with-
out regard to their order. X% /Sy inherits the topology from X% (the quotient
topology), and the canonical projection (quotient map)

N N
(C.3) v X5 = X5/ Sy N
(z1,...,2N) = [21,...,zn] = {n(z1,...,2N8) € XV |7 € SN}

defines a complex structure on X% /Sy as follows. Consider a point [py,...,pn] €
XN /SN, and let x; be a local coordinate in an open neighborhood U; of p; € X,
assuming U; N Uy = 0 if p; # py and z; = x;, in U; = Uy, for p; = pi. Denote by
01,...,0N the elementary symmetric functions of x1,...,xy. Then the map

I/(Ul XXUN)_>(CN
. {[ql, o] = (@), o) on (@) an o)

provides a coordinate chart on v(Uy x - - x Uy ). In this manner, XV /Sy (like XV)
becomes an N-dimensional complex manifold with X an Nl-sheeted branched
analytic covering of XV /Sy.

Away from the branch locus the map v is a covering map, and one can take

as coordinates on X% /Sy (here the points p;, corresponding to the charts (Uj, x;),
are mutually distinct). At the other extreme, where p; = po = -+ = py, local co-

ordinates are given by (o1(z1(q1), ..., 2n(gn))s - on(21(q1)s - -, 2n(gn))), that
is, by

() (Zquj),---,ﬂwj(qj)).

Next, assume the topological space (X, 7) is generated by the metric d on
XN, We then write 7 = (d) and hence (XV,7) = (X", (d)). In addition, let
(XN /Sn,Tsy) denote the topological space equipped with the quotient topology
of XV /Sy relative to (X,7),

(C.7) 75y ={U C XN /Sy |v 1 U) € 7).

We now investigate a case in which (X~ /Sy, 7s,) is also generated by a metric D
on X~ /Sy. For this purpose we now assume that the metric d is such that each
permutation in Sy is an isometry/] that is,

(C.8) for all m € Sy: d(w(z),7(y)) = d(z,y), =,ye XV
(here © = (z1,...,7n5) € XV, etc.). A standard situation in which (C.8) can be

verified is as follows: Suppose ¢ is a metric on X. Then for any fixed r € [1,00),

7This holds for X = C, X = C/A,, and X = C/A2w; 205, and the usual metrics on them (cf.

Remark [C2)).
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dr: XN x XN —[0,00), defined as
N 1/r

(09) dy-(ﬁl?,y): <Za(x]ay])r> ) .73:(1‘1,...,$N),y:(yh...,y]\/‘)GXN7
=1

defines a metric on X ¥ satisfying (C.8)) (and similarly in the case r = oo using the
supremum over j € {1,..., N}).

Since Sy is transitive, the expression min, ,es, {d(c(x), p(y))} does not change
when z and y are replaced by other representatives in their respective equivalence
classes, that is, it depends only on [z] and [y]. Hence, we may define

(C.lO) D([x]v [y]) = minU,PESN {d(o(x)v p(y))}7 [:E], [y] € XN/SN‘
The assumption that the permutations are isometries then yields
(C.11) D([a], [y]) = minpesy {d(z, p(y))}, 2], [y] € XV /Sy

Theorem C.1. Let (XV,d) be a metric space and suppose that every permutation
in Sy is an isometry on X~N. Define D as in (CII). Then (XY /Sy,D) is a
metric space, and the topology (D) induced by the metric D on X~ /Sy is the
quotient topology Tsy, (XY /Sn, (D)) = (XN /SN, Tsy)-

Proof. Clearly D assumes nonnegative real values only, and symmetry of D follows
immediately from (CI0). If [z] = [y], then there is a p € Sy such that z = p(y).
Hence d(z, p(y)) = 0 and thus D([z], [y]) = 0. Next, suppose that D([z], [y]) = 0.
Then there exists a p € Sy such that © = p(y), that is, y is equivalent to x and
hence [x] = [y]. For the triangle inequality one notes that, given z € X%,

D([z], [y]) = minjyes, {d(z, p(y))}
< minpegy {d(z,0(2)) + d(o(2), p(y))}
= d(z,0(2)) + minyegy {d(a(2), p(y))}
(C.12) =d(z,0(z))+ D([2],[y]), o € Sn-

In particular (C.I2) holds for that o which yields the minimum of the right-hand
side of (CI2)), and hence D is a metric on X~ /Sy.

The metric D induces a topology 7 on XV /Sy, and we denote the resulting
topological space by (X~ /Sy,7). Let v : XV — XN /Sy, x +— [2], denote the
canonical projection. We will next show that the map v : (XV,d) — (X~ /Sy, 7)
is open and continuous. It is obviously surjective. By [I0I, Theorem 6.5.1] we then
conclude that 75, = 7.

To prove that v is continuous, let U be an open set in (X" /Sy, 7). We want to
show that v~1(U) is open. Let = be a point in »~}(U). Then [z] is in U and there
is an € > 0 such that B([z],€), the ball of radius ¢ centered at [z], is a subset of U.
Pick y € B(wz,¢) C X~. We note that

(C.13) D([z], [y]) < d(z,y) <e,

that is, [y] € B([z],e) C U and thus y € v~ 1(U). Since y is arbitrary, one infers
B(z,e) cv=1(U).

To prove that v is open, let V be an open set in X~. We want to show that
v(V) is open. Let [z] be a point in v(V'). Then there is a point in the equivalence
class of z which is in V. Without loss of generality we may assume that x is that
point. In addition, there is an € > 0 such that B(x,e) is a subset of V. Pick
[y] € B([z],e) C (XN /Sn,7). Note that this is equivalent to D([z],[y]) < e,
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which in turn means that there is a p in Sy such that d(z, p(y)) < e. Hence
p(y) € B(xz,e) C V and thus [y] = v(y) = v(p(y)) € v(V). Since [y] is arbitrary,
one concludes that B([z],e) C v(V). O

Remark C.2. The results of this appendix apply in the three cases X = C, X =
C/Ay, X = C/Agy,, 20, considered in Section Bl For brevity we just take a quick
look at the simply periodic case X = C/A,: Consider the equivalence classes
[] = {z+mw|z € C,m € Z} € C/A,. Then the quotient topology on C/A,, is
seen to be generated by the metric §: C/A, x C/A, — [0,00) on C/A,,

(C.14) o([«]; [y)

inf [z +mw — (y+nw)l, [o],[y] € C/A,.

m,n€”z

Analogous considerations apply to the elliptic case X = C/Aau, 205 -

APPENDIX D. THE PROOF OF THEOREM [2.15

In this appendix we provide the proof of Theorem .15

Theorem D.1. Assume M €N, s, e N, 1 <l < M, q9 € C, and suppose (, € C,

{=1,...,M, are pairwise distinct. Consider
M

(D.1) q(z) = qo— Y _ se(se + 1)P(z = (o),
r=1

and suppose the DG locus conditions

M
(D.2) > se(se + )P = () =0 for 1<k <s;and1 <L <M
i,

are satisfied. Then

M min(j,sg)
(D.3) fo=1, fix)=di+> Y auPlz—¢)*, jEN,
=1 k=1

for some {a; o1 }1<k<min(,si)1<e<m C C and d; € C, j € N,

Proof. By equation (ZI1) we can treat the rational, simply periodic, and elliptic
cases simultaneously.

(1) j =1: Then
1 1 Mg
(D.4) ) =a+za) =c+50- ZZ:; 3se(se + )Pz =)

is of the form (D.3]) with d = ¢; + %qo and aj 1 = —%55(54 +1).

(2) We assume (D.3)) holds for some j € N, that is,

M min(j,se

)
(D.5) file) =d;j+ > ajoxP(z — )",

{=1 k=1
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or equivalently,
min(j,se)

M
(D.6) i) =>" ajorkP(z—C)F 1P (2 = ).

We now start the proof of (D.3)) for 5 + 1: First, we recall the recurrence relation

(M7

(0.7) Fraale) = )"+ a () + 50 (2);(2)
(D.3) = LHE" ) <z>>'—§q'<z>fj<z>
(0.9) = L+ LS ()

Since ¢ is elliptic, so are f; for all k € N by the recursion relation ([(A]), as the
latter implies that each f is a differential polynomial in q. Equations (D.§)) and
(D9) then imply that as z — (;, none of the terms in (D.7)) can have a constant
term or a term of the form (z — ¢,)~! in the Laurent expansion around ¢,. This
fact will be used repeatedly in the remainder of this proof.

Next we separately investigate each of the three terms on the right-hand side of
(DD). For brevity we denote min(4, s¢) by m in the following.

(i) Considering f/" one computes

M m ,
(D.10) 7 ZZa;ekd 3Pz = ¢)"
=1 k=1
and
d3
P Pz — )" =[k(2k +1)(2k +2)P(z — ()" P'(z — )
— ok (k — )k~ 1)P(= — )P (=~ )
(D.11) — gsk(k —1)(k —2)P(z — ()" P’ (2 — )],

using (B.3)) and ([B4). (For k = 2 the term P(z — (;)*~3 does not occur in (D.11),
for k = 1 the terms P(z — (;)*~3 and P(z — ¢¢)*~2 do not occur in (DIT).) Thus,
1/ is of the expected form (D.3),

M m+1

1
D12 @ = (8D anaP - 0P,

Moreover, the highest-order pole of fi" at ¢ reads

(—2)aj em

1
(D.13) Zm(4m—|—2)(m—|— 1) G G)emts
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(ii) Considering ¢f; one obtains

q(2) fi(2)
M M m
= (qO—ZSz(Se+1 (z—¢o) ) (Zzajekkp (z = C)* P2 Cz))
=1 (=1 k=1
M m
=q0 Y Y ajexkP(z— ) P (z = ()
=1 k=1
(D.14)
M m
= 3D selse + DageakP(z = 60)*P'(z - o)
=1 k=1
M M
a] EP(z — )P (2 — &) ser(se + D)P(z— (o) ) |-

The first two terms on the right-hand side of (D.I4]) are already of the expected
form (D.3). Next, we investigate the third term in (D.14)). Let
(D.15)

M

g1.0(2 Z ajonkP(z— )P P (2= C0), hau(z) = ) se(se +1)P(z = (o).
k=1 =1
00

Then the third term in (OLI4) equals — 3 o~ g1.¢h1¢. Next we recall (cf. (BI7))
that any elliptic function f can be written in the form

_ Atz k _
(D.16) AO+ZZ T )!<<k Y(z—¢), seN,
r=1 k=1
for appropriate M,s € N, Ag, A € C, 1 < ¢ < M, 1 <k < s. Here ((-) =
¢(-|g2, g3) abbreviates the Weierstrass (-function in the elliptic case associated with
the invariants go and g3 (see [2, Sect. 18.1]), and

¢(2]0,0) =1/2 in the rational case,
(D.17)  ((2) = { ¢(2][272/w?]?/3, [202 Jw?]3 /27)

= [722/(3w?)] + (7/w) cot(mz/w) in the simply periodic case
(cf. [2), p. 652]). Since g1 ¢ and hy ¢ are elliptic, we thus have

M M 2m+1 e
(D.18) Y g1e(z) =G+ D (=) 117@1/3'516_1)(2_@’
=1 =1 k=1 ’
M M 2m+1 B
(D.19) Z!Jl,z(z)hl,z B0+Z Z ot “) RN (z = ¢p).
=1 =1 k=1

To calculate By we expand g1 ¢ and hy ¢ at z = (; using (D.2)). First we recall (cf.

(ZT16) and [2, Sect. 18.5])

(D.20) P(z) = =+ Z 2?2,
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Thus, P* admits the Laurent expansion
k 1 1 - 2s
s=0

with only even orders of z occurring in the expansion of P* since P is an even
function. For the derivative of P* one computes

d k 1 1 s 2s 1 = 25—1
E(’P(z)) = (—Qk)—Z%Jrl + (=2k + 4>—22k*3 E dsz™® + g E de252°°7 1,
s=1

s=0

and hence only odd orders of z occur in the expansion of %(P(z))k. Thus, one
concludes that only odd orders of z occur in the expansion of g; ¢ at z = (.

On the other hand, any elliptic function f, whose residue at (; vanishes and
whose principal part of its Laurent expansion at z = (; contains only odd terms,
can be written in the form

(D.22) 1) = Y e (P(= — ) +0(1)

for z in a neighborhood of ;. Here n, € N depends on the order of the pole of f
at (p.

By (D:2) the odd powers of (z — (;)? in the expansion of hq 4(z) at z = ¢, up to
order (2sy — 1) are zero, and hence

= 1) R
hi,(2) = hieo + Z )k! (2 —=C)" = Z sp(ser +1)P(Ce — ()
k=1 _
1]
M LM
+ Z se(se +1D)P(G =)z = G) + 5 2 so(se +1)P" (¢ — Co)(z — Co)?
o, ]
LM
6 ;1 se(se + 1P (G — Co)(z = ¢)P + -
0140
=h100+ h1e2(2 — C)? + higalz — Co)* + -+ hipos, (2 — ()

(D.23)
+O((z =G> ).

Expanding g1 ¢h1,¢ at z = (p then yields

1 1
g1,e(2)h1e(2) = b72m71W + b—2m+17(z )T + -
(D-24) +bas—am—1(z = ¢)* 7T+ O((2 = ()* 7).

By (D:22) we can write (D.24) as
¢

i C
gre(2hie(z) =3 ejexkP(z = )PP (2 = G) + zi—@ + o
k=1

(D.25) +0((z—C)").
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Since no terms of the form (z—¢,) ! and no constant term can occur in Zé\il g1.eh1 e
by the comment following (D.9)), the coefficients ¢y 4 of (2 — ()™, £ =1,..., M, in

(D:25)), as well as the constant term Eé\il co,¢, must be zero, and we arrive at the
expected form (D.3),

M M m
(D.26) D gre(he(2) =Y enenkPlz =) TP (2 - G,
=1 (=1 k=1

of the third term in (D.14). The highest-order pole of ¢f; at ¢, reads

(—=2)ajem

(D.27) —sp(se+ 1)mW.

(iii) Considering %q’ f;, one obtains

(15 == (S onlor+ VP - ) (4 + 3 0y Pl - ")

M

2103

=1 =1 k=1
;M
=-54 > sulse+ 1P (2 =)

o
(D.28) ~3 Z Zsz se+ 1D)ajerP(z — C)*P'(z = Co)

1 EIT/Il k=1 .

-3 Zl (Z%MP (z—Co) ) (;50(50 +1)P'(z— CM)]-

=

The first two terms in (D.28) are already of the expected form (D.3]). Next we
investigate the third term in (D.28)). Let

M

(D29) 92 g Za] 0,k P Z — Cz) s hzg(Z) = < Z Syr (S[/ —+ ]_)7)’(2 — <[/)> .
= V=1
AL

Then the third term in (D:28) equals —% Zé\il g2.¢ho . Since gop and hoy are
elliptic, one has

M M 2m G
(D.30) D 92.4(2) = Gao+ 3D (-1 2 k) e
=1 (=1 k=1
M M 2m-—1 .D
D31) Y ge(hae(x) = Do+ > Y <f1>’“*1(,€+”;),<<’“”<z — ).
=1 (=1 k=1 .

From (D.21)) one concludes that only even orders in z can occur in the expansion
of goy at z = (;. Next we expand hyy at z = (. By (D.2)), the even powers of
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(2 —o)¥ in the expansion of ha s at z = (; up to order (2s, — 2) are zero and hence,

oo pk)
hau(2) = #(2 —¢)”

k=0
=h1p1(z = () +hies(z—C)P 4+ higos,—1(z — ()* !
(D.32) +O0((z = ¢)*™).
Expanding go ¢ ho ¢ at z = (, then yields
~ 1 ~ 1
g2.0(2)h2e(2) = b_2m+1W + b—2m+3W =+

(D.33) +bas,—am-1(z — C)* TP+ O((2 = ¢o)* ).
By (D:22) we can write (D.33) as
(D.34)

m—1 ~

c -

92.6(2)hae(2) = Y EjunkP(z— () P (2 Ce)+zi—’z+co,z+0((z—4z)l)-

k=1

Since no terms of the form (2—¢;) ~* and no constant term can occur in Zé\il g2,0ha ¢
by the comment following (D.9), the coefficients ¢ 4 of (z — (,)™!, 1 < ¢ < M, in

(D-34), as well as the constant term Y57 &, must vanish, and we arrive at the
expected form (D.3)),

M M m-—1
D g20(2hoe(z) =D EerkP(z — )P (2 = Q).
=1 (=1 k=1

The highest-order pole of ¢’ f, at ¢, reads

1 N aiom
(D35) —5 S((S("‘l)(i_)cl%.

Summing up (D13)), (D:27), and (D.35) yields

1 1 —2a.; m
(D.36) 1m(4m+2)(m+ 1) — se(s¢ + Dm — 555(55 4 1) aj,e,

(z = ()2mt3

This term becomes zero as soon as m = sy. Summing up our analysis of the three
terms in (D.7), each term has the form (D.3), and the index k does not exceed
min(j + 1, s¢), because of (D.30]). O
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